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THEORY AND USE 

OP 

ASTRONOMICAL INSTRUMENTS. 


CHAPTER I 

THE TELESCOPE 

1 The complete theory of the telescope considered simply as 
an optical instrument is too extensive a subject to he condensed 
into a chaptei of the present ivoik it must he sought for in the 
larger works on optics * I shall, theiefore, confine myself to 
such points as appear to be immediately needed by the obseiver 
for the intelligent use of Ins instruments The following expla- 
nations, at once elementary and practical, some of which aie 
not to he found m optical works, are chiefiy derived from 
Sawitsch t 

2 The simple astronomical telescope — The astronomical telescope, 
m its simplest foim, consists of two bi-convex lenses , the laiger, 

j. E>e 1 



AB (Pig 1), which IS turned towards the object, is called the 

■* See Heesohbl’s Tieatm on Light, Pebohtel’s Practische Dioptnh, Biot’s At- 
tronoime Physique, I and 11 , PorTEn’s Optics, Coodinoton’s Optics, Lioyo’s 

Treatise on Light and Vmon, Litteow’s Andlytische Bioptrik, Peaeson’s Practical 
Astronomy 

f Ahrm dor practischen Astionomxe, von Dit A Sawii slii, ans dom Jhtmschen iiherseizt 
von Dr W C Goitze Hamburg, 1850^ 
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objectne, or, more commonly, the object glass , and the smallei, gg^ 
through which the observei looks, is called the ocular^ or, moie 
commonly, the eye glass oi eye piece The two surfaces of both 
these lenses are segments of spherical suifaces of difteient ladii 
The optical axis of a lens is the straight line which passes thiough 
the centies of the two spheiieal suifaces which bound the 
lens The optical axis of the telescope is coincident with that 
of the object glass When the telescope is well constiucted, the 
optical axis of the ocular should always be paiallel to that of 
the objective, even when (as is usual in the laiger instruments) 
the ocular is movable, this motion being m a plane at tight 
angles to the axis of the telescope Wheie the oculai has no 
motion, its axis should coincide with that of the objective, and, 
consequently, with that of the telescope 

3 Let us now supjpose that our telescope, or lather its optical 
axis, 18 directed towaids a stai S Then, on account of the gi eat 
distance of the stai, we can assume that all the rays fiom it to 
vaiious points of the object glass, as SA, SC, SB, aie paiallel to 
each othei The lay SC, which passes along the optical axis 
itself, suffeis no deviation from the lefi active power of the lens^ 
since it enteis and leaves the lens at right angles to the refi acting 
surfaces , but all othei rays, as and SB, ai e refracted both 
when entering the lens and when leaving it, and, when the lens 
IS small in proportion to the ladii of curvature of its surfaces, 
these rays wull all conveige to a common point J^in the axis of 
the telescope This common point in which a system of paiallel 
rays meet is the pj incipal focus, usually called simply the focus, 
Df the lens, and the distance -P(7fioni the centie (7 of the lens 
IS called the focal length of the lens If the radiant point S is so 
near to the telescope that the lines SA, SB aie sensibly divergent, 
the lens will not bung them together at the piincipal focus, but 
at a point more remote , that is, the actual focus will be faithei 
from the lens than F If the ladiant point is at a distance from 
the lens equal to the principal focal distance, the divergent lays 
liom this point will simply be rendeied paiallel by the lens, or 
the actual focus will be lemoved to an infinite distance Foi all 
astionomical purposes we need considei only the pi incipal focus, 
legardmg the rays, even from the nearest celestial body, the 
moon, as sensibly paiallel The telescopes used in surveying 
instruments (wheie the teriestrial objects observed aie at vaiious 
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distances fiom the lens, and these distances all small) aie pio- 
vided with a ready means of adjusting the position of the object- 
ive, by sliding the pait of the telescope tube containing it out 
and in so that the actual focus mayalwajs occupy the same 
absolute position in the optical axis, and, consequently, ahvajs 
be at the same distance from the oculai The same result is 
also obtained by giving the poition of the tube containing the 
ocular a shding motion 

4 All the parallel rays fiom a distant ladiant point, as a s ar 
S, which are converged to the focus foini an image of the 
star in that focus Oonveisely, if the radiant point be placed at 
Fj all the divergent rays SA^ SB^ &c will emerge fiom the lens 
in parallel lines AS^ BS^ &c ^Ve shall heieafter have occasion 
to make several important applications of this piopeity of a lens 
here we shall apply it at once to show how a distinct view of 
the image of a stai at Fib obtained The eye Iqub ffg\ being 
placed in the line CF produced, at a distance Fc equal to its own 
principal focal distance, it follows, from the piopeitj ot a lens 
just stated, that the diveigent lays Fg^ Fg^ will emerge m 
parallel lines gl, g^k', and will, consequently, enter the eye of the 
observer in paiallel lines, thus giving a distinct view of the stai , 
for the eye, in persons who are neithei far-sighted noi near- 
sighted, IS naturally adapted for distinct vision when the lays 
enteiing it are parallel Without the telescope we should see 
only those rays from the star which fall upon the pupil of the 
eye , but when we look at the image of the star at the focus of 
a telescope, we see it with greater distinctness, because we then 
receive into the eye all the rays which have entered the object 
glass and have been united at the focus In this consists the 
Ji 7 st great advantage in the use of the telescope 

5 Let a very fine thread be stretched in the focus F of the 
telescope at right angles to the optical axis This thiead will 
he visible through the ocular when the lattei is so placed that 
its focus coincides with F consequently, when the telescope 
is directed towards a stai, wc shall have distinct vision of 
both the star and this thiead at the same time If two thieads 
are placed at the focus at light angles to each other, then intei 
section will determine a fixed point m the field of \uew, which 
by moving the telescope may be bi ought upon the obj^‘ct to be 
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observed By bringing this point successively upon dilBferent 
celestial objects, their relative positions can be measured with 
the gieatest precision , and in this consists the second great ad- 
vantage in the use of the telescope Since the appaient thick- 
ness of these threads is increased by the magnifying power of 
the ocular it is necessary to use a very fine material the spidei’s 
web IS that which is almost universally used 

The Ime of sight is the straight line diawn from the thread 
thiough the optical centre of the objective, for this line repre- 
sents the diiection of a distant point (as a star), when the tele- 
scope 18 so directed that an image of the point is formed at the 
thread This line is also called the line of collimahon, but we 
shall hereafter, for the sake of bievity, call it the sighUline 

6 The spider lines, oi threads, are usually stretched across a 
img, 01 diaphragm, which is placed in a tube which slides in the 
principal tube of the telescope The ocular also slides without 
affecting the threads so that by means of these two motions we 
can bring the threads exactly into the common focus of the ob- 
jective and ocular It is to be obseived that the motion of 
the oculai is necessaiy merely for adaptation to the eyes of 
different observers The threads, being once accuiately placed 
m the focus of the objective, must not be disturbed, but the 
ocular may be drawn out or pushed in by each obseiver until 
he obtains a distinct view of the threads To ascertain whether 
the threads are accurately placed in the focus of the objective, 
fiist adjust the ocular for distinct vision of the thieads, then, 
bringing a thread upon a very distinct point, as a slow moving 
stai, observe whethei a motion of the eye in any direction 
towards the edge of the eye lens causes the stai to leave the thread , 
for, if the image of the star is exactly on the thiead, it ought to be 
seen on it even from a side view , but, if it is before or behind 
the thiead, it will be seen on it only from a direct fiont view 

7 Magnifying power — ^Let us suppose the telescope to be 
diiected towards a eery distant object DL (Fig 2) Fiom its 
uppei extiemity D a multitude of rays proceed which fall upon 
all parts of the objective AB, and which (in consequence of the 
gieat distance of the object) may all be regarded as parallel to the 
line DCd which passes through the middle point of the lens All 
these rays ai e brought to a focus in this line B Cd at a point d hose 
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tiiatance fi'om tlie lens is equal to the focal length of the lens There 
exists then at the point d a distinct image of the point jD. In a 

Fig 2 


A 



similai Tnanner an image of every point of the object is touiid at 
the same distance behind the object glass so tliat there ^vlll exist 
at the focus of the lens a complete, though very small, image of the 
object This image will be inverted, for, while the image of the 
upper point D is formed at d, that of the lowest point L is formed 
at I, the axes of the systems of lays from the several points of the 
object ciossing at the middle point C of the lens If the focus of 
the oculai is coincident ivith that of the objective, and, con- 
sequently, also with the image dl, the lays which diveige from 
a point d of the image and fall upon the ocular gg' ivill emeige 
from the lattei in lines paiallel to each othei and to the line 
del which IS drawn from d thiough the centio of the ocular, 
and, the same being true of rays from every point of the image, 
those from the extieme point I emerge in lines paiallel to the 
line Icn Hence the lays from the two extieme points d and I 
of the image entei the eye of the ohseiver at an angle with each 
othei equal to luk oi led, and this angle is the apparent angnMv 
magnitude of the image to the eye But without the telescope 
the apparent angulai magnitude of the object, the eye being at 
(7, would be DCL = d Cl, which angle may be assumed to be 


Fig 


the same as that under which 
the object is seen from the 
actual position of the eye be- 
hind the ocular, the length 
of the telescope being in- 
consideiable in relation to 
the distance of the object 
How, the apparent lineal 
magnitudes of the object 
and its image seen thus undei diffeient angles can be com- 
paied by referring them to the same absolute distance 
referring the image dl (Tig 3) to the actual distance of the 
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object -DZ/, bj the lines EdcV^ ElV drawn fiom the eye at E^ we 
have 

clT : EL ^ cV3J : Z 1/ = tan I clEl : tan i EEL 
Hence, denoting the magnify mg powei by G, we have 
d'l' tSLixldEl 


whence the pioposition, (A), The magnifying jpoioer of the telescope 
IS equal to the tangent of half the apparent angular magnitude of the 
image seen though the oculai^ diiided by the tangent of half the ap- 
paient angular magnitude of the object seen without the telescope 
Refening again to Fig 2, we have the apparent magnitude of 
the image as seen through the ocular = Icd^ and that of the 
object as seen by the naked eye = ICd^ and 

tan J ZcdZ; tan I ICd = JEl. JEL = mOimc 
me mu 


or 


tan iled mG 

tmilCd me 


( 2 ) 


whence the proposition, (B), The magnfying poioer of the telescope 
IS equal to the quotient of the focal length of the objective diiided by the 
focal length of the ocular 

This piinciple seives foi the calculation of the magnifying 
power when the focal lengths of the glasses are known, at least 
for the simple astronomical telescope here consideied A mode 
of obtamiiig the magnifying power of any telescope by diicct 
observation will be given below 

We see then that with the same objective we can have various 
magnifying powers by simply vaiying the oculai , and the less 
the focal length of the ocular, the gi eater will be the magni- 
fying power The moie the telescope magnifies, the nearer will 
the object appear to us, and, consequently, the moie distinctly 
will its several parts be seen Herein consists the third essential 
advantage in the employment of the telescope 


Eig 4 


8 The field of view — ^By the field of view is meant the space 

which can be viewed with the tele- 
scope at one and the same time The 
magnitude of the field depends upon 
the angle gCf (Fig 4), which is con- 
tained by two lays fiom the centie 
of the objective to the extremities 
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of a dianictei cjg' of the oculai , and consequently it depends upon 
the magnitude of the ocular and its distance fiom the ohjectne 
Most telescopes have ihafhntgms, oi opaque lings, placed -withui 
the tube to cut otf lays fioin the extiemc edges of the objective, 
as well as stiay light falling down the tube If the inner edge 
of any diaphiagm tienches upon the lines Cg, Of, the magni- 
tude of the field will be diminished, and will then depend upon 
the/iee apeitiue of the diaphragm, oi upon that poition of the 
oculai upon which lays fiom the centre of the objective can fall. 

As it IS difliciilt to constiuct laige eye pieces which shall give 
as peifect images iieai their edges as in the centre, it is usual to 
obtain a laige held ^\lth a small eye piece by giiingt e a ei 
a sliding motion at light angles to the axis of the telescope in 
this case the vhole available field depends also upon the quantity 
of motion possessed by the eye piece Usually this motion can 
be o-iven only in one direction, in -which case the whole available 
field IS oblong. Its breadth being limited by the dimensions of 
the eye piece, and its length by the quantity of motion Some- 
times, howevei, two motions are piovided, atiight angles to each 
other, and then the whole of the fiee circular aperture of the 
diaphragm becomes available foi the field 

9 Brightness of images ^produced hy the telescope, and the intensity 
(if their light The image which the telescope gives of an object 
must possess a sufficient degree of brightness to make an impies- 
sion upon our eye Let us suppose two telescopes, the object 
classes of which aie of diffeieiit diameters, to have the same mag- 
mfMug power Then the biightiiess of the two images formed 
will be propoitional to the quantity of light which falls on the 
Buiface of the two objectives respectively, but these surfaces are 
proportional to the squares of the diameters of the objectives, 
and hence the brightness of the images is proportional to the 
square of these diameters On the other hand, let us suppose 
two telescopes, with object glasses of equal diameters, to have 
different magnifying powei s , then one and the same quantity of 
lioht IS distiibuted over the laigei and over the smaller image, 
and consequently, in this case the brightness of the image is 
inveisely piopoitional to the square of the magnifying powers 
It IS to be observed, howevei, that not all the rays which fall 
upon the object glass reach the eye, partly on account of the 
wiuit of absolute tianspaiency of the glass, and still more on 
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Of the leL of a number of rays fiom the surfaces 

biei occasionally, when the 

S ^ ^ ^ ® sufficient to embrace all the lays 

at thp f iniage of a ladiant point formed 

+1 pupil ot the ej e is not laige enough to 

Soul lr ^ftoi piing 

ffi Z f 1, let SAJBShe the cyhndet 

ot rays from a very distant point, falling upon the fiee opening 

from tb? tl^e cylinder of light which emerges 

iia!^^ ^ siniilunty of the triangles and we 

A£ : g'g = CFi Fe 

But the magnifying power G is (Ait 7) equal to consequently, 


G = -?. 
99 


miri’ H ^ill enter the 

of ffie num^ diametei d 

of the jupil, or IS less than d In the first case we_ shall have 


<^ = X’ f^e second, 


But if 6^ < we must 


- - CL vvc lliUHL 

fr^m ?b ^ diameter of the cylinder of light emerging 

fhni ^ g^eatei than the diameter of the pupil in 

Iha aerefore, ,on.e of th, hght muBt be lost to a”ye 
Since every point of an object seen thiough a teleseone must 

Sr Xr ae ^Z o^Xo 

sewS^’o nwT illanuiiation of tlie 

TalttvTlth, Z r^° “Z* "PO” *0 

A which proceeds from each point of the obiect 

aod r^ea oor eye We musti therefore, not confound mS 

.4re».„nTtle S 

of «.! if inteneity of the light is independent 

of the magnifying poioer, while the brightness is as iZhZ 
Been, mversely proportional to the eqnfre of tie ZJn^ 

rfdit'niSS 

Let B be the bnghtness, Jthe intensity of light of an obieet 
seen through the telescope, both being supposed to be Ahe 
uaked eye, equal to unity Let D be the diameter of tlie oUe" 
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glass, d that of the pupil of the eye, Gr the magnifying power 
of the telescope, and 1 m the ratio in which the light is dimim 
ished by its passage through all the glasses of the telescope , 
then we have 


B = m 





( 3 ) 


hTow, so long as (t < — > which, however, occurs only in tele 

scopes of laige objective apertures and low magnifying power, 
the quantity B must lemain constant and = for, if G is less 

than — the diameter of the cylinder of emergent lays fiom the 

ocular will be greater than can be received by the pupil , the 
eye then leceives no more of the light than it would if the ob- 
jective had the diameter Gd Hence, the greatest value of B is 
7??, and can never be greater in the telescope Since in the best 
achromatic telescopes m = 0 85, we see that the biightness of 
an object is always greatest with the naked eye As soon as G 

is gi eater than the biightness lapidly diminishes as the square 
of G 

“ On the other hand, J, oi the intensity of the light, is constant 
as soon as = or > provided that the field of view always 

includes the whole of the magnified object I can therefore 
become very gieat when D is great, and this is the reason why 
exceedingly faint stais can be seen thiough a telescope with a 
large objective The diameter d of the pupil (which may be 
assumed to be about 0 2 of an inch) is not only diffeient in 
different observers, but also varies with the absolute intensity of 
the light of the object viewed , — e g it is less when we view the 
moon, greater when we view Satuin, less when we view the 
moon through a telescope of five inches aperture than through 
one of two inches apeii;uie 

^“^The sky, or ‘ground of the heavens,’ has a certain degree 
of biightness, not only in daytime, in twilight and moonlight, 

but even at night in the absence of the moon This brightness 

1)2 

of the sky also diminishesin the telescope asm and therefore 

the ratio of the brightness of an observed object to the bright- 
ness of the sky remains constant for all magnifying powers 
^ This IS the leason why for considerable magnifying powers we 
VoL II— 2 
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do not obseive a correspondingly great decrease of biiglituess. 
Blit, if we call tins brightness of the sky 6, although the ratio 
B h remains constant, our eje can, nevertheless, no longer dis- 
tinguish the difet^eiwe JB — 6 of the brightness ot the object and 
the skj^ when this difference is veiy small Hence, faint nebulfe, 
tails of comets, &c become invisible under high magnifying 
poweis The intensity of the light of the portion of the sky 
which we see in the telescope varies inversely as nearly * 
This intensity of the light of the field may be so great as 
wholly to prevent our seeing objects of feeble intensity This 
IS the reason why with the comet-seeker (a telescope of large 
aperture and small magnifying power) we cannot see stars, even 
of the first magnitude, in the daytime, when we can see them 
without difficulty with telescopes of much smaller apertures and 
greater magnifying powers This also explains why with high 
magnifying powers we often discovei very faint stais which are 
wholly invisible in the same telescope with lower poweis ’’ 

The more perfect the telescope is, the more nearly will the 
image of a star lesemble a blight point, and, according to the 
above, we may without hesitation always employ for the obser- 
vation of fixed stars the highest magnifying powers 

10 Spherical and Chromatic Aberration telescope of the 
simple construction above described would possess serious defects. 
All the parallel rays fiom an object which fall upon a simple 
spherical lens cannot be bi ought exactly to a common point in 
any case , and not even approximately unless the lens is small 
or of relatively great focal length The image of a fixed star 
will, therefore, not be a well defined point, but rather an ill defined 
spot of light, and the images of all objects will be the more dis- 
toited the greater the objective is in proportion to the focal 
length This deviation of the laj^s from a common point in the 
telescope is called the spherical aberration 

In the simple astronomical telescope, still anothei difficulty 
exists for white rays of light, after they are refracted by a simple 
lens, are resolved into the colors of the prismatic spectrum, or 
of the rainbow, and, consequently, the image of any object will 
appear surrounded and disfiguied by colored light This arises 

^ That IS, the effect upon the eye of the whole of the light of that portion of the 
sky which is visible under the magnifying power G varies nearly as -i., as is evi- 
dent, since the field is diminished in this ratio 
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from the different degrees of refrangibility of the different colois 
The deviation of the rays of different colors from a common focus 
IS called the chromatic ahenahon 

With regard to the means by which the telescope is rendeied 
almost wholly free both from spheiieal and from chromatu 
aberration, that is, rendered both ajpUmxvtic and achromatic, it 
must here suffice to state, in general terms, that the result is 
obtained by substituting for the simple lens a compound one of 
which the component lenses are made of glass of different degrees 
of refractive and dispersive powers There are generally two 
2 omponent lenses, as in Fig 5 , one of which, AB, is a biconvex 


Fig 5 


A' 



lens of crown glass, and is that which is tui ned towards the object , 
the other, AA'BB', is a meniscus or concavo-convex lens of ftmt 
glass The latter kind of glass usually contains at least 33 per 
cent of oxyde of lead, from which crown glass is wholly free , 
and both its reft active and its dispersive poweis exceed those of 
crown glass By giving the four spheiical surfaces of the com- 
ponent lenses suitable cuivatures, both the spherical and the 
chromatic abeiiations produced by the crown glass lens are veiy 
nearly coriected by the flint glass lens 

Even in the best telescopes an absolutely perfect compensation 
of the errois has not been reached Some idea of the lelative 
excellence of the mstiument may leadily be obtained as follows 
The coirection for spherical aberration is well made when the 
image of a stai, in favorable states of the atmospheie, is a very 
small, well defined, lound disc Having adjusted the eye piece, 
by sliding it out or in, until this disc is i educed to its least dimen- 
sions and most perfectly defined, tlie slightest motion of the eye 
piece from this position, either out or in, should disturb the per- 
fection of the image : a telescope in which the character of the 
image remains sensibly the same during a considerable motion 
of the eye piece is imperfectly corrected for the spherical abei- 
ration. The correctness of the general figure of the lens is 
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judged Gt by sliding the eye piece in beyond the perfect focus, 
whereby the image ])ecomes enlarged, but if the lens is sym- 
metiical throughout, the image will lemain ciicuhii, and in veiy 
perfect telescopes will piesent a number of complete concentric 
circulai lings of light, a similai lesiilt should follow when the 
eje piece is drawn out An impel feet, iinsymmetiical lens, nith 
the ej e piece out of tucus, will give an image composed of incom- 
plete and distoited rings, or only a confused and iiiegular mass 
of variously colored light If the glass of which the lens is com- 
posed IS not peifectly homogeneous (one portion having gi eater 
refi active power than anothei), the images of biight stars of the 
liist 01 second magnitudes will have what opticians call a uniigow 
one side, vhich no perfection of figure or of adjustment can re- 
move But the defective poition of the glass maybe discoveied 
by coveiing up successively different paitb of the lens by means 
of caps of variable apertures in various positions , and some im- 
piovement in the peifoimance of the lens maybe obtained by 
excluding this defective portion, at the expense of light 
The achi omatism is judged of by pointing the telescope to 
some bright object, as the moon oi Jupiter, and alternately push- 
ing in and drawing out the eye piece fiom the place of most per- 
fect vision in the former case, if the lens is good, a img of puiple 
will appear round the edge of the image, in the latter, a ring of 
pale green (which is the central color of the piismatic spectium) , 
foi these appeal ances show that the extreme colors of the spec- 
trum, red and violet, are corrected 

11 Ach omaiie eye pieces — The eye pieces now most commonly 
used are of two kinds the Huygeman and the Bamsdcn 
The SuygeuKxn eye piece consists of two plano-convex lenses 

of crown glass, A and B 
(Big 6), the convex sur- 
faces of both being turned 
towards the object The 
first lens A receives the 
converging rays >Sh, 
coming from the object 
glass, before they have 
reached the principal fo- 
cus F of the object glass, 
and bungs them to a focus half-way between the two lenses 


Fig 6 
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A and B The focal length of the lens B being made equal to 
BF', the image formed at F' is distinctly visible to an eye be- 
hind B Since this eje piece is adapted to rajs already converg- 
ing, instead of diverging lays, it is commonly called the negatue 
eye piece 

The Ramsden eye piece is shown in connection with the tele- 
scope in Fig 5 It also consists of two plano-convex lenses , 
but the plane suiface of the lens neaiest the object is turned 
towards the object The diverging rays fiom an image F’are 
lendered less divergent by the first lens, and finally paiallel by 
the second lens, aftei emeiging fiom the latter, therefoie, they 
aie adapted for distinct vision to an eye placed behind it This 
eye piece being adapted for diverging rays, like the simple double 
convex lens, is called the positive eye piece It is universally 
used wherever spidei threads aie placed in the focus of the object 
glass foi the pui poses of measni ement, as in the transit instrument, 
&c ; for the permanency of the position of these threads is of 
the first importance, and this could not be insuiod unless the 
threads weie so placed as to be independent of any motion of 
the eye piece Thieads aie, however, often placed in the focus 
of a Huygenvxn eye piece merely to mark the centre of the field, 
as in the eye pieces of the telescopes of a sextant 

The optical qualities of the Huygenum eye piece are, however, 
superioi to those of the Ramsden, the spherical aberration being 
more perfectly collected, and it is, therefoie, pieferiedfor the 
mere examination of celestial objects when no measurements 

are to be made x ^ 

neither of these eye pieces changes the apparent position ot 
the image, which therefore remains inverted Achiomatic eye 
pieces designed to show objects in then erect positions usually 
consist of four lenses They are used chiefly for land objects, and 
only in small telescopes The gieat loss of light from the addi- 
tional lenses is an insuperable objection to them for astronomical 

pui’poses X! 1 X xi 

The lenses composing the eye piece are fixed, at tlie proper 

distance from each other, in a separate tube, which has a sliding 

motion in another tube fixed to the telescope, so that it can be 

pushed 111 or drawn out and thus adapted foi different 

For near-sighted persons it must be pushed in , for far-sighted 

persons, drawn out 
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12 Diagonal eye pieces — When a telescope is directed towards 
an object near the zenith, it is always inconvenient, and often, 
with small instruments, impossible, for the obseiver to bung 
his eye directly undei the telescope The inconvenience is 
obviated by employing an eye piece which bends the rays at 

right angles to the optical axis of the telescope, 
as in Fig 7, where the lens A receives the rays 
in the direction of the axis of the telescope and 
partially refracts them , they are then reflected 
by the plane surface M (placed at an angle of 
45° with the axis) to the lens -B, by which they 
are rendered parallel and adapted for distinct vision to the eye 
at B looking in the diiectioii BM The surface M may be either 
a plane metallic mirror, or the interior face of a right prism of 
glass, the section of which is shown in the figure by the dotted 
lines The prism is usually prefeired, as less light is lost by 
reflection from its interior face than fiom a metallic speculum 

13 To measui e the magnifying power of a telescope — Fii si Method — 
The magnifying power depends upon the focal lengths of the 
object glass and eye piece (Art 7), and hence foi the same tele- 
scope different eye pieces will give diflerent magnifying poweis 
We suppose, then, that the eye piece whose magnifying power 
IS to be found is placed upon the telescope and very caiefully 
adjusted for distinct vision of very distant objects If we then 
direct the telescope in daytime towaids the open sky, we shall 
see near the eye piece, and a little way beyond it, a small illumi- 
nated circle, which is nothing more than the image of the 
objective opening of the telescope Let the diameter of this 
circle be measured by a very minutely divided scale of equal 
parts, then the magnifying power is equal to the quotient arising from 
dividing the dvimeter of the object glass by the diameter of this xllumi- 
mted circle * For example, let the diameter of the object glass 

* The demonstration of this rule is not usually given in our optical works Let 

ANB, Fig 8, be the objective, (7 the 
ocular, which we can regard as in effect 
a single lens , N the middle of the ob- 
6 jective , n the middle of the small il- 
a lummated circle anh^ which is the image 
of the objective opening formed beyond 
the ocular If we remove the object 
glass from the telescope tube, the imige anh of the opening will still remain the same 


Pig 8 



Fig 7 

B 
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be 4 inches, that of the small illuminated circle ^ of an ink'll, 

the magnifying power 18 4 — ^ = 80 

The ’hief dificulty in this method lies in the exact measure- 
ment of the diameter of the small illuminated ciicle Various 
methods have been contrived for this purpose , but the most 
effective is by means of the instrument known as Bamsden s 

^^ZlTmethod (proposed by Gauss) -If we leimrse the tele- 
scope and diiect the ocular towards any distant ! 

whL looking through the objective, see the image of the object 
as many times diminished as we see it magnified when looking 
through the ocular Select, theiofoie, two well defined points, 
lying m a horizontal line, and direct the telescope so that look- 
ing into the objective, these points may appear to he at about 
equal distances on each side of the optical axis Then place a 
theodolite in front of the objective, level the hoiizontal ciicle, 
and bung the optical axis of its telescope nearly into coincide ce 
with that of the lai’ger telescope, so that looking ^^^oth® object 
ive of the latter, thiough the telescope of the theodolite, the 
ILted points maybe Iistinctly seen 
angular distance of the images of the points with 
bv bringing the veitical thread successi-v elj upon these images 
a^d taking the dittereuce a of the two i eadings of the hoiizontal 
Trcle Eemove the largei telescope, and measui. m the same 
manner with the theodolite the angular f '‘”7, 

themselves Then the magnifying powei G is given . 

formula — 

^ 1 1 + known, from the elements ot optics, that 

fro. a cere, of 

image from tte lens, /the focal length of the lens, we hare the equa 

1+1 = 1 

let /-be the focal leng^ of the tHat of 

them, then we have i\rc== w = /' + /, On - v, an , 

111 F 


Also, 


; 7 F+f f{F+f) 


AB 

ah 


NC 
'' nC '' 


AB 

B„t, by Art 6 , 1 expresses the magmfy.ng power of the telescope hence, also, 
expresses the .{gmfying powet, as m the method of the text 
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^ taniJ. 

tail i a 

or, il the angles A and a aie very small, G =z — 

(t 

If the obseived points aie not'seij distant, A\e should in stiiet- 
ness measure the angle A by placing the theodolite at the point 
fii st occupied by the oculai , foi A is the angle contained bj the 
rays from the two points to the ocular, and a the angle contained 
bj these rays after they have passed through the ocular and have 
been refracted by it 

If the telescope cannot be removed conveniently, the angle A 
may be obtained by measuring the linear distance D of the middle 
point between the two obseived points fiom the oculai, and the 
horizontal linear distance d between the points , then 

tanM = ^ (5) 

When the latter method is practised, howevei, it is necessary to 
observe that if the telescope of the theodolite, in measuiing the 
angle a, is inclined to the horizon by the angle Z, we must employ 
Instead of a the angle a' given by the foimula 

sin ia' = sin J a cos I 

or, with sujQBcient precision, 

tan i a' = tan i a cos 7 

a reduction which was unnecessaiy where both A and a were 
measuied by the theodolite, since the factoi cosZvould entei 
into both numerator and denominator of (4) But the i eduction 
maj also be neglected heie, if by 7) is undei stood, not the direct 
distance fiom the ocular to the obseived points, but the piojec- 
tion of this distance on the hoiizontal plane, and then the foimula 

becomes G = ^ with suftcient piecision, since a is always 

very small 

For accuiacy, the angulai distance of the points observed 
should be as great as can be embiaced within the held of the 
telescope^ 

Example 1 The angles A and ct were directly measured with 
a theodolite, in the case of an equatoiial telescope mth a certain 
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n yi no 10 ' W' a = 8' 10" "We have, 

eje piece, and were A = 5 10 SV , a 

theiefore, for this eye piece. 


a = 


tall 2° 35^ 15 00 ^2 

tan 0“ 1' 35" ~ 


Example 2 —For veiificatioii of the preceding measure, the 
.„de ^ was also obtamed without the theodolite fo. "'h'* r"^ 
nofe there was measured the distance of the ohseived points 
trorn the ocular, D = 303 2 feet, and the distance between t le 
, j _ t)g 98 feet The inclination of the telescope ot the 
Cdilite wIb here observed to be 7= 10“ 40', aud a. before by 

direot measure 0 = 8' 10" -Wehavearet, 


and hence 


tan i A = 


26 98 


26 98 
6064 


= 98 30 


^ 606 4 tan 1' 35" cos 10° 40' 

The »<» irouM distauoe S was here 298 feet, with whieh, by the 
last foimula above given, we have 


Gf = 


- = 98 29 


298 sin 3' 10 ' 


The magnifying power of this eye piece may theiefoie be take 

Vol This veiy coiiveiiient ““ 

the telescope towards any object o r ^ 

dlimetor mtd measimng the angle foimed by .ays fiom be 
fivti amities ot a diameter after these rays have omeiged fiom t 

taX, IB especially adapted fo, the puipoBe The 

Xhriro;ri:iX-™^ 

«rsr:hat^: stsf^rr^ 

D fiom the middle ot the eye piece to the screen Then, 
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the tme angular diametei of the sun, A the angulai diameter of 
the image on the screen, subtended at the eje piece, we have 

tan M = — 

D 

and the magnifying power Q, as before, is 

^ __ tani^ _ d 
tan Ja ~ 2i)tan ia 

Fourth Method — ^For small instruments, and where great accu- 
racy is not required, the following piocess will answer Let a 
staff, which 13 very boldly divided into equal parts by heavy lines, 
be placed veitically at any convenient distance from the telescope, 
for example, fifty yaids While one eye is directed towaids the 
staS through the telescope, the othei eye niaj' obseive the staff by 
looking along the outside of the tube One division of the staff 
will be seen by the eye at the eye piece to be masmified, so as to 
covei a number of divisions of the staff, and this numbei, which 
IS the magnifying power requned, may be observed by the other 
eye looking along the tube The staft' here not being veiy distant, 
the focal adjustmtot of the telescope is not the same as foi stais, 
the focal length is, iii fact, somewhat greater than the “piincipal” 
focal length (Art 3), and the magnifying power obtained is pio- 
poitionally greater than that which applies to veiy distant or 
celestial objects, the rays from which aie sensibly parallel If we 
call the magnifynngpowei obtained from the terrestiial object (?', 
that for a celestial object (?, P'the focal length employed, J?’the 
principal focal length, we have 

F'iF= G'lG 

ilov example, a telescope whose principal ^focal length was 
24 inches, being duected towards a giaduated staff, it was found 
that for distinct vision of the staff* it was necessary to diaw 
out the eye piece 0 75 inch Then, one division of the staff* 
seen by the eye at the eye piece was obseived by means of 
the other eye to covei 40 divisions Here we have F=2^ 

= 24 75, (r' = 40, and hence 
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Instead of using tlie divisions of a staff, wliicli may not be suffi- 
ciently distinct, a disc of white paper may be placed against a 
black ground, and tbe size of the magnified image may be marked 
on the same giound by an assistant from signals made by the 
observer at the telescope 

14 It was shown m Art 7 that the magnifying power is equal 
to JF’ being the focal length of the objective, and/ that of the 

ocular To apply this rule when the eje piece is composed of 
two lenses, it is necessaiy to find the focal length,/, of a sing e 
lens which is equivalent to the two lenses This is effected by 
the formula of optics 

ff" 


f- 


' f' + f'-d 


in which f f aie the focal lengths of the component lenses 
and d the distance between them This foimula howevei, is but 
anpioximative (it gives / somewhat too gieat) it m bettei to 
measiiie the magnifying powei duectly by one of the methocs 

above given 

15 BeJkctiMtekscopes—As these aie raiely used foi the pur- 
poses of meamrement, we shall content ourselves with meiely 
Ltmg the forms of the two kinds which have been in most 
common use The simplest, and now most commonly used, is 
the Herschelian telescope, introduced by Sii William Herschbl 
A polished concave speculum, ah, Fig 9, is placed at the bottom 

Eig 8 


Af fl tube ABCD It IS ground to the form of a paraboloid, the 

-a. tSemoathof the tule 

dined so that the focus falls near one side of the tube, as at i^, 
where the refiected raysfiom thejpeciff urn form an image whic^^ 
18 Viewed through an eye piece, E, of the usual forni The head 
of the observer may intercept a small portion of the mys fiom 
a celestial object to the speculum, but this is of little cons - 
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quence, as the speculum is usually very large In Lord Rossb’s 
Herschelian, the diameter of the speculum is six feet 
The reflecting telescope next in most common use is the Neio- 
tonwn, which differs fiom the Herschelian only in receiving the 
leflected rays from the speculum upon a small plane mirioi, c, 
Fig 10, placed in the middle of the tube neai its mouth, which 
reflects these rays at right angles to tlie axis of the tube to an 

Eig 10 
B 


0 

E 

eye piece at -S. In this form, the small plane mirror intercepts 
a portion of the light from the object, moreovei, light is lost in 
the double leflection , but a slight advantage is gained in having 
the axis of the speculum coincide ^in direction with the axis of 
the tube The reflected rays reach the mirioi c before they are 
brought to a focus they conveige aftei reflection to the point/, 
wheie is pioduced the image which is examined thiough an eye 
piece by the eye at E 

16 Finding telescopes — telescope of great focal length and 
high magnifying power has a veiy small field, in consequence 
of which it becomes very difficult to find a small object in the 
sky This inconvenience is obviated by attaching to the outside 
of the tube a smaller telescope, called Sbjhidev, of low magnifying 
power and large field, with its axis adjusted parallel to that of 
the larger telescope The search for the object is made with 
the finder (both telescopes having a common motion), and, 
when found, it is brought to the middle of the field of the 
finder , it is then somewhere in the field of the larger telescope 
The middle of the field of the finder is indicated by the inter- 
section of two coarse threads in the focus , or, still I etter, by 
four threads formmg a small square, the middle point of which 
IS the centre of the field. 
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CHAPTER II. 

OF THE MEASrEEMENT OP ANGLES OR ARCS IN GENERAL— 
CIRCLES — MICROMETERS — LEVEL 

17 Graduated The most obvious mode m which an 

angle may he measuied is that m which we employ a ciicle, or 
poitioii ot a circle (constructed of metal or othei durable matei lal 
the limb of which is mechanically divided into equal paits, as 
degiees, minutes, &c The centie of tlie ciicle being placed at 
the vertex of the angle to he measuied, the aic of the ciicum- 
feience mteicepted between the two ladii which comcKle m 
direction with the sides of the angle is the lequired measuie 
To give this mode precision when the angle is found by lines 
diawn to two distant points, the aid of the telescope is imoked 
This IS connected with the ciicle in vaiious ways, according to 

the nature of the instru- 
ment of which it foims 
a part, but, in general, 

we may conceive it to he 

essentially as follows iff 

To the tube of the tele- R 

scope, AB, T'lg 11) nl 

attached a pivot, C, at 
1 ight angles to the op- 
tical axis, which turns 
in a circular hole in the 

centre of the graduated . . . 

ciiclc MN An aim aCb, extending fiom the centie C to the 

graduations on the limb, is permanently attached to the e 
and revolves with it To measuie an angle suhtencled 1^ tvo 
distant objects at the point C, the circle is to he hrougi in 
plane of the objects and fi rmly fixed Then the telescope ^ 

* In tLe sextant and other instruments of “double 
angle to be measured rs not xn the centre of the arc used to measure xt See ax.xcle 

“ Sextant ” 
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directed successively upon the two objects, and in each case 
the number of degiees indicated by a mark on either extremity 
of the aim ah is to be i ead oft , the difteience of the two leadings, 
which IS the number of degrees j)assed ovei by the arm, and, 
consequently, also by the telescope, will be the required measure 
of the angle. The same result is reached by permanently con- 
necting the circle and telescope, which then revolve together, 
while a fixed maik neai the limb of the circle serves to indicate 
the number of degrees through which the telescope revolves 

In order to point the telescope with ease and accuracy upon 
an object, a clamp and tangent screw are commonly employed 
This contrivance, which may be seen upon almost every astro- 
nomical instrument, takes a great variety of foims, but in all cases 
the operation of it is as follows when the telescope is approxi- 
mately pointed upon the object by hand, it is clamped in its posi- 
tion by a slight motion of the clamp screw, after which the 
telescope admits of no motion except that which is common to 
it and the clamp hence, by a fine sciew which moves the clamp 
a slow delicate motion can be given to the telescope, whereby the 
sight-line marked by a thiead in the focus is brought accurately 
upon the object 

The great increase of accuracy in pomting a telescope which is 
obtained by the intioduction of the spider threads in its focus 
brings with it the necessity of a coriesponding increase of accu- 
racy in 7 eading off the number of degrees and fi actions of a degi ee 
on the divided limb of the circle A single lefereiice mark upon 
the extremity of an arm, as in Pig 11, enables us to determine 
only the numbci of enitie divisions of the limb passed ovei , but, 
as this mark will geneially be found between two divisions, 
some additional means are required for measuiiiig the fraction 
of a division Two methods are now exclusively employed 
The fij’st of these, in the oidei of invention, is 

THE VERNIER * 

18 Let MN^ Pig 12, be a portion of the divided limb of a 
ciicle, CD the arm which revolves with the telescope about 
the centre of the circle The extiemity of this arm is expanded 

* So called after its inventor, Peter Vernier, of France, who lived about 1630 
By some it is called a nonius^ alter the Portuguese Nunez or Nonius , but the in- 
vention of the latter (who died m 1677) was quite different 
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mto an aic ab, winch is con- 
centric with the circle and is 
graduated into a number of 
divisions n which occupy the 
space of n — 1 divisions of 
the limb Thus giaduated, 
this small arc receives the 
name of a vernier The fiist 
stroke a is the zero of the 
vernier, and the reading is al- 
ways to be determined by the 
position of this zero on the 
limb Let us put 


Hg 12 



= the value of a division of the limb, 

— the value of a division of the vernier, 


then we have 
whence 


(n _ 1) d = ni' 



and 


d — d' = -d 
n 


0 ) 


The difference d — is called the least count of the vernier, which 
IS, therefore, -th of a circle division If now the zeio a tails 

between the two ciicle giaduatioiis P and P + 1, 

‘ leading is Pd plus the fiaction fioin Pto a To incasme this 
fraction, we obseive that if the nith division of the yeunovisni 
coincidence with a dmsion of the limb, the fiaction is m X (d d) 
or - d Foi example, if, as in our figure, the vernier is divided 

mto 10 equal parts, occupying the space of 9 divisions of the 
limb, and if the 4th division is in coincidence, the whole leading 
IS Pd + —d, and- if d = W and P coiiesponds to 20° 20' 
(P being \he 122d division from the zeio of the limb), then the 
whole leading is 20° 20' -h ^ X 10' = 20° 24' In this case the 

least count is 1' In practice, no calculation is ^ 

obtain the fraction, for this is indicated by propei nunibe 
against the graduations of the verniei itselt 
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If the least count is given, to find n, we have 


n 


d 


d — d' 


d and d — d^ being, of comse, expiessed m the same unit Foi 
example, if the limb is divided to 10', and the least count is to 
be 10", we have 


whence 


d = 600" 
d — d'=: 10" 


n = 60 


and we must make 60 divisions of the vernier equal to 59 divi 
sioiis of the limb 

When a large number of divisions are made on the vemiei i 
and the least count is veiy small, the graduations must be 
exceedingly delicate , otheiwise, several consecutive divisions 
of the vernier may appear to be in coincidence with divisions of 
the limb The reading is then to be assisted by a micioscope, or 
reading glass^ placed ovei the vernier and having a lateral motion, 
v hereby its optical axis can be brought immediately over that 
division of the verniei which is in coincidence 

To increase the accuracy of a reading still more, two or moie 
aims, each carrying a vernier, aie employed, and the mean of 
the indications of all is taken The effect of reading off a circle 
atvaiious points, in eliminating eiiois of the cikle, will be 
tieated of hereafter 

The arm carrying a vernier, oi the fiame bearing several 
verniers, is often called the cclidude Sometimes the seveial 
^e^nle^s aie attached to a ciicle, which then receives the name 
of the alidade circle 


19 W^e have assumed above that the divisions on the vernier 
are smaller than those on the limb This is the most common 
anangement, but we may also have them greater by making u 
divisions of the vernier occupy the space of w -1 ] divisions of 
the limb so that we have 

(P' -|- 1) d = nd^ 

whence the least count is, as before, 

d'—d=z^d 

n 
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The only diffeience will be, that when the graduations of the 
limb pioceed from right to left, those of the vernier must pro- 
ceed from left to right , that is, the zero of the vernier must be 
the extreme left-hand stroke 


20 In case a veiniei has been used which is found to be too 
long or too short, the reading may be con eeted as follows Let 
the erior in its length be denoted by x, then (m the verniers of 
the ordinary form) we have (Art 18) 


whence 


(n — l)d = wd' + X 


( 8 ) 


Hence a reading in which the fiaction was m.{d d') hecom^ 

® ^ _1_ TO - The mrection of the reading is, therefore, + - 

n n 

when the verniei is too short by x, and — m when it is too 
long by X Foi example, if the limb is divided to 10' and the 
verniei gives 10" (in which case n = 60), and we find that the 
vernier is too short bj x = + 6", then we must add to eveiy 

reading the correction + w |^, or, since eveiy 6th graduation 
of the vernier gives one minute, we must add 0" 5 for eveij 


minute read on the vernier 

The actual length of the verniei is found by bunging its zeio 
into coincidence with a division of the limb and observing where 
the next coincidence occuis If this second coincidence o^^rs 
at the last division of the veinier, its length is coiiect , but it the 
coincidence occurs at ± p divisions from the last, it is too shoi 
oi too long by 2^ times the least count This should be done 
ai vaiious points of the limb, and the mean of a^ll the resu ts 
taken, in order to eliminate the effect of accidental errors m the 

giaduations of the limb -ui. 

The vernier is now used chiefly on small circles and portable 
instruments , but when the highest degree of accuracy is sought 
for in reading off a ciicle, we have recouise to 


THE KEADINU MICROSCOPE 

21 Let us conceive the arm which carried the vernier, instead 
of Iving close to the plane of the circle, to be raised at some 
district from It, and in place of the vernier let the extremity of 

% OI IT -3 
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the arm carry a microscope A C (Plate II Fig 1), the optical axis 
of which is perpendiculai to the plane of the circle JfJVand 
mtersects the divisions on the limb The telescope and circle 
are to be supposed to revolve together, while the microscope 
remains fixed An image of the divisions is foimed at the focus 
D of the object lens Q Two lenses, B and A, constitute a posi- 
tive eye piece through which this image is viewed HQ is a 
micrometer, the interior of which is shown, enlarged, in Plate II 
Fig 2 A fine sciew, cc, witli a laige graduated head, EF, 
cames the sliding firame aa, across which aie stretched two iiitei- 
sectmg spidei threads These threads he exactly in the focus 
of the microscope, and are consequently Msible at the same time 
with the image of the divisions of the limb On one side of the 
field IS a notched scale of teeth (which does not move with the 
cioss-threads), the distance between the teeth bemg the same as 
that between the thieads of the sciew The middle notch is 
distinguished by a hole opposite to it, and eveiy fifth notch is 
cut deeper than the rest At i (Fig 1) is an index to which the 
divisions of the micrometer head aie refened Since one com- 
plete revolution of the micrometer head must carry the cross- 
thieads a distance equal to the thickness of the tliiead of the 
sciew, if the head is giaduated into 100 parts we have the means 

of measurmg a space equal to ^th of the thickness of the tliread 

of the screw Either by making the screw very fine, oi increasing 
the number of graduations on the head, oi by both, and at the 
same time increasing the optical power of the mici ©scope, we 
can carry this subdivision of space to almost an uuhmited extent 
In order to understand the mode of leading the ciicle by this 
apparatus, let us conceive the mtersection of the cioss-threads to 
stand against the central notch, the zero of the micrometei being 
also exactly opposite tlie index Thefmnt of the field then ocm- 
jpwd by the mtersection of the cross-threads is to he regarded as a fixed 
point of reference, and, as the telescope revolves from one position to 
another, the number of dimswns of the bmb which pass by this point 
wiU be the measure of the angidai motion of the telescope Suppose, 
then, the revolution has brought this point, not upon a graduation 
of the limb, but at a firaction of a division beyond a certain 
graduation P, then, to measure this fraction, we have only to 
move the cross-thread from the point of refeience into comcidence 
’With the graduation P, and lead the number of divisions of the 
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mici oiBGter li6Bd If more tliBn. one revolution of tlie sciow is 
required, tlie whole number of revolutions will be shown by the 
number of notches in the field passed over by the cross-threads, 
and the fraction of a revolution by the micrometer head Then, 
knowing the relation between a division of the micrometer head 
and one of the circle, the value of the required fi action is at 
once found Tor example, suppose a division of the circle is 
equal to 5', and that five revolutions of the micrometei screw 
just carry the cross-threads from one circle graduation to the 
next, and, further, that the micrometer head is divided into 60 
equal parts , then each revolution of the screw represents 1', and 
each division of the micrometer head represents 1" If then we 
have made three whole revolutions, and the miciometei head 
reads 25 3, the required fi action is 3' 25" 3 If the graduation 
P was 289° 35', the whole reading is 289° 38' 25" 3 
The coincidence of the point of intersection of the thieads 
with a giaduation of the limb is made in the maniiei shown in 
Fig 2 In many of the G-erman instiuments, instead of a cross- 
thiead, two very close parallel tlireads are used, the middle 
point between which is the point of reference, and a coincidence 
IS made by bringing the circle division to bisect the space 
between them This bisection is, of course, estimated , but it 
may be effected vpith very great accuracy where the thieads aie 
veiy close Their distance should be very little greater than 
the breadth of the giaduations of the limb Bessel preferred 
the parallel threads, but it is, perhaps, doubtful whether they 
afford any advantage in the hands of most obseiveis 

The spiral springs bb serve to make the screw bear always on 
the same side of the thread, so that in reverse motions of the 
screw there is no lost or dead motion, that is, revolution of the 
screw without a corresponding movement of the cioss-thieads- 
Biit, to guard against the possible existence of lost motion, the 
coincidence of the cross-threads with a circle division should 
always be produced by a motion of the micrometer head in one 
and the same direction 

22 Error of Runs . — ^When a reading microscope is in perfect 
adjustment, a whole number of the revolutions of the screw is 
equal to the distance of two consecutive graduations of the circle 
To eftect this, provision is made for lengthening oi shortening 
the microscope tube, and also for moving the whole micioscope 
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fartlioi fiorn oi iieaiei to tlie oii’cle In tins waj, the magnitude 
ot the image of a dmsion as seen in the tielcl can be changed 
until it corrcbpoiich e\actlj^ to "ivliole immbei of revolutions of 
the scieiv For examplej it a vvliol© ninnhei of i evolutions is 
greater than the image of a circle division, the objective lens 
must be biought nearei to the ociilftr, nnd at the same time the 
whole inicioscope brought neaier to the circle. 

But, as changes ot temperature and othei causes are found to 
piocluce changes in the value of a division of the micioscope, and 
It is not expedient to be always changing the adjustment, it is 
usual, aftei making one veiy exact adj ustment, to let it stand, and 
then determine fiom tune to time the coirection of a leading foi 
any change of value vhieli mav appeal The excess of a ciiclo 
division above a whole luimbei of i evolutions is called </ie m o?' 
ufnms, and a proportional pait of tins excess must be allmved 
on all leadings This erioi is to be found by measuiing several 
divisions in difteient parts of the circle and taking the mean of 
all the results, in oidei to eliminate the effect of errois in the 
ciiele graduations themselves Foi example, if a division exceeds 
five revolutions ot the sciew by -f 2".2, then foi each minute in 
the fraction of a dmsion obtained by the micrometer we must 

^PPly to the reading the conectioii — — — oi — 0" 44 The 

error of runs will take the negative sign, and the collection for 
it the positive sign, when a circle division falls shoit of a whole 
number of revolutions of the screw 


are T ! ^ reading, several microscopes 

xvLh lelatively to each other, by 

XV inch the faction of a division in the reading is measuied at 

»>ures IS taken Two microscopes are placed so as to read at 
opposite points of the circle, that is, the angulai distance of the 
microscopes is 180°, or differs hut little from 180° , three micro! 

the circL^Z^e. f are placed so as to divide 

are read onlv nt Portions The whole degrees and minutes 
where the fieW of microscopes In large instruments, 

the c microscope takes in but a part of a dem^ee 

y s of au index outside the microscope^ oi> 
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indeed, wliollj separate fiom it, tlie mu-io'^cope lieuig used 
exclusively to measure the fraction of a division 

24 The prohahle eiror of a leading of one niieio&cope being s, 
that of tiie mean of m micioseopes e^, we have (Appendix 
Method of Least Squares) 


that 1S5 the pi*oTDable error of the mean varies inveisely as the 
square loot of the niimhei of micioseopes For example, if the 
probable enoi of reading of one micioscope is that ot the 

meanoftwo willbe-y- == 0" 71, that of foui, ==; 0" 5 , that of 
t/- i 

feix, — = 0".41, &c , and the eiroi \m 11 deeiease but slowh a^. 

the miinber of micioseopes increases It would lequiie sixteen 
micioseopes to reduce the erioi to 0'^ 25 On thi*^ account, the 
advantages of inci easing the numbei of microscopes beNond 
four, except in instruments of the laigest class, aie usuall\ 
legarded as outweighed bj the gieatei liability of the apparatus 
to derangement 

The use of a nuinbei of inieioscopefe 01 veinieis is, howevei, 
not solely to increase the accuiacy of leading, but also to elimi- 
nate the errors of the circle itself, as will be seen m the following 
articles 

ECCENTBICITY OE GBIDUATED CIBCLES 

25 The eentie of the alidade is seldom, if ever, even in the 
best insti urn cuts, exactly coincident with the 
I entre of the graduated aic To investigate 
the ejftect of such eccentiicity, let C^Fig 13) 
be tlie centre of the alidade, C" that of the 
ciicle , CA a stiaight line joiiimg Caiid the 
centre of one of the leading micioseopes, 

C'A' a paiallel to CA IVheii the micro- 
scope reading is at A, the tuie reading is at 
A' Let the diaiiietei diavn thiough C and C intei sect the 
graduation at L, and let 0 be the zero of the graduation, which 
we will suppose is numheied fiom 0 towaids A I'm 
2 = the inicioscope leading, 

2 '— the tiue leading, 

e = eo, 

e = the ecceiitiicity CC, 


Fig IS 
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IS to be assumed that such care has been bestowed upon the 
centring of the instrument that e is very small, and, therefore, 

^ regarded as equal to the per- 

pendicular OP. so that we have, since the angle JSC' A' = z' + I!, 

^ — 2 = « sm (- 9 ) 

in which e must be expressed m arc In the factor sin (z' + JE) 
we may substitute 2 for 2 ' without sensible eiror 

~ ^ 'wc have 2' — 2 = ± e so that e is the 
mum error of a reading, and this maximum occurs when 
the reading is 90° from JE 

produced to meet the gradua. 

carrv fr A ■ ^ the alidade 

microscope at B The degiees and mmutes may 

used onlv +n ^ from the microscope A, while B is 

used only to give the seconds Put 

2 = the division of the circle under AL, 

^ and ^ == the readings of the microscopes, 

2 ' = the true reading corresponding to A 

Then the whole reading given hj 4 a r + ^, and hy (9) we have 

^ ^ -h A -j- e sm(z JS) 

and the microscope B gives 

180 + 2 '= 180° + 2 + 5 -I- e sin (180° + 2 + P) 

^ = 2 ^ e Bm (z E) 

The mean of the two microscopes is then 

1™“*"^.’'^ **'“'« *•“ “«»" of 

mioroseopee are emnlovS^n V. * “mher of 

the mean of each nrir atd ^ * "* "'anged m pairs, so that 
free from 1 e^S^' ““''’““‘‘J'’ «“> ''‘‘ol'. l-o 

sc^Je.™\:ref 

uvrs, wnose mutual distance is 120° If 2 + ^ 
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120° + 2 4- J5, 240° + « + aie the readings of the three 
n^icroscopes, the true leading corresponding to A will be 

s' = z + A — e Bin (z + JE) 

^ = z+B—e sin (120° + s + -E) 

/ = ^ + O'— e sin (240° + z + B) 

and since, by PI Trig , we have 

sm (120° + z + E)+ Bin (240° + s + j;) = — sin (z + ^) 

the mean of these three equations is 

z'=^z + l{A-{-B+C') 

Indeed, it will leadily be inferred from the discussion in Aits 
31 and 32 that the eccentricity will be eliminated by taking the 
mean of any number whatever of equidistant microscopes 


28 To find the eceentrmty —The two opposite microscopes may 
not be perfectly adjusted at the distance of 180°, and hence we 

shall l^ere put 

180° + a = the angular distance of the microscope B from 

and then, if we put, as befoie, 

g = the division under the microscope A, 

A and B = the leadings of the two microscopes. 


the true readings will be 

2 ' = 2 + ^ + e 8in(z + £?) 

180° + a, + z' = 180° + z + J5 + e sin (180° + z + JS) 
for the second of which we take 

= z + 5 — <* — e sin(z + i?) 



If, therefore, we put 

B—Az=n 

the difference of the two equations gives the equation of condition 
n = a + 2e Bin (z + B) 

in which a, e, and E are unknown Let the values of n be 
obtained from the readings of both microscopes at foui equidistant 
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points of the circle, namely, ^o+90°, ^o + 180,° and 270°, 
and denote these values by n^, n^, n^, respectively then, by 
putting 


we have 


whence 


”o = » + 2esiiiP =» + 2<?sinP 

n, = a + 2e sin(P-f 90°) = « + 2e eosP 

n^ = a + 2e sin(P4. 180°) = a — 2e sinP 

w, = a + 2e sia(P+ 270°) = a — 2e cosP 


} ( 12 ) 


4 e sin P = — 71 ^ 

4ecosP = n, — 

which determine both e and P, after which we have jE= P — 
The value of a is evidently the mean of the values of n 


Example 

The leadings of a pair of opposite microscopes of the Repsold 
Meridian Circle of the IT S Naval Academy weie as follows 


z 

A 

B 

Values of 71 = ^ — A 

0° 

+ 4"0 

— 6" 7 

n, = — 10" 7 

90 

+ 69 

— 13 6 

o 

(M 

1 

II 

180 

+ 53 

— 16 5 

«„ = — 21 8 

270 

— 1 2 

— 1 2 

o 

o 

II 

CO 


log 


1 0453 
log 1/1 3118 
log tan P /i9 7335 
log4e 1 3676 


Prom these we obtain 

4e sinP= -(- 11 " 1 
4ecosP= — 20" 5 
P = 151° 34' 
e = 5" 83 

Hence, since 0°, we have P=151° 34', and any single 

reading of the microscope A lequiies the collection for ecceii- 
tncity 

+ 5" 83 sin (2 + 151° 34') 

The mean 01 the values of n gives a = - 13" 25, an ^ the angular 
di^ance of the microscope B fioin A is 179° 59' 46" 75 

Ukea Msnlta may be 
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29 With three nearly equidistant microscopes the eecentiicitj 
can be found from two complete readings 

Let the angular distances of the micioscopes B and C fiom ^ be 
denoted by ^ and r, and, ^ being the division undei A, put 
p _ ^ ^ tlieii we have, for the tine leading at 

-' = 2 4 - + e sin P 

2 ' = 2 4 - 5 ^ + e Bin (P + 120°) 

2' = 2 + G — r + ® (-P + 240°) 

Subtracting the fiist equation fiom the mean of the othei two, 
and putting 

+ G) -A = n 

we find ^ ^ 

w = i (r + /5) + 5 ^ sin P 

and subtracting the second fiom the third, and putting 

j(^C — JB) = d 

we find 

If we lead a second time with the micioscope A over the division 
2 + 180°, and obtain the readings B\ C', we shall have 

i(P'+0') — 

1 (O' — = 

and since we shall have 180 + P instead of P, we shall obtain 
n'= i(^ + /9) — ae sinP 

e sm P = IQi — ^) 
e cosP = i i/S (<^' — *^0 

which determine e and P We find also 

j3 = \(iB — A + S' — A') 

y _ 1 (^a — + + G' — A') 

30 In order to deteimine the ecceiitiicity with greater accu- 
racy and to eliminate, as fai as possible, eirois m reading anu 
acoSental eno» of graduation, tlio cnole niaj bo road at a gl oat 
number of eouidistaut pouita Each roadmg of a pan ot oppo- 
SJrveXa or microscope, fumishos an equation of ooiid.tioii 
ot the form (11), and fiom all these equations the most piob.abl6 
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value of the eccentricity ■will be deduced by the method of least 
squaies The computation according to this method is rendered 
extremely simple by the application of some theorems relating 
to periodic functions, which, on account of their utility in this 
and similar investigations, will be here demonstrated 


31 Periodic Functions, — The circumference of a circle being 
denoted by 2;r, any commensurable fractional poition of it maybe 

expressed by 2;r x| = and ? being whole numbers , and 

the successive multiples of this fractional portion by m by 

supposing m to take successively the values 0, 1, 2, 3, &c If 
now we consider only the multiples from m = 0, to m == g — 1, 
we shall have the following theorems 

Theorem I — When p is not a multiple of 


I sm m = 0 

-T cos m = 0 

but, when p is a multiple of q, ^ 

I sin m = 0 

? 

2p7Z 

z cos m = a 

where the summation sign I is used to denote the sum of all 
the quantities of the given form between the given Imits, namely, 
from m==0tom = 2 — 1 
To prove this, put 


(13) 

(14) 

(15) 

(16) 


2,pn 


a q 

then, by Moivre’s formula [PI Tng (440)], 

cos m -\-V — 1 sin m = I”" 

i q 

Taking the sum of all the expressions of this form fiom m == 0 
to m = g- — 1, we have ’ 

:?cosm + 

? q T—i 

But we have again, by Moivre’s formula, 

T = cos 2.JJ- + ■) ' — 1 sm = 1 


( 17 ) 
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and, consequently, r*-l = 0 The second memher of the 
above formula, therefore, becomes zero, unless the denominator 
T - 1 IS zero, that is, unless T=1 Now, we can have T = 1 only 

wrhen sin^ = 0 and cos^ = 1, that is, only when is a mul- 
tiple of 2 * In all other cases we have, therefore, 

Z COB m ^ ^ sm m ^ = 0 

q 9. 

and, since the real and the imaginary teims must here he sepa- 
rately equal to zero, the first part of our theorem is e^stablished 

'Whien T= 1, the second memher of (IT) becomes but is not 
leally indeterminate, for, going back to the geometric progres- 
sion of which this IS the sum, we have 

— I = r» - 1 - T"- -1- 2” -h 4- = q, 

T—\ 

and hence, when, pw a multiple of q, we have 

S cos m V — 1 ^ sin m = q 

q 2 

which establishes the second part of the theorem 
Theorem II — 'When 2p is not n multiple of q, 


rlsin m = iq 

(18) 

r|cos m = iq 

(19) 

but, when 2p is a multiple of q, 


j(smm?|=)=0 

(20) 

/ 2 BTr \’ 

Zl cos m ^ 

(21) 

Tor we have, for any angle x, 


sin^ a: = 3 — i cos 2 x 


and, therefore, . 

^(smOT — ^ooswi 


4»7r 

= — oosm 



and, therefore, 
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tphich, by Theorem I , gives eithei (18) or (20) Again 
■^1 cos m j = 2 ’ — I sin m 

= (J — i"! sill m j 
which gives eithei (19) or (21) 

Theorem TLl—Foi all mteguil lalues of p and q we have , from 
m = (Hom = q — f 

S sin m ^ cos m ^ = 0 (22) 

foi this IS the same as the quantity 

■{ - sm m = 0 
d 

32. K’ow, let the cncle be read off b^- a pan of ojiposite micio- 
ecopes, A and .B, at any number ot equidistant points The ciide 
is hus divided into a niimbei of equal paits, each of nhich maj 

be denoted by — If the fii&t reading coiiespoiids to the divi- 
sion ^:„,^the subsequent leadings im 11 coiiespond to z ,+ 

^0+ 2 — , z,+ B &c to .-,+ (ry -1)~ Each leading tui- 

nishes an equation of condition of the form (11), giving, theietoie, 
the following system, wheie F= E 

^0 = “ + 2 ^ sm P 


«,= a + 2esin|p+ 
ji3=o-(-2esin|p-)-irj 


« u 

(( iC 


^i_i = o + 2esin|p-|- 1)’’^ j 

which are all included in the geneial form 

?i„=a-j-2esui(p4-iff| 
m being taken from 0 to g — 1 ^ 

Developing the sine in the second member, we have 

a + 2. sin Ptos ^ + 2 , cos Psin — 

2 q 
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In this foim, the thiec mikuoivn quantities are a, csiiiP, and 
ecosP. The final equation in eaeh unknown (iuautit}, according 
to the method of least equates, is to ho lound hy inultipl;) mg 
each equation of condition by the coefficient of the unknown 
quantity in that equation, and adding togcthoi the pioducts 
This process gnes, by the aid of the tlieoienia of the preceding 
article (observing that here p = 1), 


qa = - 


_ V / 

' 2 mr \ 

1 

qe sm P = 2 ( 

n cos 

( - q I 

i (23) 


( 2 7117: \ 

\ 

cos P = 2 1 

11 sm 

i - q 1 

/ 


ThetsG foininl^e embrace, as a particular case, tbe solution ahead » 
aneii m Ait 28 ioi q = i 

o 

Example 


The folloAviug values of h = P — ^1 were obtained from the 
leadings of tvo opposite micioseopes ot the meridian circle of 
the E "s Naval Academy 


z 

7 ? 

z 1 

U 

Z 

n 

Z 

— 

n 

0° 

— 10" 7 

90° 

— 20" 5 

180° 

— 21" 8 

270° 

— 0"0 

10 

11 6 

100 

20 7 

190 

18 3 

280 

1 3 

20 

12 8 

110 

21 0 

200 

16 4 

290 

2 4 

30 

14 7 

120 

21 2 

210 

11 8 

300 

4 5 

40 

16 3 

130 

22 8 

220 

7 8 

310 

5 1 

50 

17 3 

140 

24 7 

230 

4 3 1 

i 

320 

7 4 

60 

18 5 

150 

23 4 

240 

1 9 

330 

9 4 

70 

18 1 

160 

22 5' 

250 

— 20 

340 

11 7 

80 

10 7 

170 

1 22 3 

260 

+ 03 

,350 

11 6 


We hai e here q = 36, and y = 10° so that ^ is successively 
0°, 10°, 20°, &e AVe find, first, by taking the sum of all the 
values of n, 

36 a = - 476" 2 a = — 13" 23 


and hence the distance of the microscope B fiom A was 

179° 59' 46" 77 ^ , 

To find qe sm P, we multiply each n by the cosine of the angle 

to vhich it belongs, and add the products In like manner, 
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je COS Pis found by multiplying eaeb n by the sine of the angle 
to winch It belongs, and adding the products * "We thus form 
the following table, in which, foi brevity, w'e put 71 cos ^ 
and nsin^r foi the quantities denoted in our formula (' 23 ') "by 

2mr _ 2m7: ^ 

COS— and ^,,sm — 


z 

n cos z 

n sin 2 

Z 

n cos z 

n sm 

0° 

— 10" 

70 

— 

0" 00 

180° 

+ 21" 80 

+ 

0".00 

10 

— 11 

42 

— 

2 

01 

190 

+ 18 

02 

+ 

3 .18 

20 

— 12 

03 


4 

38 

200 

+ 15 

41 

+ 

5 61 

30 

— 12 

73 

— 

7 

35 

210 

+ 10 

22 

+ 

5 90 

40 

— 12 

49 

— 

10 

48 

220 

+ 6 

98 

“f- 

5 .01 

50 

— 11 

12 

— 

13 

25 

230 

+ 2 

76 

+ 

8 29 

60 

— 9 

25 

— 

16 

02 

240 

+ 0 

95 

+ 

1 65 

70 

— 6 

19 

— 

17 

01 

250 

+ 0 

68 

+ 

1 .88 

80 

— 3 

42 

— 

19 

40 

260 

— 0 

05 


0 .30 

90 

0 

00 

— 

20 

50 

270 

0 

00 


0 .00 

100 

+ 3 

59 

— 

20 

39 

280 

— 0 

23 

+ 

1 .28 

110 

+ 7 

18 

~ 

19 

73 

290 

— 0 

82 

+ 

2 26 

120 

+ 10 

60 

— 

18 

36 

300 

— 2 

25 

+ 

3 -90 

130 

+ 14 

66 

— 

17 

47 

310 

— 3 

28 

+ 

3 .91 

140 

+ 18 

92 

— 

15 

88 

320 

— 5 

67 

+ 

4 .76 

150 

+ 20 

26 

— 

11 

70 

330 

— 8 

14 

+ 

4 .70 

160 

+ 21 

14 

— 

7 

70 

340 

— 10 

99 

+ 

4 .00 

170 

+ 21 

96 

— 

3 

87 

350 

— 11 

42 

+ 

2 .01 

Sums 

+ 28 

96 

— 

225 

50 


+ 32 

97 

+ 53 .04 

36e sin P = 

+ 28" 96 + 32" 97 = + 61" 93 


lOff 

1,7919 

SB/* cosP = 

— 225 

50 + 53 

04 = — 172 46 


log n2 2367 




p 

= 160° 

15' 

log tan P n9.5552 




e 

= 

5" 09 

log 36 d 

2.2630 


Then, since — 0°, we have j&=P, and each reading of the 
microscope A requires the correction, for eccentrieitj^, 


+ 5" 09 sm (z + 160° 16') (24) 


* The several products may be taken by inspection from a traverse table, by enter- 
ing the table with the angle a; as a bearing” and with n as a “distance,” and taking 
out the corresponding “ditlerence of latitude” and “departure,” which will be, 
respectively, the products re^juired in forming qeBnxP and 
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ELIIPTIOITY OP THE PIVOT OP THE ALIDADE. 

33 If the pivot of the alidade is the honzontal axis of a 
vertical ciicle, as m the ease of some meiidiaii circles, oi if, as 
in other cases, .the alidade is fixed to a pier while the pivot of 
the honzontal axis of the circle revolves m a Y, then anj defect 
111 the pivot, which lenders a section at right angles to its avis 
other than a circle, will cause the centie of the alidade to vaiy 
Its distance from the centre of the graduated circle dining a 
revolntion of the instrument If the section of the pivot is any 
regular figui-e, the variations in +he readings of a single micro- 
s/ope may be regarded as a function of the division (z) which is 
under the microscope, and the correction of tins reading may he 
denoted hy f {z) The correction of the reading of the oppos t 
microscope mUt be - {z) In order to investigate the foim of 

the pivotwithoutinvolvingthe errors of eccentiicityoi of^'^du^- 

tion, let us denote the correction of the division z foi both these 
errors hy i^(z), and that of the division 180° + z, winch is unde 
Z ovvo^tt^ microscope, by ^ (180° + z) Then, ^ and 5 being 
the readings of the naicroseopes, and 180° -P a then constant 
distance from eacTi otiaer, we have 


wlienco 


z' = j: A. -j- + 4 (^) 

= B — a — (IBO® + z) 

— 2^p(:r)-— 4(-) + 4 +• 2 ) 


h^ow let the division 180°+ zhe brought under the microscope 
A, and let A' and B' be the microscope readings , then we have 
the true reading z" by the equations 


z" = 180° + z + A' + V>(180° + z)+ 4 - (180° + z) 

z" = 180 + z + B ' — tt — ^(180° + z)+ 4(") 


whence 

0 = B' — A'— »-2 v(180° + z) + 4 (?) —4(180° + z) 


therefore, if we put 

1 (J? — A + .B' — A') = a' 

we have 

„'= a + p(z)+ 5^(180°+ Z) (25) 

the errors of eccentricity and of graduation being wholly ehmi- 
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nated. The form of the function tp is yet to be deteimiiied , 
since, hoiveyer, it necessarily returns to the same value after one 
complete revolution, -we may assume foi it a geneial periodic 
toci les, liana el} 

<p {z) =f sin + F') 4- f" sin + J"') + /"' sin (8 j + F’") + &.c 
111 which/', F', /", F'\ F'", ka are constants Hence also 

f (180°+ 5) = -/' sill {z+F')+f" sill (2^-l-J'")— r" sin (3 ;+-F"')+ &c 
and 


(180° + £) = 2/" sin (2 2 +F") + 2/' sin (42 4- P'O + -fee (2S i 

The combination of two readings 180° apart gives, tlieiefore, 
the equation of condition 


ji' = a 4- 2f" sin (22 -f if") + 2/‘" sin (42 +- F'^) -J- &c (27) 


If we have lead the circle at 2q equidistant points, so that the 
nuraber of such equations is q, then the values of z are success- 


ively 0, - > — 

<1 <l 

of condition is 


2jr (g — 1) g 


2 


and the general form of the equation 


«'„=»+ 2/" sin ^ m ^ -t- P" I -(- 2/‘'8in | m ^ +- Ji”' j + &c (28) 

m being tahen from 0 to ^ — 1 If we treat these equations by 
the method of least squares, we shall readily find, by the aid of 
the theorems of Art 31, 


qa. = Sri 


qj" sin F" = 2|ra'^cos m 

q f" cos if" = n'^ sin m 

q /*' sin if” = 2^ n'^ cos m 

q cos if” = sin ni 

&e &e 


2;r 
1 
2t! \ 
¥/ 

-) 
2 / 

4w 

1 



A 


( 29 ) 


BIjLIPTTCIT'i OF FITOT 


4‘J 


Example. 

To investigate the lonii of the alidade pivot of the mendian 
ionise g i? A Q-.> flip ioadin<=>‘S tliere giv6n are 

circle, 111 tlie example of Art 32, tlie leadings ^ 

comlimecl as lollows 


2 1 

B — A\ 

li' — A' I 

n' 

— ■ 

2 

B — A 

0^ ■ 

_10" 

7 

— 21" 

8 • 

— 16" 

25 

90° 

-20" 

5 

10 

11 

6 

18 

3 

14 

95 

100 

20 


20 

12 

8 

16 

4 

14 

60 

110 

21 

0 

80 

14 

7 ' 

11 

Sj 

13 

25 

120 ' 

21 

2 

40 

16 

3 

7 

8 

12 

05 

130 

23 

8 

50 

17 

3 

4 

3 

10 

80 

140 

24 

7 

60 

18 

5 

1 

9 

10 

20 

150 

23 

4 

70 

18 

1 

— 2 

0 

10 

05 

160 

22 

5 

1 80 

19 

7 

+ 0 

3 

9 

70 

170 

1 22 

8 


n' 


0"0 

1 

2 

4 

5 
7 
9 

11 

11 


10 " 

11 

11 

12 

13 

16 

16 

17 

16 


25 

00 

70 

85 

95 

05 

40 

10 

95 


Since heie q = 18, the sum of the values of gives 

18 a = — 238" 10 a, = — 13" 23 

Then, with the aid of a traverse table, we find the values 
n' cos 22 and n' 8iii2z, as helow 


I 0° 

1 

I 20 

! 30 

I 40 
50 
60 
70 
80 

I Sums 


7l' COS 2 2 

72' Sin 22? 

2 

— 16" 25 

— 0"00 

90° 

-14 05 

— 5 12 

100 

— 11 18 

— 9 38 

no 

— 6 63 

— 11 48 

120 

— 2 09 

-11 87 

130 

+ 1 88 

— 10 64 

140 

-f 5 10 

— 8 83 

1 150 

7 70 

— 6 46 

160 

+ 9 12 

_ 3 32 

170 

1—26 40 

— 67 10 

1 


72 ' CO'S 22 

7i' sm 2 2 

-f 10" 25 

+ 0"00 

+ 10 34 

+ 3 76 1 

+ 8 96 

+ 7 52 1 

j + 6 43 

+ 11 13 

+ 2 42 

+ 13 74 

— 2 79 

+ 15 81 

— 8 20 

+ 14 20 1 

— 13 10 

+ 10 99 ! 

— 15 93 

+ 6 80 1 

— 1 62 

+ 82 95 11 


18/"smJ'" = — 28" 02 
18/"cos J’"= + 1& 

F" = 299° 30' 
f" = 1" 79 


log m 1 447 5 
log 1 2000 
log tan F"ji0 2475 

log 18/" 1 6078 


VoL II— 4 
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In the same manner, we find, fiom the sums of the products 
%' cos iz and n' sin 4^, 


18 /"sm P"’= -f 0"15 
18 /^cos F'^= -f 2" 00 
4® 17' 

/•»= 0"11 

Hence we have 

f.(2)+p(180®+2r)=3"58sin(2s+299°30')+0" 22sin (4s+4“17') (30) 

The term in 42 is so small that we may suppose that it pi’oeeeds 
from the accidental errors of reading, and irregularities of the 
pivot, and we may, therefore, disregard it, as well as the subse- 
quent terms in 62, &c 

Bessel has shown* that if the section of a pivot which rests in 
a V IS an ellipse, the centre of this elhpse will, as the instinmcnt 
revolves, move in the arc of a circle the centre of which is the 
angular point of theV I, thit during a complete revolution the 
centre of the ellipse describes this aicfoui times, — ^twice forwards 
and twice backwards , and that the effect of this motion upon 
the reading of a single microscope is eicpiessed by a term de- 
pendmg upon 2z 

Hence, the last term of (30) being neglected, the remaining 
term may be regarded as the effect of eUipticity of the pivot, and, 
since we must then have ^(2) = 9 (180° +z ), it follows that 

9 (2) = 1" 79 Bin (22 -1- 299° 30') (31) 

TTpon the hypothesis that the pivot is elliptical, the observed 
values of n' should satisfy the equation (27), which in the 
present ease becomes 

n'=— 13".23 + 3" 58 sin (22 + 299° 30') 

at least within the eriors of reading To show that this 
hypothesis explains the obsen’'ations in the present case suffi- 
ciently well, the following comparison is made, in which the 
value of n' computed by the preceding formula is denoted by 
C, the observed value by 0, the residual error, or 0 — (7, by 0 


* Astronomische BeohacMvmgcn, wuf der JStemjjorU in Kdmgabergj Vol I p xii 
^ Provided the angle of tlie V is ninety degrees 
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vv 

z 

0 

c 

V 

Ut) 

0 0100 

90° 

— 10" 26 

— 10" 11 

— 0" 14 

0 0196 

8600 

100 

11 00 

10 91 

[_0 09 

0081 

0144 

110 

11 70 

11 98 

4-0 28 

0784 

0001 

120 1 

12 86 

18 20 

Jf-0 36 

I 1226 

0004 

130 

13 96 

1 14 48 

-1-0 48 

2304 

. 0226 

140 

16 06 

16 61 

—0 54 

2916 

1 0026 

160 

16 40 

16 81 —0 09 

0081 ' 

t 1166 

160 

17 10 

16 76—0 38 

1 1226 

) OOOO 

1170 

1 16 9£ 

i 16 76—0 IS 

) 036ll 


number of observations, 

I j = = 0"29 

and OiiB .^me“t Tta mean e Joi 

r;sir- -.0 fon^d b. 

'“iTs? t^aeTelSt of a>e above computed and 
E^ea“all“ 'i. ein closer 

would but slightly reduce the mean error o n 

jp:^tSb;=ttXtnr«£5 

by tabng the mean Of fte ‘'Ll!'’»trymg the 

=5%^=s?as 

ronrrtbTcwe ^ 

n^Xem^ir^rSrnetbrXee «* ■— m 

ir^feSge are Anally corrected aecotdmg to rt. mdrcatrone 

eeh-ors or g-radxjation 

35 Errors of graduation of a divided circle may be either 
reguldT or accidcyitol* 



52 


MEAfSlREMEM OF ANOLEP 


Th£ uguJar oj iodic eirors are those which lecur at legular 
111 erva s according to some law, and vhich iiiaj, theieforo, 
e expressed as functions of the reading itself Even the eiior 
0 eccentncity, above consideied, may be tieated as such <». 
peiio le eiioi of graduation, since its effect upon the leading 
(?) 18 t e same as if the giaduatioii everywhere leciuired the 
ooirectiou esin (z + JE) The sura of all the corrections for such 
peiio ic errors, regarded as a function of the reading (z), and 
denoted by 4,(2), must have the general form 

4. fz) ^ !(' sin _j. p/) ^ sin (3 2 + F"') + &c ( 32) 

in ) U', u", TJ'\ ke are constants The shorter tho 

peiio 0 any erior, the higher is the multiple of z 111 the teim 
lepiesenting it 

Now, let the ciiele be lead by q microscopes at q equidistant 
pom a, namely, at all the points expressed by 


,= 2 + OT 


7 


n, being taken successively 0, 1, 2, 3 (q - l), and ^ being 
the reading of the first niieioseope, then we shall have, foi the 
coiiee ion 0 any one of these micioscopes, the geneial expression 

'5m |£-(- f'-j- HI Y j + ^'"‘5ni|2:r-f 


The discussion of this senes will be 
under tho following general form 


abridged if we express it 


sin -j- t/'K)-)- m j 

in which p 13 successively 1, 2, 3, &c , and denotes tho sum 
of aU the terms thus found Developing the sine, this gives 

4(?J=j;«o->s,nfpc+r'^.)eos,« ^+2’ K<^'eos(;ic+ n^Osinm 

H. 9. 

The mean of the q microscopes will, therefore, require the coi- 
rcCxiou 



0 




Sin -f 


+ ^ eosfj)? + r<i») 


2 cos m 
«i— 0 


fM =2 - 1 

2 Sin m 

m bO 
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Cut e liave (Ait 31), tioiii m -Oto 1, ^ ^ ^ ^ 

11 LT 111 — f) PXC01jt li011 1) lb cl llllli" 

111 all cases , and also - cos q ? 1 

tiulc ot <1 01 ;) = W, in i^liicli case tins lattei biiiii equal to q. 
ileiKC all tlie teim. ot the above expre.^ion ivluch do notAarnnh 
are expressed by the formula 

(33 J 


1 T* ■ '4 {zj = sm {tqz+ 

(jf w = 0 


> hP.no- suceeBSivelythe mtegeis 1, 2, 3 , whence the tol- 

lowm “impoitant theorem The tervis of the pei'codcc 

on?!/ whieh mvolu iliZ multiples of q<. .^nneetioii of 

Thus, the mean of two micioscopes leqmies a collection 

the foim 

»" sm (2z + U") + M" sm {iz -j-U ) U , 

the mean of thiee microscopes, the coirection 

sm (3 2 + U'"') + M" sill (6 -1- fT'O -f &c , 

the mean of foni microscopes, the collection 

M- Bin (4 + ir*'} + M"" 

&C 

qfi The values of the teims ot the peiiochc senes Avhich are 

— r; reaas at ...mnWof 

i,„a. .eaWoflUese ^ 

tivo micioscopes, the leadings of which at tne „ 

+ 180° are A .uid £, and ivhosc angulai distance is 1 + , 

^ = , + A +»W +'•« 

a _ , q. 23 — «. + 4 1“ + ^ 

•a ivkioh f 0 ) .. the eon ect.on lor the Iona of the i»vot (A.t 3» 
Heuce, patting 5 — A = n., we have 


But we have 
^ ( 2 ) = / sm + TT') + 
and hence, suhstitiitiiig -+ 180° tor 
^(2-|-180°)= — n' + U')+ie" sni (2^+ ^ ^ 


(3^ + 17"')+ 

sxn( 32 :-f ^^0 
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For 55(2) -we have already found the form/^sm {2z + F"), and 
therefore the value of n becomes 

n=a+2 M'8in(s+ Z7')+2/"8in (2z-\-F")-\-2 u'" sin (3 17'")+ &c (34) 

The readings being made for successive values of z expressed 
generally by 



we have equations of condition of the form 

+ Y + iJ') +2/"sin(m y + F'^ + Ao (35) 

m being taken equal to 0, 1, 2, 3 q — 1, successively The 
so ution of these equations by ^e method of least squares gives 

qv! sin V’ =i:|M^cosm ^|=2:(„^cos 

jw' cos U' = 2 ^n^em m ^^=2 (n^ sin 

qf" sin F" = 2'|«^co8 m ^ j= (»„ cos 2zJ 

qf" F" = 2\n^s.mm j)= ^ (»„ sin 2zJ 

qv!" sin U'" = cos m ^ j = j (n„ cos 3 zj 

qW" cos U'" = I-/ sm m ^ \ = 2' (^^ Bin 3 zj 
&c ® & 


JGiXAMPLB 

The valuM of n gi,eii on page 45 for thirly-sii readmes of the 


U' = 160° 15', 
«'= 5" 09, 


F" = 299° 30', 

/"= i"79, 


U'" = 68° 19' 

Off 09 


u" 


The ^erence of the leadings of the two microscopes A and B 
o this circle is therefore represented by the formula 

B = - 13" 23 + 10" 18 sin {z + 160° 15') + 3" 58 sin (25.+ ^ooo o^f^ 
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‘’’h compute the valuee of « by this fomula tor every 

r. lesB thL 1" From this agreement we may presume that 
tins circle is very accurately graduated tliroughout. 

ST In a ermam mauner, the tenne ot the penodic cent^tach 
1 h ttWo fhp multiples of 42 can be toundfiomthe lead- 
do not mvol "if A C B D are these leadings at 

,.,g. ot four mroroecy . K A C, , j 

r +“ J I — pe i ftom whrle 

180« + r IS that of D from C, thou the mean of the readings o 

A and B gives 

^2 -I- ^ + ^ 

and, couseiuentlj (exchaugrug t for t + W), the mean of the 
leadings of C and D gives 

y=« + i(C + D)-4r-a"»n(2t+P") + «"-»(^t + C7-)-4. 

Taking the difference of these equations, and puttmg 

„ = KC + i>)-K4 + ^) 

^ = Hr — “) 

we have the eq^uation of condition 

+ 2»’'8in(2r +t 7'0 + 3t."8in(6r4 tf") + *= « 

and from the q «inatious ot this form we derive ft a''. U". far 

Kl SrSerm^Xonni from erffrer parrot micro- 
scopes as m the preceding article. 

38 Ty accvimtal errors of giaduation 
leffiilar lav, and may with eciual probability occui at any 
piven division with either the positive oi the negative sign An 
^ . nf thid land in anv division is to be regarded as peculiar to 
Ihrt amsioii and, therefore, as having no analytical connechoii 
wits 'rrois of the same kind The use ot a number ol 
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iiiicioscopes tGuds to i educe tlie effect of siicli enois, ■\vitliO'ut 
eiithely elmmatmg them , for (as lu Ait 24) it s i^ tlic probable 
accidental eiroi of a division, the probable accidental crioi lu 

the mean of m microscopes ivill be — 

ilie geneial cliaiacter of the graduation, as to its fieedom 
fiom accidental eirois, maj he judged of hy compaiing the 
values of the n of the preceding ai tides, coinjiiited fiom the 
teims of the periodic senes, with their observed values The 
differences will be composed of both eirois of reading and acci- 
dental errors, which may be separated by employing an inde- 
pendent determination of the piobahle erior of reading Thus, 
if we have n = B —A^ and have found the piobable eiior of an 
observed value of n to be e, and then, if we put 

= the probable erioi of a single leading, 

®2= “ ' division, 

the probable error of either A or B will be and that 

of 5 — J. will be y 2 -f e/), hence 

will oil will determine Sg when e and have heen found 

39 The accidental error of any division of the circle may be 
diiectly found hy means of an additional microscope which can 
be set and securely clamped at any given distance from the 
regular or fixed microscopes. Let ns denote this movable 
microscope by Jf, and let it be proposed to determine the ciioi 
of the division z Bung the division 0° under the micioscope 
and clamp the movable micioscope 31 over the division z 
Let the true angular distance of M fiom A (wdiich is as yet 
unknown) be denoted by z + /u^ and let the readings of the two 
microscopes, referred to the dmsions 0 and respectively, be 
called A and if, then, ^ denoting the nominal value and the 
true value of the aic fiom 0 to we shall have 

2 + = + M — A 

and the correction of the graduation z will be 

z' — z = ^ 

oi rathei, since eveiy dinsion (and, therefoie, 0° included) may 
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be icgardecl as, lu eiioi, tins, will be tlie difFerenec of tbo collec- 
tions of the giacluatioiis 0 and z, and ive maj iviite 

p — 55 (0) = /I — {.M— 

in winch <F (z) denotes the total correction of a division lor both 
peiiodie and accidental errois The peiiodic errors being kiiowii 
fiom pi evious investigation, the accidental eiioi maybe separated 
Now to find the constant distance /i, we lesort to the wel 
known ’method ot' , epeiiiioa Fust, hung any aibitraiily selected 
division Z under the microscope A, then ZAz will be line ei 
31 let the leadings of the two nucioscopes he A and M le- 
snectively Then bung the division Z+z under A, and, con- 
semienth, the division ^ + 2. undei 31, and let the leadings be 
A" and i/" 111 this wtiA, lot vi lepetitions he made, the nnuo- 

>cop« A being succcBsively pbuied upou the chtmoM i!. Z 
Z ' 2z . Z + (>/i - !)•?, sncces-,ively upon Z -h 

Z + 2*’ Z -1- 3a, Z -b tnz, then w e hav e, as in (Si), 

<p(^Z niz) — <p{Z + — V)Z) = ^ ) 

The nieaii of all these equations is 

m 

If the number m is large, the wth part ot the difleience of the 
accidental enors of the extreme chvmous iZ and r>,z maj be 
legaided as evanescent, and then, if we legaid the hist mcnihei 
as^coinposed only of the periodic eriois alieady found, we shall 

n = li:(3I — A) + -l'i!(Z + mz) — ^{Z)'] ( 38 ) 

‘ m 


7)1 


where the function 4 . denotes a peiiodic enor, as in Ait 85 If 

this pi ocess he repeated a luunbei of times, each tune commencing 

at ahhfferent division, the mean of all the values of {i may he 

regarded as entirely free fiom the effect of 

of the first and last divisions Thus, /i being found, 

tion of the division (z) becomes known hy (87) 

If ^ IS an aliquot part of the chcuinfei ence = « shall have 
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<p{Z+mz) = <p {Z), Since we have returned to the same division ; 
and the value of fx is then rigorously 

Thus, the fixed microscopes themselves, whose distance is ^ 

may be at once employed in this manner (without an additional 
microscope) to determine the errors of the divisions whose 

2 TT 

mutual distance is — If tlieii we have four fixed microscopes 

and one movable one ]f£ placed at the distance z from jL^ we shall 
be able to find Ist, the errors of the four cardinal divisions 0°, 
90°, 180°, and 270°, by the fiLxed microscopes , 2d, the errors of 
the divisions 2 :, 90° + 2 :, 180° + 270° + 2 ;, by placing the micro- 

scope A successively upon 0°, 90°, 180°, and 270°, and reading M, 
3d, the errors of the divisions 90° — 2 , 180° — 2 :, 270® — z, and 
360° — 2 , by placing Jf successively upon 90°, 180°, 270°, and 
360°, and leading A Thus, after the errors of the four cardinal 
divisions are known, the operation just described gives the errors 
of eight divisions. A second operation with the microscope M 
at the distance from A gives 111 like mannei the errors of eight 
more divisions, ± 90° zh z^, 180° dz z^, 270° dz and, more- 

over, the errors of the divisions dz 2 : dz 90° dz 2 : dz z^, 180° ziz z 
± z^j 270° ± 2 d: 2 i, by placing the microscope A over dz 2 , 
90° ± 2 , &c successively while M is ovei dz 2 + 2 ^, 90° zt 2 + 2 ^, 
&c , or placing M over dz 2 , 90° dz 2 , &c successively while A is 
over ± 2 — 2 i, 90° ± 2 — 2 ^, &c By judiciously combining all 
the observations of this kind, the corrections of each degree of 
the circle may be found 

In order to eliminate the effect of changes in the angular 
distance of the fixed and movable microscopes occurring during 
the observations and produced chiefly by changes of temperature, 
it IS proper to repeat each senes of observations at a given dis- 
tance 2 backwards, commencing this repetition by placing the 
movable microscope M over the last division Z + mz and the 
fixed one A over ^ + (??^ — 1) 2 , and so returning to the first 
assumed division Z Also the readings on the eight divisions to 
be determined should be made several times, say, once before 
the first or forward repetition series, agam, between the two 
repetition senes, and finally, after the second or backward repe- 
tition senes Thus, the whole opeiation will embrace 
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Ist Observatioas on the eight divisions, 

2d Repetition Buries forwards, 

8d Observations on the eight divisions, 

4th Repetition series backwards, 

5th Observations on the eight divisions 

By this symmetrical arrangement, the mean of the three 
minations of the errors of the eight divisions corresponds to tte 

mean state of the apparatus as found from the mean ot the two 
repetition senes.* 

THE EIIiAR MICROMETER 

40 For the measurement of small angles, not greatei than 
the angular breadth of the field of the telescope, graduated eli- 
des maybe wholly dispensed with, and a micrometer attache 
to the eye end of the telescope maybe substituted with gieat 
advantage both in respect of accui^acy and facility of manipula- 
tion Indeed, for many purposes to which the micrometei is 
adapted, divided circles are entiiely out of the question, for 
exampli the measurement of the angular distance between the 

two components of a double star. _ 

Micrometers, however, are very frequently used in combina- 
tion with graduated circles , as iii the meridian circle. 

41 The filar micromeUr is the same in principle as the micio- 
meter employed in the reading microscope (Art 21), only more 
elaborate and complete when intended to be used at the focus 
of a large telescope It is variously constructed, according to 
the instrument with which it is to be connected ^J^^y com- 
mon form which involves the essential features of all the otheis 
IS sketched in Plate 11 Fig 3, where the outside p ate and the 
eye piece are removed and the field of view exhibited The 
plate «« IS permanently attached to the eye end of the telescope 
tube at light angles to the optical axis The plate canyii^ 
the thread mm, slides upon aa, and is moved by the screw if 
The plate ce, cari-ying the thiead nn, slides upon hh and is 
moved by the screw C The tlireads aie at right angles to the 

* This process, vluch is due to Bessul, .nil be found more fully discussed in the 
Obiervaiions, Vol VII , and mthe Astron ITach , Nos 481 and 482 See 
also C A^ P PiTEES, der TMungsJMer dm Ertdschm Vemcalkmsm 

Tmkoraer Sternv,arU (St Petersburg, 1848) , and H.vsen in the Astren Nach , 

No SS8 
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duectioii of the motion piocluoetl by the sciows Their dis- 
tance apait IS changed only by the scieiv C’, M-hich iainci, a 
graduated head, by means of which this distance m nieasm Jd 
The bciew £ meiely shiits the iihole appaiatu^ bb, so that thJ 
tlireads may be earned to any pait of tlie held of Mew A. 
notched scale in the held of vieii, the notches of i\hich are at 
the same distance apart as the th leads ot the sciew C, is at- 
tached either to the plate bb, oi to the plate a (in the figuie, to 
the latter), in either case the miuibei ot notches between the 
threads indicates the whole inimbei of i evolutions of the scre\^r 
bj which the threads aie sepaiated, while the graduated head 
of C indicates the fiactioii of a i evolution I’lnallj, at lea“>t; 
one thread is stretched acioss the middle of the field at nght 
angles to the micrometei thieacls sometimes thieo oi inoro 
equidistant and parallel threads, these aie usually attached to 
the plate 66 In niiciometei measiuos the thiead mni usiialH’’ 
remains fixed while ?iji moves the foimei is theiefore iisuallv 
called the fixed thread, and the latter the moiable thread The 
threads at right angles to these are called iiansieise thieads ; 
sometimes iian&it thieads 

That poition of the telescope to which the micrometer is im— 
mediatelj attached is a tube which both slides and i evolves 
withm the mam tube of the telescope, so that (b\ sliding) the 
plane of the thieads may be accuiatelj placed m the focus of 
the object glass, and (by leiolnng) the threads may be made to 
take any lequiied diiection 

To measure directly the angulai distance between tw’o objects 
w ose images aie seen in the field, w^e have first to levolve the 
whole micrometer until the middle transvei-se thiead passes 
through the two objects , then, bunging the fixed thread upon 
one of the objects and the movable thiead upon the other, the 
mstance w at once obtained in revolutions and parts of a i evolu- 
tion of the miciometer screw This measuie !•, then to be re- 
duced to seconds of arc, for which puipose the angulai value 
Ot a revolution of tlie sciew must be kiiowTi 

42 T^nd the angulai lalue of a leiolutiou of the nuerometer- 
evidently depends not only upon the distance 
ot the threads of the sciew, but also upon the local length of 

e e esoope, since the greatei the focal length, the largei will 
be the image of aiij gn cm object 
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A FiEST METHOD of finding the value of the screw is, theie- 
foic, to raeasuie the focal length, F, of the object glass, and the 
distance, m, between the threads of the st lew (ivhicli is done bv 
counting the numbei of thieads to an inch), then, if J? denotes 
the angular value of a icvolntioii, we Ime 


tan = 


i m 

If 


01 


72 = —^ 


(39) 


as IS evident from Fig 2, p 13, where we may suppose at 
the focus of the lens AB, to he the apace thiough which the 
micrometer thread is moved by aievolution of the sciew, and 
the angular breadth ot the object DL, of which ell is the image, 
to be i>CL = IGcL, and Cm = F, dl = m 


43 Second Method —Measure with the micrometei any pie 
viously known angle A, and let J/be the number of levolutiom 
of the sciew in the measure, then, assuming that the middle 
point of A is observed in the middle of the field, 

tmE = - oi,neaily, ^ 

The sun’s apparent horizontal diameter (see Yol I Art 134) 
may be used for the angle A, if the field is sufficiently large to 
embiace the whole image of the sun, which, howeier, is the 
case only with small instruments, or with low magnifying powers 
Tlie constellation of the Pleiades furnishes pans of stais at 
vaiious distances, suited to iiistiuments of Aaiiou. capacities 
andFBSSEl dctei mined their distances vith very gieat accuuicy 
with a view to this as well as other applications 

The angle A in (40) is the appaient angular distance measured, 
BO that, when tv'o stars are employed, their appai ent distance 
must he computed by sirhtractmg the correction foi refraction, 

foi which see Chapter X 

44 Thied Method — ^Point the telescope at a star, and let the 
micrometer be revolved so that the tiansvcise thiead will coin- 
cide vith the appai cut path of the star m its duiiiial movement, 
and the fixed micrometer thread will rei>ie8ent a declination 
circle Place tire movable thread at anj numbe i 31 of ie% olutions 

A^trommische V'nter^\ichim(jen,'\o\ I p 209 
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from tbe fixed thread, and note the times of transit of the star 
over those threads by the sidereal clock, the telescope remaining 
fixed during the whole observation Denote the sidereal in- 
terval between these times by J, the declination of the star by 
S, the true angular interval of the threads by i, then (as will be 
proved in the theory of the transit instrument) we shall find i by 
the formula 

sin i = Bm I COB $ (41) 

or, when the star is not within 10° of the pole, 

^ = 7 cos (5 (41*) 

after which the valne of a revolution of the screw in seconds of 
arc is found by the formula 


1^5 z 15 J cos d 

W M 


(42) 


For extreme precision, the correction for refraction should be 
applied to i; hut if the observations are made near the meridian 
the correction will rarely be appieciable. 

We may in this process dispense with the use of the fixed 
thread by setting the movable thread successively at different 
points in the field, and noting the times of transit of the star 
ovei it together with the number of i evolutions of the screw 
between the successive positions In this way the regularity of 
the screw may be tested throughout its whole length If the 
star is very near the pole, each observation should be compaied 
with that made near the middle of the field, and the true inter- 
vals computed by the formula sin ^ = sin loosd 

This method is applicable m all cases where the micrometer 
can be revolved so as to place the fixed and movable thieads in 
the direction of a declination circle If the telescope is ecjua- 
torially mounted, this can be done in all positions of the instru- 
ment, and the star may be in anj part of the heavens , but a 
slow moving star near the meridian is to be preferred, if we 
wish to avoid the correction for refi action 
The times of transit are supposed to be observed by a sidereal 
clocky the rate of which if it is large should be allowed for. If 
the time is noted by a mean time clock, the mean intervals are 
to he converted into sidereal intervals (Vol. I Art 49) 
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46 If the mierometei is attached to an instiument designed 
only for the measurement of zenith distances, or difterences of 
zenith distance (as in the case of the Zenith Telescope), the 
movable threads being always peipendicular to a vertical circle, 
we can still employ this metliod of transits, by obseiving the 
pole star, oi any stai neai the pole, at the time of its greatest 
elongation At tins time the vertical ciicle of the star is tangent 
to its diurnal circle, and, consequently, the mierometei thread 
will coincide in direction with this declination circle, as required 
in the preceding method If the instiument is not moved in 
azimuth duiiiig the star’s transit through the field, the formula 
for computing the inteival i from the sidereal interval I is still, 
as in the transit instrument, sini = sm 1 cosd, but it must be 
observed that this formula here applies strictly only to the case 
where the thread is at one time at the point of greatest elonga- 
tion, and therefore each observation should be eompaiedwith 
that taken nearest the computed time of elongation To find 
this time, we first find the hour angle t of the star by the for- 
mula (Vol I Art 18) 

cos t = cot S tan <p 

111 which IS the latitude of the place of observation, and 
then, a being the star’s right ascension, we have 

Sid T of gr elongation = a ± t 

the lower sign for the eastern elongation 
If the instiument is slowly moved in azimuth as the star 
crosses the field, so as to make each observation of a transit in 
the middle of the field, the vertical distances between the differ- 
ent positions of the movable thread are, rigorously, differ eiices 
of zenith distance, and the formula for the transit iiistiunient is 
no longer strictly applicable I shall show, however, that it is 
practically sufficiently exact Let the zenith distance, hour 
angle, and azimuth of the star at the elongation be denoted by 
Zj, and A(, respectively , those for any observation by z, t, A; 
and let J-o and A be reckoned from the elevated pole At the 
time of the obseivation, the star, the zenith, and the pole form 
an oblique spherical triangle, and we have the general relations 

cos d coBt = cos p cos « — sin y sin z cos.A 
COS 5 sin t = sin z sin A 
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At the elongation the triangle becomes light angler! at the star, 
and we hare 

cos /q = cos sin 

bin r, __ cos:: oCQS A , 

““ sm ^ 


Fiom these we deduce 


cos <5 sin cos t = sin cos ^ — cos sin z cos cos A 
cos <1 cos sill t — cos 8111 j sin sm A 

the ditFeience of which gires 

cos d sin (t — t^= — sin cos 2? -f- cos sin ^ cos (A^—A) 

= sin (z — -s^o) ^0 ^(^0 — "■^) 

where, if we neglect the last term and denote t — by J, and 
- “ 2 'q hy 2 , w^e have the formula foi the transit instiument To 
obtain an expression for this last term, we take the relations 

sm 2 cos A = cos ^ sui d — sin <p cos d cosi 
sin sin A == cos d sin t 


and combine them with 


whence 


cos A^j = sm d sin 


sm A„ = 


cos d 

COS ^ 


Bin d cos 
sin <p 


sm :: sin (A^ — A) = sin d cos d — sin d cos d cos (t — 

= sin 2 <5 sin^ i (t — Q 

Thus sin(A, 3 — A)is very nearly proportional to the square of 
sm ^ [i — and is, consequently, so small that we may jiut 
sm J — A) = ^ sin {A^ — A) in the las > erin of the above foi- 
miila "VT e may also in so small a term put foi z Making these 
substitutions, and writing J and i for t — and c — we find 

sin 2 = sin 7 cos ^ J cot z^ sin^ 2 5 sni^ i I (43) 

Since not only sm J J is a small rpiantity, but also sin 25, it m 
evident that the last term ivill be inappreciable in all practical 
cases Thus, foi the pole star, 3 = 88° 30' a^^d J = 30^^ = 7° 30', 
this term is onlv 0" 0052 cotz^. 


PILAR MICROitET:ER 


65 


lor either method of observation, therefore, we can regard 
the formula sin i = sin J cos S as entirely rigorous. 

But in either method we must correct the computed interval < 
for refraction This computed interval is the difference of the 
true zenith distances at the two instants of transit, and the 
miciometer interval M represents the difference of the apparent 
zenith distances at these instants, hence, if r and u ar® the le- 
fractions for the zenith distances z and z^, we shall have 

„ i — (r — O _ g — r„) 

M M 

If we put 

= the difference of refraction for 1' of zenith distance, 
we shall have 

r - - 2.) 

or, very nearly, 

’ r — r,= MB^T 

and, consequently, 

= Ar 

M 

The value of t^r may he taken from the refraction table for the 
zenith distance at the elongation, which will be found by the 
formula 

sm tp 

An example of this method will be given in the chaptei on 
the Zenith Telescope. 

46 Fourth Method — The angular distance of two threads in 
the focus of a telescope may be directly measured with a theodo- 
lite W& have seen (Art. 4) that the lays which diverge from 
the focus and fall upon the object glass emerge from this glass 
in parallel lines If then these emeiging rays be received by 
the lens of another telescope, they will he eouveiged by the 
latter lens to its principal focus, where they will form an image 
of the point from which they diverged Hence, if two telescopes 
are placed with their optical axes m the same stiaight line and 
with their ohjectives turned towards each other, we my in 
either telescope see the images of threads at the principal focus 
of tte otler If our second telescope is connected with a 
VOL II — S 
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verti^^al or horizontal ciicle, as in the theodolite, the ciicle mar 
be used to measure the augulai distance of the thieads in the 
first 

I\rst—1£ the micrometei threads aic hoiizoutal, that is, per- 
pendicular to the vertical plane (as in the ineiidian ciicle A\hen 
the micrometer is arranged to measiiic diffeiences of zenith 
distance or of declination), the telescopes maj have any incliiiar 
tion to the horizon, and the angular distance of two thieads will 
be directly measured by moAing the theodolite telescope in the 
vertical plane and bunging its cross-thiead successively into 
coincidence with the images of the two miciometei threads 
Denoting the difference of readings of the Aeitical circle in the 
two positions by A, and the nnmbei of revolutions of the miero- 

o tj-jill \ 1 

meter screw between the threads b\ M, we have tan H == ~ — ^ 
or, very nearly, ^ 

Secondly — K the miciometer threads aie parallel to a veitie<d 
plane (as in the meridian circle when the ' nometei is arianged 
to measure differences of nght ascension), the theodolite is placed 
as before, and the angular distance of the threads is measured 
with the horizontal circle But, in this case, if the telescopes 
are inclined to the horizon by the angle y (which is obtained 
from the veitical circle of the theodolite), the angular distance -4, 
read on the hoiizontal circle, will exceed that of the threads in 
the ratio 1 cosy' (see the theory of the altitude and azimuth 

mstrnment) so that we shall then have R = 

. ^ 

This ingenious method was suggested by Gauss * 

47 Fifth Method — ^When the telescope is connected with a 
graduated vertical circle and its miciometer is arianged to mea- 
sure differences of zenith distance, the value of the screw may 
be found by means of this vertical ciicle as follow^’s Lot the tele- 
scope be directed towards the nadir and looking into a basin of 
mercury immediately under it The rays which diverge fiom a 
thread in the focus of a telescope emeige from the objective in 
parallel lines, they are therefore reflected by the mercury in 

* In 1823, Astron Nach , Vol II p 371 Rittfnhousb had previously 1786) 
pointed out the practicability of observing the threads of on** telescope^through 
another directed towards the objective of the first, m the TranmcHoHs of the American 

Philosophical Society y Vol II 181 
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parallel lines, so that they must he converged by the objective 
again to the focus, where they form an image of the thread. It 
IS evident that the distance of the reflected images of 
two micrometer threads will be the same as that of e 
the threads themselves Let then HO, Tig U, he a 

^ ertical line drawn through the centre 0 of the ob- 

jective, and suppose the fixed and movable threads n \ / 

and m to he at the same angular distance from EO, \ 

on opposite sides of it, or EOii = EOm Then the \ / 

rays from n, after passing through the objective, form \ / 

a system of rays parallel to nO, and, after reflection \ / 
from the mercury (the surface of which is perpen- W 
dicular to EO), loim a system of rays parallel to Om, » 
and therefore the reflected image of n is seen at m 
Por the same leasoii, the reflected image of m is seen at n Now 
let the telescope be revolved through an angle equal to EOn, so 
as to make the line nO a vertical line , then the image of n will 
he found in the vertical line, and will, consequently, he seen in 
coincidence with n itself. And if the telescope is revolved in the 
opposite direction thiough an angle equal to EOm, the image of m 
will be brought into coincidence with itself Hence the whole 
angular motion (A) of the telescope, as measured by the vertical 
circle, between the two positions in which n and m are seen in 
coincidence with their own reflected images, respectively, is the 
required angular distance of the threads , and, the number of 
revolutions of the micrometer screw between them being M, we 

A 

have, as in other cases, E — 


We may, however, dispense with the use of the fixed thread 
in this process Let the movable thiead be placed in any part 
of the field, bring it into coincidence with its i eflected image by 
1 evolving the telescope, and read the circle Then place it in 
any other part of the field, bring it into coincidence with its 
reflected image, and read the circle The thiead having been 
moved through M revolutions, and the diffeience of the circle 
leadings being A, we find E as before 

In ordei that the reflected images of the threads may be 
visible, it 18 found necessary to throw light down the tube, that 
is, from the ocular For this purpose, one of the eye pieces 
jcalled a eollxmating or nadxr ey& pwee) is furnished with a reflector, 
placed at an ansfle of 45° with the optical axis, which receives 
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light from a lamp held on one side and reflects it down the tube 
This reflector is sometimes placed within the eye piece, between 
the two lenses, the light is then leceived thiough an apeiture 
in the Bide of the eye tube, and the reflector, if made of metal, 
18 perfoiated in the centre in order that the field may be visible. 
A better plan is to place a small piece of very thin mica outside 
the eye piece, between the outer lens and the eye, and at an 
angle of 45^ with the axis. The mica, being tiansparent, does 
not interfere with the view of the field, and is at the same time 
a very perfect reflector. This plan has the advantage that the 
mica lefiector may be temporarily applied to any of the eye pieces 
in actual use 

A mercury reflector used, as m this case, to give reflected 
images of the threads, we shall hereafter designate as a mercury 
collimator * 

48 JEjffect of temperature upon the value of a revolution of the 
micrometer screw — Changes of temperature aftect the angular 
value of a revolution of the screw in two ways firsts by changing 
the absolute length of the screw itself, secondly^ by changing the 
figure of the objective, and thereby also the focal length Per- 
haps we should add, also, the almost evanescent change in the 
focal length resulting from a change m the lefractive power of 
the glass The whole effect, however, is veiy small, and may be 
assumed to be proportional to the change of tempera tine so 
that, if Mq is the value of a i evolution of the screw for an 
assumed temperature t^, R the value for any given temperature 
r, we have 

+ =R[1 + (t^t,)cc} (45) 

in which x is to be determined so as to satisfy the observed values 
of R at different temperatures as nearly as possible, which is 
done by the method of least squaies 

Example. — Suppose the following values of R have been 
observed 

J2 = 26".657, 26'' 582, 26" 529, 26" 500, 26" 498, 

forT= 10° 30® 40® 62® 75® (Fabr) 


* The use of the mercury collimator in connection, with the nadir eye piece was 
introduced hy BoH^ENBERGER in 1825 v Astron Jfach , Vol IV p 827 
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and it is proposed to deteimine J2 q for — 60° 


the equations 


557 (1 — 40«) 
J2„=:26 532(1 — 20 a;) 
J2„ = 26 529(1 — 10 X) 
B„=26 500(l + 12x) 
B„= 26 498(1 + 25 a:) 


We shall have 


Let us assume i2,= 26 5 + y , these equations become 


1062 r + y — 0" 057 = 0 
631x + y — 0 032 = 0 
265x + y — 0 029 = 0 

— 318x + y + 0 000 = 0 

— 662x + y + 0 002 = 0 


Hence, by the usual process in the method of least squares, we 
find the normal equations 


whence 


2019398 x + 878 y — 86" 535 = 0 
878 a: + 6 y — 0 116 = 0 

a; = + 0 0000355 y = + 0" 017 


and, consequently, J?, = 26" 617, and 

26" 51T 

— 1 _1_ 0 0000365 (t — 60°) 

As the coefficient of r — 50° is so small, we may take 


R = 26" 517 [1 — 0 0000355 (r — 50°)] 

= 26" 517 + 0" 000941 (50° — r) 

This gives for the values of It at the observed temperatures, 

JJ = 26"555, 26" 536, 26" 526, 26" 504, 26" 493 

forr= 10° 30° 40° 62° 75° 

which agree with the observed values wnthin the probable errors 
of such determinations 


49 The positio 7 i Jihr micromeier — ^When a filar micrometer is 
attached to an equatonally mounted telescope, theie is usually 
combined with it a small graduated circle, the plane of which is 
paiallel to that of the micionietei threads, by means of which 
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the angle which these threads, or the transverse threads, make 
with a decimation circle may be ascertained The micrometer 
then serves to measuie not only the distance between two stais, 
but also their angle of ^>081^011 , that is, tlie angle which the arc 
joining the two stais makes with a declination ciicle 

The index error of the ciicle, 01 its leading foi the position 
angle zero, is best obtained with the telescope in the meiidian 
Let the miciometer be revolved until the movable thread is pei- 
pendicular to the meridian, which will be the case when a star 
of small declination remains upon the thiead throughout its 
passage across the field The transveise thread will then repre- 
sent the meridian, and in all othei positions of the telescope, if 
the equatorial adjustment is gdod, will represent a declination 
circle * If the reading of the position circle is then P^, and 
the micrometer is afterwards 1 evolved so that its transverse 
thread passes through two stars in the field, and the reading 
becomes P, the apparent position angle of the stais is 

i> = P - Po 

All position angles should be read from 0 to 360*^ in the same 
direction I shall always suppose them to be leckoiied from the 
north through the east 

50 I shall briefiy notice some othei micrometers hereafter 
(Chaptei X ) What has been given m 1 elation to the filai niicio- 
meter was necessary in this place on account of the connection 
of this instrument with nearly every form of telescope 


THE LEVEL* 

51 The spirit level may here be classed among the instru 
ments for measuring small angles, inasmuch as its use m j^tro- 
nomy is not so much to make a given line absolutely level as to 
measure the small inclination of the line to the horizon. It 
consists of a glass tube, ground on the intenoi to a curve of 
laige i*adius, and neaily filled with alcohol 01 sulphuiic etlioi 
(Water would fieeze and buiat the tube) The bubble of air 
occupying the space left by the fluid will always stand at the 

See, liovever, Chapter X m case the adjustmeiit of the equatorial telescope e 
not <^uite exact * 
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hiffliest point of the cui've of the tube, and theiefore any 
change of the relative elevation of the two ends of the tube 

must be followed by a coi responding change in the position ot 

the bubble This position of the bubble, therefoie, v hi eh is 
read ofl by means of a scale, or by giaduations marked on the 
tube itself, selves to measure all changes of inclination within 
the extreme ranges of the arc of the curve employed The 
larger the radius of the curve, the more sensitive will the level 
be There is, however, obviously a piaetical limit to the radius, 
which IS determined by the kind of lusti'umeut to which the 
level IS to be applied and the degree of accuracy aimed at 

In order to apply the level to the hoiizontal axis of an instru- 
ment, It IS either mounted upon two legs, the distance apart of 
which IS nearly equal to the length of the axis, and these legs 
teimmate in Ys, so that the U^e\ beais only at two points of the 
cylindrical pivots of the axis, in which case it is called a struhv^ 
level 01 It hangs fiom the axis by aims, which are recurved 
and terminate in inverted Vs, and it is then called a hanging 

lovd 

Plate n Tig 4, lepreseiits a common form of the striding 
level, and Tig 5 is an end view of the legs The tube is in 
this level coveied by a larger glass tube abed, to protect the fluid 
from sudden changes of temperature These are secured to a 
bai AJB, usually a hollow brass cylinder, which is connected 
with the legs by screws s and t, which seiwe to adjust the rel^ 
tion of the level tube to the line of beanng of the Ys of the 
teet, as will be explained hereafter 


52 In ordei to investigate the method of using the level, let 
US first suppose JEW, Fig 15, to be 
a truly hoiizontal hue on wMcli 
the level AJB rests- let 0 be the 
zero of the graduations , e and w 
the ends of the bubble let the 
length of the bubble be 21 It 
the legs AJE and BW weie per- 
fectly equal, and 0 were in the 
middle of J.jB, the leadings of tv and e from 0 would be exactly 
the same, and each equal to I But, if J5T7 is the longer leg, 
the bubble will stand iieaiei to B hi a immhei r of divisions, 
and if at the same time the zero 0 stands nearer to A than to B, 


Fig 15 
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at a distance of y divisions from the middle, then the readings 
will he 

at II?, iJ^x + y, 
at e, I — X — y 

If now Wis raised so that EW becomes inclined to the horizon 
by the angle 6, the bubble will stand nearer to the end 5 by a 
number z of divisions, so that the whole readings at w and e 
will be 


w — 1 ^ X y z 
e = l — X — y — z 

} (47) 

To eliminate the errors x and y, let the level now be reversed, 
tso that the end A stands over W and B over E The errors x 
and y will both change sign , but, the line EW being inclined 
as before, the readmgs of the ends of the bubble towards W and 
E, respectively, will be 

wf =i — X — y -{■ z 
e’ = l-\-x-\-y — z 

} (48) 

From tlie e<iuations (47) and (48) we deduce 


^(w — e) = X y z 
— e')=— (a; + y) + s 

wnence 

} (49) 

z = i [^(w — e) -)- _ e')] 

or 

._(M’ + «’')-(« + e') 

1 (50) 


whence the practical rule • Place the level on the line whose inclina- 
tion IS to be measured^ and read the divisions at the ends of the bubble ; 
reverse the levels and read again Add together the two readings lying 
towards one end of the line,, and also the two readings lying towards the 
other end of the line One fourth the difference of these sums is the 
measure of the inclmatwn The line is elevated at that end which 
gives the greatest sum of readings* 

This gives the inclination expressed in divisions of the level , 
the value of the angle b corresponding to z divisions is known 
when the angular value i of a division is known, so that 

h = dz (51) 

63, The errors x and y are inseparable , we can only find their 
aum, which is 


LEVEL 


T3 


x + y = 


(w 


■ e) — (to' — e') 
4 


(52) 


If the en'ors of tlie level could be regarded as constant the 
value of x + y thus found would enable us to dispense with the 
reversal of the level, since either of the equations (49) would 
then determine 2, but such constancy is never to be assumed 

64 Tor greater accuracy, the level may be read a number of 
times in each position, taking care to lift it up after each rea - 
mg, so that each observation may be independent of the othei • 
«ums of all the reading, at each end 
formed and the difference of these sums divided by the whole 
number of readings. The number of readings in the two posi- 
tions must be eijual 

Example 1 

A lei 
follows 


1st Position 
2<1 “ 


on the axis 

of a 

transit instrm 

w 

M 

ttr — e 

291 

312 

— 21 

85 4 

24 9 

4-10 5 

64 6 

56.1 

4) — 12 6 

561 

4) 8 4 

3= 21 

X 

+ y=— 


3 15 = error of the level 


The value of a division was d— 1” 26 ; and hence 

6 = (fe = 2" 63 

ivhich IS the elevation of the west end of the axis 


Example 2 

The followmg readings were obtained with the same instru- 


ment: 


Ist Position 

TV 

29 0 

2d “ 

85 4 

2d “ 

35 6 

Ist « 

29 2 


129 2 
1118 
8) 17 4 
= 218 


E 

313 

249 

246 

310 

1118 


b = 2" 72 
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By taking the first and last ohseivations in the same position 
of the level, as m this example, any small change in the level 
itself, occurmg during the observations, is eliminated 


56 The zero of the level is, hoivever, not always placed near 
the middle of the tube , it may be at one end and the divisions 
numbered consecutively thiougli the whole length of the tube 
In this case, we have onlj to find the leading coi responding to 
the middle of the bubble in each position of the level the half 
difference of these leadings will evidently be the lequired inch 
nation It will be necessary, in the lecoid of tlie obseivation, 
to note the position of the ends of the level, or to indicate in 
some mannei the diiection in which the divisions inciease, which 
18 usually effected most leadily by a conventional use of the 
algebraic sign, as in the following 


Example 

A level which is graduated from the end A towards the end B 
re s as follows when placed on the axis of a transit instrument* 


w 

E 

Reading of 
middle of 
bubble 

01 thus 

+ 640 

+ 13 5 

+ 38 75 

+ 77 6 

— 101 

— 60 7 

— 8540 

— 70 8 



2) + 3 85 

4) +6 7 


z 

= + 1 675 

2 = + 1 675 


Since in the case of a transit instrument we wish to find the 
efeoaftonof the viest end (a negative elevation being interpreted as 
a depression), we here mark the level readings with the positive 
sign when they increase towards the west, and with the negative 
aipi when Aey increase towards the east The value of s will 

f ““Ply taking the 

mean of all the readings, as in the last column above 


espies, the diameters of the two pivots of 
^ ^ on which the level rests are assumed to he &e same 

3n he^Pn“ T ® correction becomes necessaiy, which 
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57 To find the vakie oj a division of the level —This is most readily 
done by means of a simple instrument called a Uvel-triei 
horizontal bar is supported by two feet at one end and by a 
Bingle foobscrew at the other The level is placed on the bar, 
and the number of turns of the foot-screw necessaiT to cany the 
bubble over any given number of divisions is obseiwed. The 
angular value of a turn of the foot-screw is knovm from the 
distance of its threads and the length of the bai. The head 
the screw is graduated so that a fi-action of a turn may be noted 
We can also determine the value of a division by attaching 
the level tube to a vertical circle and noting the o 

seconds on the circle corresponding to a motion (of the ciicle 
and level together) which carries tlie bubble over a ^^n numbei 
of divisions Thus, suppose we read the ends A anU B of » 
thus attached to a circle, and also read the circle itself, as follovi s. 



B 

Circle 

50 

40 2 

0° 0' 40" 

413 

38 

0 1 25 3 

36 3 

864 

45 3 


fmean') BQdbd — 45" 3 

d= r'246 


When the level is applied to a telescope which is provided 
with a micrometer, the value of the divisions of the level may 
be found from those of the miciometer An examge of this 
method will be given m connection with the Zenith Telescope, 
Chapter VUI. 


58. To find the radius of eurvatur e of a kvel—Let n be the length 
of a division in linear units, d. the value of a division in arc, 
found as above, then the radius will be 


71 

^ d sin 1" 

Suppose that in the level of the preceding article we have 
n = 0 103 inch, then we find, for this level, r = 17051 mclies, or 

1421 feet 

69 The value ofadivmm of a level may be affected by changes of 
iemperaiure.-Thn will be discovered by taking observations for 
deterniuiing this value at two temperatures as diftercnt as pos- 
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sible The proper value to be used for any intermediate tern- 
peratuie will then be found by interpolation 

60 It IS also possible that the radius of cm vaim e of different por- 
tions of the tube may be different — This, of course, is a radical defect 
in the construction of the instrument its effect is to give dif- 
ferent angular values to divisions of equal absolute length in 
difterent portions of the tube The existence of such a defect 
will be discovered by determining the value of a division inde- 
pendently at vaiious points, and it is piopei to examine all our 
levels m this manner A level thus defective should be rejected 
as unfit for any refined observation , but, if no other can be had, 
a caieful investigation might determine a system of corrections 
to be applied to the different readings 

61 It remains to be shown howto effect the mechanical adjust- 
ment of the level Ist The bubble should stand nearly in the 
middle of the tube when the level stands upon any horizontal 
line This is quickly brought about by finding the error of the 
evel = X y^ (as in Example 1, Art 64) and then turning the 
screws /, Plate IE Pig. 5, until the bubble has moved thiough 
this quantity in the pioper direction 2d The a:si8 of the tube 
should be parallel to the line joining the angle of the Ys of the 
feet, and, consequently, parallel to the axis of an instiument on 
w ich it rests This is tested by slightly revolving or rocking 
t e level on the axis of the instiument, so that the legs are 
thrown out of a perpendicular on either side If the axis of the 
level tube is not parallel to the line joining the feet, but lies 
eioss-wise with respect to that line, this revolution will cause the 

ubble to change its position, and it will be easy to see in what 
direction the correction must be made. The adjustment is made 
by the screws 5 , 
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CHAPTER III 

INSTRUMENTS TOR MEASUEINa TIME 

62 Ckrmiometers-'Ihe J 

1 u +Via i-kPilfince wheel is so constructed tnat cnanges 

r— r «y be «11 

SerthTfomp— °s gSvll changes of O” 

poetically «.e,«<)^t » '^t'cSono'lLtrat'anj’ 

S*r it oetboS tt Minr^r rttiTrUn m 

Tol I , Chapter V 

fiS Wmdino -Most chronometers are now made to run either 
t f 1 !ftwo days The former are wound eveiy seventh 

:1 Zact.cn, and an utegnlanty m .be »te raay rerf 

Obronometei. aTetcomia nnthagivcn 
tlekey »»->'*■> 

Zetei. sbonld always b. wound a» 

'tU'ZZZiZbZby a catch protided to act at die pro,.« 
time and thus protect the chain 
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When a chronometer haa stopped, it does not again start 
immediately after being wound up It is necessary to give the 
w ole instrument a quick rotatory movement, by which the 
a ance wheel is set in motion This must be done with care, 
lowevei, and with little more foice than is necessary to produce 
the result, afterwards the chronometer must be guarded from all 
sudden motions 

The hands of a chronometer can be moved without injury to 
e instrument, so that it may be set proximate]}’’ to the true 
time It IS, however, not advisable to do this often 


64 Transporting — Chronometers transported on board ship 
^ placed as near the centre of motion as possible, and 
allowed to swing freely in their gimbals, so that they may pre- 
serve a oiizontal position They should also be kept as nearlv 
^ ^ uniform tempeiature 

When transpoited by land, the ehronometei should no longer 
be allowed to swing in its gimbals, but is to be fastened by a 
c amp provided for the purpose, for the sudden motions which 
It IS then liable to receive would set it in violent oscillation 

in the gimbals, and produce moie eftect than if allowed to act 
directly 


Pocket chronometers should be kept at all times in the same 
^si ion, consequently, if actually earned in the pocket during 
the day, they should be suspended vertically at night 

t has been found that the rates of chronometers have been 
a eete y masses of iron in their vicinity, indicating a magnetic 
polanty of their balances Such polarity may exist in the balance 
when It fet comes from the hands of the maker, or it may be 
toCqmre y t e chronometer standing a long time in the same 
positaon with respect to the magnetic meridian In order to 
avoid any error that might result from this polarity (whether 
Wn or unknown), it will be well to keep the chronometers 
^ sanm position. Hence, they should not be removed 

A rates should be found after 

they are placed in the position they are to occupy 

ihe rate of a chronometer when transpoited is seldom the 
ZIZ T comparing 

1 a’ ^^®’^°^f®rvations at two places whose difference of 
longitude IS perfectly well knovn A list of well determined 
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“differences of longitude” is given in Eaper’s Pmciice of Fau- 
gatim, for the use of navigators in finding tlie sea lates of their 
chronometeis (See Vol I Ait 258) 

65 Corr^'fUonfor iempnature — An absolutely perfect compensa- 
tion for temperature in chronometers is haidly to he expected 
It has been foiind’^ that the aveiage temperature compensation 
of chronometers is of such a natuie as to cause the instrument to 
lose on Its dailv rate when exposed to a temperature either above 
or below a certain point for which the compensation is most 
perfect Professor Bond found foi a large number of chronome- 
ters that if be the tempei ature of best compensation, ^ that ot^ 
actual exposure, the late mavhc expressed fora range ot 20 
above and below the formula 

( 53 ) 

m which k is a constant, and has, with lare exceptions, a positive 
sign, and 5 n„and m are the laies at the temperatures and if, 
respectively , losing lates heing positive 

M Lietisson, fiom a veiy extended examination of the per- 
formance of chronometers on trial at the Observatories of Greeu- 
ivich and Pans, finds that the late vaiies both with the tempe- 
rature and wuth the age of the oil with which the pivots are 
hihncated The thichening of the oil tends to diminish t e 
amplitude of the vibration of the balance, and thus produces an 
acceleration of the chronometei This acceleration is almost 
exactly proportional to the time, so that for any time it e ra e 
may he found hy the complete formula 

m = ( 54 ) 

m which Pis the daily change of i ate resulting from the gradual 
thickemug of the oil. The constants k and A' will he diflerent 
loi every chronometei, and aie detei mined hy expeiiment for 
each instrument 

66 Cornpanson of Clironomeiers.—'When one or more ehro- 
nometeis are to be regulated by means of astionomical observa- 


* LiBUSSON, E^oheiohes sui les variations 4e la maiehe des pendules et des chro- 
aomfetres, Pons, 1864 G P Bonn, in las report on the longitude m the Report of 
the Supermtendent IT S Coast Survey for 1864, App p 141 
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tions, these observations are made with but one of them, and the 
corrections of all the others are found by compaiing them with 
this On board ship the chronometers aie nevei brought on 
deck, but the observations aie made with a watch (often called a 
“hack-watch”), which is compared with the chronometci either 
before oi aftei, or both befoie and after, the obseivations The 
double comparison is necessary where extreme piecision is re- 
quired, in order to eliminate any dijBference of the rates of the 
watch and chronometer 


Example 

An observation is lecorded by a hack-watch at the time 
10^ 12*" 18* 3, and the following comparisons are made with the 
chronometer Required the time of the obseivation by the 
chronometer 

Chron 8* 17“ 0* 8* 27“ 0* 

Watch 10 8 9 5 10 18 8 0 

Eeduotion —1 61 9 5 1 51 8 0 

Here the watch loses 1* 5 m 10”* hence, in 4"*, the time from the 
first comparison to the observation, it loses 1* 5 X tIj or 0* 6, so 
that the diffeience at the time of the obseivation is 1* 61”^ 8* 9i 
therefore we have 

Watch time of obs = lO'^ 12“ 13* 3 . 

Eeduction to chion = — 1 61 8 9 

Chron time of obs = 8 21 4 4 

CoTfvpanson by coincidmi beats — ^When two chronometers are 
compared which keep the same kind of time, and both of which 
beat half seconds, it will mostly happen that the beats of the two 
instruments are not synchronous, but one will fall aftei the other 
by a certain fraction of a beat, which will be pretty nearly con- 
stant, and must be estimated by the eai This estimate may be 
made within half a beat, or a quarter of a second, without dijSi- 
culty, but it requires much practice to estimate the fraction 
within 0* 1 with certainty But if a mean time or solar chro- 
nometer IS compared with a sidereal chionometer, their dif- 
ference may be obtained with ease within one-twentieth of a 
second. Since 1* sideieal time is less than 1* mean time, the beats 
of the sidereal chronometer will not remam at a constant fraction 
behind those of the solar chronometer, but will gradually gain 
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on them, so that at certain times they mil he coincident. Now, 
il the comparison is made at the time this coincidence occurs, 
there will be no fraction for the ear to estimate, and the differ- 
ence of the two instruments at this time will he obtained exactly 
The only error will he that which arises from judging the heats 
■to he 111 coincidence when they are leally sepaiated by a small 
fraction , and it is found that the ear will easily distinguish the 
heats as not synchronous so long as they differ by as much as 
0* 05, conseq^uently the comparison is accurately obtained within 
that quantity Indeed, -with practice it is obtained wuthin O' 03, 
or even 0* 02 Now, since 1' sidereal time = 0* 99727 mean time, 
the sidereal chronometer gains 0* 0027S on the solar chronometer 
m r, and therefore it gains 0* 5 in 183*, or very nearly in 3“ 
Hence, once every three minutes the two chronometers will heat 
together * When this is about to occur, the observer begins to 
count the seconds of one chronometer, while he directs his eye to 
the other, when he no longer perceives any difference in the 
beats, he notes the corresponding half seconds of the two instru- 
ments. 


Example 

A solar and a sidereal chronometer were compared by coinci- 
dent beats, as follows: 

Solar ehron 4» 16” 0* 4‘19“10*. 

Sidereal “ 1 8 11 5 1 6 22 

Difference 3 12 48 5 3 12 48 

Here the interval between the two comparisons being about 3”*, 
the sidereal chronometer has gained a heat In order to judge 
of the accuracy of the comparisons, let us reduce the second to 
the time of the first. The solar interval is, by the sdar chro- 
nometer, 3" 10* , the correspondmg sidereal interval is, by the 
tables. S’” 10* 52, the second comparison reduced to the time of 
tlie first stands as follows 

Solar chron 4* 16”* 0* 

Sid 1 3 1148 

Difference 3 12 48 52 

^ They will either beat together, or at least tkeir beats will both fall within a 
space of time ecLual to one-half of O 00273 
Tol II -6 
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'that IS, it agiees with the first comparison within 0^02 Suppose 
that at the second comparison the time when the beats were 
coincident was mistaken, and the observer made his comparison 
10* later, he would have had 10* more on each chronometer, and 
consequently would have put down the comparison thus 

Solar chron 4* 19** 20* 

Sid 1 6 32 

The mean interval between the comparisons would have been 
3*" 20*, and the equivalent sideieal interval is 3"" 20* 55, so that 
this second comparison reduced to the time of the first would 
have stood thus 

Solar chron 4^ 16"* 0* 

Sid 1 8 11 45 

Difference 1 12 48 55 

that 18 , the two comparisons would still have agieed within 0* 05 
The observer can in this way satisfy himself by a few trials that 
the two chronometers can really be compared within 0* 05 with 
certainty 

When two solar chronometers are to be compared together, it 
will be most accurately done by comparing each with a sidereal 
chronometer by coincident beats, and reducing the comparisons 
as follows 


Example 

Two solar chronometers A and JB are compared with a sidereal 
chronometer C, as below 

C 6M3“20* A 4* 40"* 10- 5 

G 6 15 15 5 5 21 13 

Sid mterval 1 55 = 1 54 69 solar 

B reduced to time ofA==5 19 18 31 
Difference of A and J? = 0 39 7 81 

The intermediate chronometer used for comparison is not 
necessarily a sidereal one It may be a mean time chronometer 
which does not beat half seconds, for example, a pocket chro- 
nometer which beats 13 times in 6 seconds In this case each 
beat of the pocket chronometer is woi'th and therefore differs 
from thaf of a chronometer beating half seconds by ^ of a second. 
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The inaccuracy of a eoincideuce cannot exceed tins q^uantity, and 
the compansonjcnay, therefore, also be made within j’g of a second 

67 Probable error of an mterjaolated value of a chr<mome1er cor- 
rection —When the corrections and a T' for the times Tand^r' 
are given, the correction for any other time T t T ^ is 
found by interpolation Denoting the late by dT, and the 
required correction by x, we have 

eithera; = Ar+ f or x = aT'--^ ST 

Now, granting that the given quantities aT and aT' aie peifeetly 

correct, the interpolated values of x will also be correct if theie 

are no accidental iiregularities in the going of the chronometer. 

But such accidental irregularities certainly exist, and tend to 

diminish the weu/ht to he assigned to any interpolated value of 

the correction If the mean (accidental) en-or in a unit of time 

is £, the mean error in the interval t is, by the theory of least 

squares, sy t, and the weight is inversely proportional to the 

square of this error, that is, inversely pioportioual to t. We shall 

have then , 

k 

^ = iiT + « with the weight - 

4 

dT p 

in which k is an undetermined constant 

Multiplying each value by its w eight, and dividing the sum hy 
the sum of the weights (accoidiug to the usual process in the 
method of least s(][uares), we have 

X = f ^ , with the weight = k j 

rTf 

or with the mean error = e \ r+Tf 

This error is zero either for i = 0 or = 0, and is a maximum 
for t = that IS, wheu the correctiou is found for the middle 
time between the two given times T and T' 

68 If, however, the chronometer has accelerated or retarded 
uniformly, the error will obtain a different expression Let the 
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rate at the time The and at the time T' be ^'T The 
acceleradoa m a unit of time is 


d"T= 


S'T— ST 
t + t' 


(56) 


The rate at the middle instant between T and T -{■ t is 8T 
-j- 8''T, and at the middle instant between T' and T' t' 

it 18 d'T — 5" T, hence we have 

X = nT + t (S T ■}- it S"T)=i^r + t ST+it* S" T 
r = nT'— f(«'T— it S"T)= LT'—t S'T-\- it^ S" T 


Multiplying the first by f ,the second hy i, and dividing the sum 
of the pioducts hy t 1, we have 


i -j- r t -j- r 

or 

aT + t ( 67 ) 

t -J— T 

wheuce it appears that the error of the value obtained by simple 
interpolation, or upon the supposition of a uniform rate, is 
3"r, and this error is also a maximnm. foi the middle instant 
between T and T', when t = and vanishes for ^ = 0 or i(' = 0 


69, Every chronometer has, moreovei, its own pecnliaiities 
which render the application of any formula for weight more or 
less uncertain Struve found that, for the greater number of 
the chronometers which he tried, the mean error of an interpo- 
lated value of their corrections could he expressed by the empiri- 

cal formula e -p differing from the above theoretical formula 

by the omission of the radical sign {McpidxtM, Chronomdinguef 
P 101) 

70 Clocks . — ^The astronomical clock is provided with a com- 
pensalion pendulum, by which the effect of temperatuio is even 
more completely eliminated than in chronometers. Tlie only 
forms m use are the Eiarmon (the gridiron) and the mereivnal 
pendulum 

In the gridiron pendulum the rod is composed (in part) of a 
number of parallel bars of steel and brass, so connected togetbex 
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tiatAe ™8.on of (he »tee) bars produced by an mcroase of 
temperaturo tends to depress the “boh" of tte pendulum the 
greater expansion of the brass bars tends to raise it, so that when 
the total lengths of the steel and brass hais have been propeilv 
admeted a peifect compensation occuis, and the centie of osci - 
lation remains at a constant distance from the point of 
Sion. The rate of the clock, so far as it depends upon the length 

of the pendulum, will therefore be constant . t, ^ -u 

In the mercurial pendulum, the weight which forms the bo 
in other cases is replaced by a cylindrical glass vessel nearly 
filled with mercury With an increase of temperature the rod 
lengthens, hut the meicuiy expanding must rise in the cylinder, 
so that when the quantity of mercury is properly proportioned 
to the lengdi of the lod the centre of oscillation remains at the 
same distance fiom the point of suspension If a clock is to he 
exposed to sudden changes of tempeiature, thegudiron pendulum 
will he preferable to the mercurial, as the laige body of mercuty 
will obtain the temperature of the air more slowly than the 

thin metal lods , . 

In setting up the clock the chief point to he observed is that 

Its alternate beats aie exactly equal The pendulum usually 
carries a pointer at its lower extremity which indicates iipon ^ 
arc below the pendulum the extent of a vibration. ^ 

pendulum he drawn towards one side gently, until a tooth of the 
Lapement wheel is just freed, and maik the point of the arc at 
which this OCCUIS, then let the pendulum he drawn towards the 
other side, and mark the point of the are at which a tooth escapes 
Find the middle point A of the included arc Then let tire 
pendulum come to rest m a vertical position: if the pointer is on 
A the adjustment is correct, and the vihiations on each si*!® 
be isochronous, if not, the clock case must be moved until the 
veitical pendulum is directed exactly towaids A The eqnali y 
of tlie Mhiations may also be tested by the electio-chronograph, 
hereafter clescnhed 

tyhathas been said above respecting the companson of chi o- 
uometeis will apply, with scarcely any modification, to that of 
blocks, or of a clock with a ehronometei 

la the observatory, a clock regulated to stdereal time is the 
indispensable companion of the transit instrument The standard 
oxnorrtml clock of an obsenatoiyis cai efully mounted upon a 
stone piei which is disconnected from the walls or floors of the 
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building, ana also protected as much as possible from changes 
of temperature For the latter purpose it is sometimes imbedded 
in a stone pier, in an air-tight compartment below the surface 
of the ground Strtjte found that the changes of barometric 
pressure, by varying the resistance which the air opposes to the 
motions of the pendulum, caused a variation in the rate of tlie 
normal clock of the Pnlkowa Obseivatory of 0' 82 for a vanation 
of one English inch of the barometer * 

71. The dectro-chronograph — This contrivance may he regarded 
as an appendage of the astionomical clock, and bearing the same 
relation to it that the reading microscope beam to a divided 
circle ; for its chief use is to subdivide the seconds of the clock, 
and thus to measure miciometrically the smallest fractions of 
time In order to effect tins mieronietnc subdivision, the clock 
beats are converted from audible into visible signals, which are 
recorded on paper by means of an electio-magnet The instant 
of the occurrence of any phenomenon is also registered by a 
visible signal on the same papei, and thus referred to the pre- 
ceding clock beat with great precision This general statement 
covers a great variety of special contiivances leading to the same 
end Wq shall here treat onlj of those which, thus far, have 
been most used. 

72 The simplest form of register is that known on our tele- 
graphic lines as Moesb’s, in which a fillet of papei is reeled oft 
at a uniform velocity by means of a tiaiu of wheels moved by a 
weight. The fillet passes over a small cylindei and just under 
a hard steel point, or pen (as it is called, for brevity), which is so 
connected with the armature of an electio-magnet that whenever 
the electric circuit of the galvanic battery is established, the pen 
is pressed upon the paper and leaves a visible mark The wiie 
from one pole of the battery which passes aiomid the electi'O- 
magnet does not return directly to the othei pole, but first passes 
through the clock, where, by a contiivance presently to be 
described, the circmt is broken and restored at every second 
The Morse fillet m runmngofi, theiefore, leceives an impression 
every second, and thus becomes graduated into spaces represent- 
ing seconds. These spaces are greater or less according to the 


* Dtterij^Uon de F ahnervaiou e OHirwiotHiqtu cmtial de Poulkona, p 220 



CHEONOGEAPH 


8T 


velocity with wMcli the paper runs otF, an inch 
even more than sufficient, as it is easy to divide an inch into fi } 
hv n scale even without the aid of a magnifier 
^ Iti^of importance that the papei should run off witb a uim 
form velocity, at least, no sudden changes of f 

instruments theie is substituted for the fillet a sneet or _p p 

™;;Xbau..cytad„*chmakeso„e.e™ — 

=’S 

wot XqbndS^gl. >B F« 

Morse Sllet for moat cltonosiaplne joipoMs, "" j, ^ 

corivemeocemtlirrMcli tire sheets may he read ofl .ad filed 

the ,„oe.men.es»gelated by 

a “fioa of the e.aok motio,. w,th the ^h.atron of t..o 
*' Professor MiKH»t employed a ciiouUi 

sneoesswe minutes ooeupied by connection 

was giaduated iuto secouds witlr great precision oy 

with the cloch 

78 The connection of the elock with the legistei is made m 
onl ofTw. ways, eithe. »l as to W the cnouit eeerj second, 

01 so its "to TtlClJid it Tii’f^'ilv tllO 

The method most used of causing the ^ Sune\ 

made’ of platinum wiie, moimted upon a pnot C, so that the en 
,d shall slightly pieponderate and J. t-ta mnm^P ^ 

galenic hattoi, le m 8 ^ 

hammer through the metallic support D 
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J'lg 16^ connected with the plate E, and goes 

first to the electro-magnet of the register 
and thence to the other pole of the hat- 
teiy This apparatus is placed in the 
clock case m front of the pendulum PM^ 
with the vertex of the angle J5 in a vei- 
tical line below the point of suspension 
P A small pin N projecting from the 
pendulum rod passes over the angle B 
at each vibration of the pendulum, and, 
by thus depressing the end B of the tilt- 
hammer, raises the end A from the plate 
E and breaks the circuit, which other- 
wise is complete through the connection 
of the portion AO oi the tilt-hammer 
with both the wires F and G The in- 
terval of time duiing which the circuit 
IS broken will be longer or shorter accord- 
ing as the pm N strikes the sides of the angle B farther from or 
nearer to its vertex -It may be adjusted so that the break shall 
last but one-twentieth of a second, or foi a shorter time if 
required 

Now, if the pen of the register is kept pressed upon the pjaper 
by the attraction of the electro-magnet, it is clear that the breaks 
produced by the clock will produce corresponding breaks in the 
contmuous line made by the pen, and the paper will be gradu- 
ated into seconds, thus 


But if the pen is pressed upon the paper by a spring acting 
i^inst the attraction of the magnet, then each break produced 
y e clock will give a corresponding short mark on the paper 
With an intervening blank, so that the paper will be graduated 
into seconds, thus: 



The first of these methods is commonly preferred 
In lie cyHndncal re^sters a pen canymg ink is used, and the 
rea ng of the circuit by the clock does not cause the pen to 
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rise from the paper, but moves it laterally; iu this case the paper 
IS graduated into seconds, thus 


Dr Lockb also employed a tilt-hammei for breaking the cii- 
cuit, but the hammer was woiked by the teeth of a wheelplaced 
on the axis of the escapement wheel of the clock 

At the 'Washington Observatory, the record on the paper ot 
the cylindrical registers has also been made by fine punctures 
produced by a needle point The needle has a little 
prevents its resisting the motion of the cylinder duiing the time 
required for the needle to enter and leave the paper. 

74 The most simple method by which the pendulum mafccs 
the circuit at each beat is also the suggestion of Mi Saxton 
A small globule of mercury is placed just below the pendulu , 
as at A, Fig 17, apon a metallic suppoit which by 
the wire I' is in connection with one pole of the 
battery Another wire (r is connected with the 
metallic support of the pendulum rod at P, and is 
connected with tTie other pole of the batteiy thiough 
the electro-magnet A fine point m upon the ex- 
tremity of the pendulum passes thi ough the globule 
at each vibration and establishes the electric cir- 
cuit, for a small fraction of a second, through the 
pendulum itself The effect will he to graduate 
the paper in one of the above mentioned ways 
according to the arrangement of the register. 

75. Having thus obtained a graduated visible 
time-scale, its application to the exact recording of 
an astronomical observation is veiy simple we 
have only to let one of the wires m connection with ^ 

the magnet pass, on its way to the batteiy, th7 0 vgh □ 
the hand of the observer, where the circuit may he 
broken and restored at pleasure A small piece 
of apparatus called a signal-key is used for this purpose It con- 
sists of a piece of wood, five or six inches in length. Fig 18, on 
which is fastened a metallic spring AB, which by a very slight 
pressure of the finger can be bi ought into contact with a metallic 
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Conceive the ■wire lu its circuit tioin the niaffiiet to 


Fig 18 



plate at C 

the batteiy to be seveied at the key, let 
one end J^be connected with the spring 
I AB^ the othei end G with the plate C 
The continuity of the wiie may be re- 
garded as lestoied whenever the spring 
IS piessed into contact with the plate C 
This constitutes a niake-nrcuit Key It is easy to see how the 
arrangement may be reveised, so that by pressing the spiing the 
continuity of the wire is inteirupted, constituting a heak-eircmt 
key How, whenevei the observei taps on his key he wull pro- 
duce upon his giaduated time scale a mark similar to that of the 
clock, but mostly distinguishable fiom it Foi example, on a 
Morse-ftllet, and with a break-circuit key, we have 


26- 


26* 


27* 


28 * 


29* 


30* 


31* 


32* 


Heie, at A, is a recoid of an astronomical observation occuiiiiig 
between the 30th and 31st second By a scale of equal parts, we 
find the distance of A from 30® is 0 61 of the distance from 30® 
to 31 , and hence the instant of the obseivation is 30® 61 
In oidei to identify the seconds on the register, a peculiar 
mechanical contnvance (which need not be desciibed here) is 
employed, by means of which one of the breaks is omitted at 
the beginning of each minute of the clock, thus, foi example 


58* 


(5* 1S«) 

0* 


The observer has only to identify the minute and wnte it on the 
e , as in this example Foi gi eater security, sometimes, ever> 
minute is also distinguished by the omission of two consecu- 
tive breaks, thus 


67* 


68 * 


(11* 25m) 
o9f 0* 


A record on a cylmdrical register stands thus 


40* 


41* 


42* 


43* 


-ru. 

A 


46* 


46* 


47* 


48* 


where the observation A occuis at 44“ 71 The observer’s signal 
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In all the forms of recording it must be observed that the 
beginning of the break, or dot, marks the point of time recorded. 

In order to read off the record with the greatest convenience, a 
glass scale is used, on which are etched eleven eq^mdistant parallel 
lines, dividmg the second of the chronogiaph into tenths; the 
hundredths are obtained by estimation (Plate I Pig 3 ) 

When the length of a second on the register is greatei than 
the perpeiidiculai distance of the extreme lines of the scale, we 
have only to place the scale obliquely on the line of seconds, 
always causing then extreme lines to pass thi ongh two consecu- 
tive second dots Sometimes the lines on the scale are made 
divergent, it is then always applied so that the line of seconds 
shall be perpendicular to the middle line of the scale, and at the 
point where the distance of the extreme lines is equal to the 
length of the second (Plate I Pig 2 ) 

76 When the pen of the chronograph is made to press upon the 
papei by the atti action of the electro-magnet upon its amiatnie, 
a certain small fraction ot time elapses alter the closing of the 
circuit (by the clock oi by the observer) befoie the signal is 
actually impiessed upon the papei This time is called the 
ai mature time If it were ceitamlj constant, and the same for the 
clock signals and foi those of the obsenei, it would have no 
effect upon the clifteience of time between any tivo lecoided 
phenomena But the ainiatiiie time probably vaiies botli with 
the strength of the battery and the length of the wire thiough 
which the electiic current passes The variable eiror which 
would thus be mtioduced into oiii results is avoided, oi at least 
very much i educed in magnitude, by employing breal-ciimii 
signals exclusively, foi the interval of time between the bieakmg 
of the circuit and the cessation of the action of the magnet is pro- 
bably smaller and moie constant than that between the making 
of the circuit and the commencement of the action of the magnet 

77 To give the reader a just appreciation of the degree ot 
accuracy attamed in the lecording of time by the chronogiaph, 
full size specimens of the records on three different kinds ot 
registers are given in Plate I Pigs 4 and 5 aie specimens ot 
clock signals as recorded on a Morse-Pillet and Saxton’s Cylin- 
drical Pegister used on the United States Coast Strive^ Pig 
6 IS a specimen ot clock signals and a, number of actual 
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observations of stars’ transits recorded on Bond’s Spring-Gover- 
which has been obligingly famished by Professor 
^ ^ 2 and 3 exhibit in full size the manner in 

which the glass scales for reading these records aie luled. Pig 
1 exhibits the reticule of a transit instrament, provided ivith 
twenty-five transit threads, for determmmg the longitude by the 
electric telegraph. (Vol. L, p 844 ). 


CHAPTEE 17. 


THN SEXTANT, A2TD OTHER REFLECTING INSTRUMENTS 

78 The sextant, of all astronomical mstruments, is the moat 
especially adapted to the purposes of the navigator and the 
scientific explorer, as it is at once portable and extremely simple 
o n^mpulation, requires no fixed support, and furnishes its data 
mth least expenditure of the time of the observer Being 
e in the hand, and having small dimensions, the extreme 
accuracy of fixed instruments is not to be expected from it, but 
m the hands of a practised observei the precision of the results 
obtained with it is often surprising ♦ 


79 The optical prmciple upon which the sextant and other 
reflecting mstruments are founded is the foUoWmg “If a ray of 
light suffers two successive reflections m the same plane by two 
p^e mirrors, the angle between the first and last directions 
ot the ray is twice the angle of the mirrors ” 

Let ^ and m, Fig. 19, be the two mirrors Since the direct 
and reflected rays are always found in a plane perpendicular 
ft surface,— called the plane of return,— it follows 

toa^ after two successive reflections from two surfaces, the last 

onW whp ^ found m the same plane as the first 

Tn ? reflection is perpendiculai to both murors 

In tile diagram, let the plane of reflection be that of the paper, 

after lU re-mrention by Thomas GonrurY ’“*** 

by Hadllt, m 1781 Philadelphia, in 1780, and, perhaps, 
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tlie lines M and m being tbe intersections of this plane with the 
surfaces of the mirrois Let A-M 
be the direct ray falling upon the 
mirvor Jlf, which we shall first sup- 
pose to lie in the dii ectiou MC, 
lot Mm he the direction of the ray 
after the fiist leflection, and mi? b— 
its direction after the second re- 
flection Draw MB parallel to i- 
Em, MB peipendicular to MC, 
and Mp pei'pendicnlar to the mii- 
lor m The angle AMB is the 
difference of the first and last di- 
lechons of the ray The angle 
PMp 18 the same as the angle 
contained hy the mirrors, being ohYiously ec^iial to MCm Ve 
have, theiefoie, to prove that AMB = 2PMp. 

If we conceive a peipendicular drawn at m, parallel to Mp, we 
easily see that pMm is equal to the angle of incidence of the ray 
Mm falling upon m, and pMB is equal to the angle of reflection 
of the same ray, and since these angles, by a principle of Optics, 
are equal, we have 

pMm = pMB = PMp + PMB 

But, on the same principle, we have 

PJfm = PMA = AMB -f- PMB 



The difference of these two equations gives 


whence 


PMp = AMB — PMp 
AMB = 2PMp 


80 In order to apply this pnnciple, let the mirror ilf he at- 
tached to an index ami MCI, which revolves upon a pivot at 
Jf in the centre, of a graduated are OIN, and let m he peima- 
nently secured m a fixed position at right angles to the plane ot 
this arc. Let MO be the direction of the central raiiioi and of 
the index arm when it is parallel to the fixed miiroi m, and let 
the graduation of the arc commence at 0 In this position, an 
incident ray Bif from a distant object B will he reflected first to 
m and then in the direction mB. which will be parallel to tbe 
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first diiection BM If then the object is so castant that two ravs 
from it, BM and hm, falling upon the tu'o mirrors, mil be seusihl v 
parallel, an observer’s eye at E will receive both the direct ray 
hm and the leflected lay mE at the same time Hence the ob- 
seivei will see two images of the same object— a diiect and a 
leflected image — in comcidence 

In the next place, let the mirror revolved into the posi— 
tion MCI, in which a lay AM fiom a second objects is refitted 
finally into the line mE The observei now sees the direct image 
of the object B in apparent coincidence with the reflected image 
of the object A The angular distance AMB of the tw^o objects 
IS then equal to twice the angle of the mirrois, that is, to twice 
MCm or to twice OMl The aie 01, which mcasuies this angle, 
IS then the measure of one-half the angulai distance of the 
objects If the arm MI eaiiies a vernier at I, the exact value 
of the arc will be obtained In ordei to avoid the necessity of 
doubling this value after leading, a half degree of the am is 
numbered as a whole degree thus, an are of 60° is divided into 
120 equal parts, each of which is reckoned as a degree As the 
index arm MI cannot pass beyond the position 3ImN, where it 
comes against the fixed miiroi, it is not found piacticable, m this 
form of the instrument, to extend the arc OD much beyond 60°, 

and It 18 from this circumstance that the instrument derives its 
name 


81 Plate m Pig 1 represents the most common form of the 
sextant constructed upon these principles 

"^e frame is of brass, constructed so as to combine strength, 
mth lightness, the graduated arc, inlaid in the brass, is usually 
of Sliver, sometimes of gold, or platinum The divisions of the 
1 subdivided by the vernier to 

1 mi It IS held^ in the hand, is of 

wood The mirrors if and ni are of plate glass, silvered The 
i^per a of the glass m is left ■without silvering, in order that 
the direct rays from a distant object may not be intercepted. To 
give greater distinctness to the images, a small telescope JE is 
placed in the line of sight mE It is supported in a ring KIC, 
which can be moved by means of a screw in a direction at right 
angles to the plane of the sextant, whereby the axis of the tele- 
scope can be directed either towards the silvered or the trans- 
parent part of the mirroi This motion changes the plane of 
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reflectlou, which, however, remains always parallel to the plane 
of the sextant . the use of the motion being merely to regulate 
the relative brightness of the direct and reflected images 

The vernier is read with the aid of a glass It attached to an 
arm which turns upon a pivot S, and is carried upon the index 
oar 

The index glass M, or central mirror, is secured in a brass 
frame, which is firmly attached to the head of the index bai by 
sciews a, a This glass is generally set perpendiculai to the 
plane of the sextant by the maker, and there are no adjusting 
screws connected with it. 

The fixed mirror m is usually called the hoTizon glccss^ being 
that through which the horizon is observed in taking altitudes. 
It IS usually provided with screws by which its position with 
lespect to the plane of the sextant may be lectified 

At P and Q are colored glasses of difierent shades, which may 
be used sepaiately or in combination, to defend the eye from 
the intense light of the sun 

I shall first treat of those common adjustments of the sextant 
which the observer is obliged to attend to in the ordinary use 
of the instrument, and shall afterwards treat fully of its mathe- 
matical theory 

82 Adjusimeni of the index glass — ^The reflecting surface of the 
glass must be peipendiculai to the plane of the sextant. The 
simplest test of its perpendicularity is the following Set the 
index near the middle of the aic, then, placing the eye very 
nearly in the plane of the sextant, and near the index glass, 
observe whether the arc seen directly and its reflected image in 
the glass appear to form one continuous aic, wdiicli will be the 
case only wheu the glass is perpendicular The glass leans for- 
ward or baekicaid according as the reflected image appears too 
high or too loiv It may he conected by putting a piece of paper 
under one edge of the plate by which the glass is secured to the 
index arm, first loosening the screws a, a, a (P\ III Fig 1) foi 
that purpose Or we may make the adj ustment, as it is done 
by the instrument makeis, hy removing the glass and filing 
down one of the metallic points against which the glass bears 
when secured in its frame 

88 Ad/ustmejit of the horizon glass — ^This must also be perpen- 
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dicular to the plane of the sextant The index glass having 
been previously adjusted, if by revolving it (by means of the 
index arm) there is found one position in which it is parallel 
to the horizon glass the latter must also be perpendicular to the 
plane of the sextant The test of this paiallelism is the following 
Put in the telescope, and direct it towards a stai Move the 
index until the leflected image of the star appears to pass the 
direct image If one image passes exactly over the other, it 
Will be possible to bring both into exact coincidence, so as to 
form but a single image , and it is evident that when this coin- 
cidence takes place the mirrors must be paiallel If one image 
passes on either side of the other, the horizon glass needs ad- 
justment 

The perpendicularity of the hoiizon glass may also be tested 
as follows. Hold the instrument so that its plane shall be nearly 
vertical, and bring the direct and leflected images of the sea 
orizon into coincidence Then incline the instiument until its 
plane makes but a small angle with the horizon , if the images 
still coincide, the two glasses are parallel consequently, if the 
index glass is perpendicular to the plane of the sextant, the 
honzon glass is also in adjustment 

Any distant and well defined terrestrial object may be substi- 
tuted for the star or the sea honzon A star, however, is to be 
pre erred, and one of the third magnitude will afford greater 
precision than the bnghter ones 


the telescope —The sight-lme of the telescope 
must e parallel to the plane of the sextant Two parallel wires 
or re s are placed m the telescope, which are to he made 
parallel to the plane of the sextant by revolving the sliding 
u e containmg them ; then all contacts or coincidences of 
images are to be made midway between these two wires The 
sextant telescope is, therefore, a line drawn 
4?*^ optical centre of the object lens and the middle 
point between these parallel threads 

Select objects from 100° to 120° apart, as the sun and 
the reflected image of one into contact with 

the instrument then move the instrument so as to throw the 

images upon the other th^pa^^ 4. x « 

tbp Hnp nf j mread, it the contact remains perfect, 

the tae of Bght midway between the threade te pataUel to the 
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plane of the sextant If the limbs of the two objects appear to 
separate on the thread farthest from the mstrament, the object 
end of the telescope droops towards the sextant, otherwise it 
rises 

It IS to he observed that when the telescope is adjusted and 
two images aie brought into contact at either thread, they will 
not be in contact in the middle of the ield, but will theie ovei- 
lap, consequently, the reading of the sextant will be less for a 
contact in the true sight-line in tlie middle of the field than 
for one on either side If the telescope is out of adjustment, the 
middle of the field is no longer in the hue sight-line, and the 
contacts observed theie give angles which are too great The 
eon’ection foi a given inclination of tlie telescope will be inves- 
tigated 111 a subsequent aiticle. 

This adjustment may also be examined as follows Place the 
sextant hoiizontally on a table, and place two small metallic 
sights A, A (Pig 20) on the aic At 
a distance of at least 15 or 20 feet, let 
a well defined mark be placed so as 
to be in the same straight line with 
the upper edges of the sights, and in 
such a position that it may also be seen through the telescope. 
The top edges of the sights should be at the same distance from 
the plane of the sextant as the axis of the telescope The 
threads of the telescope bemg made parallel to the plane of the 
sextant, the mark should be seen in the middle between them 

The adjustment of the telescope when necessary is effected 
by means of two small opposing screws in the ring which 
carries it 

85 The index correciwn — ^Having made the preceding adjust- 
ments, it 18 necessaiy to find the point of the graduated arc at 
which the zero of the vernier falls when the two mirrois aie 
parallel, for all angles measured by the instrument are reckoned 
from this point (Art. 80) If this point is to the left of the 
actual zero of the scale by a quantity r, all readings in the ai c 
will be too great by r, if it is to the right of the actual zero, all 
readings wiU be too small by the same quantity If we wish 
the reading to be zero when the mirrors are parallel, we must 
place the zeio of the vernier on the zero of the aic, and then 
revolve the horizon glass about a vertical line, until the direct 
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and reflected images of the same object coincide Some instru- 
ments are provided with a pair of opposing screws by which this 
revolution can be effected , but in others no such adjustment is 
possible Li fact, the adjustment is unnecessary, as we can 
always determine the correction to be applied to our leadings to 
reduce them to what they would be if the adjustment were 
made This index correction is found as follows . 

Ist By a star — Bring the direct and reflected images of a star 
Into coincidence, and lead off the arc The index correction is 
numerically equal to this reading, and is positive or negative 
according as the reading is on the right or the left of the zero 
For example, the direct and reflected images of a star being in 
coincidence, we read on the arc 5' 20", then, calling the index 
correction a?, we have 

rr = — 6' 20" 

In another sextant the direct and leflected images of a star 
being in coincidence, we read on the extia arc 2' 40" , then 


x = A- 2! 40" 


This method may be used with the sea-horizon instead of a 
star, but not with great precision 

2d By the sun — Measure the apparent diametei of the sun by 
first bringing the upper limb of the reflected image to touch the 
lower limb of the direct image , and again by bringing the lower 
limb of the reflected image to touch the upper limb of the direct 
image. Denote the readings in the two cases by r and r'^ then, 
tf s = the apparent diameter of the sun and It is the reading of 
the sextant when the two images are in coincidence, we have 


T — ^ -|- 5 

r'=E — s 

whence 

-8= iCr + r') 

and the index correction is :r = — J? The practical lule derived 
rom this is as follows If the leading in either case is on the 
arc, mark it with the negative sign, if off the aic (i e on the extra 
arc), mark it with the positive sign ; then the index correction is 
one-half the algebraic sum of the two readmgs For example, 
we Iua/ e read as follows ’ 
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On the arc — 31' 20" 

Off the arc 38 10 

+ 1 50 
a: = + O' 65" 

We have ^ = J(r — r') hence, if the observations are good, we 
ought to find that half the algebraic difference of the readings is 
e(iual to the sun’s diameter as given in the Ephemeris on the day 
of the observation But, in order that this comparison may be a 
good criterion, we should measure the sun’s horizontal diametei, 
which IS not sensibly affected by lefraction (Vol I. Art 134 ) 
In order to obtain the index correction with the greatest pre- 
cision, the mean of a numbei of measures of the sun’s diameter 
should be taken 

Example — March 15, 1858, the following measures of the 
sun’s horizontal diameter were taken 


On the arc 
— 31' 20" 
“ 10 
“ 15 
“ 25 
“ 20 
“ 20 

Means — 31 18 3 


Off the are 

+ 33' 10" 

“ 0 
» 20 
15 

« 10 
» 10 

-f 33 10 8 
— 31 18 3 
a: = -4- 56" 3 


Observed sun’s diameter, s = 32' 14" 6 
By the Ephemeris, S = 32 13 3 


86 To measure the angular distance of iioo objects loith ike sextant — 
Place the threads of the telescope parallel to the plane of the 
instrument Direct the telescope towards the faiutei of the two 
objects, and revolve the sextant about the sight-line until its 
plane produced passes through the otliei object, observing to 
have the index glass on the side towaids this object Then 
move the index until the reflected image of the second object is 
nearly in contact with the direct image of the first, clamp the 
index, and make an exact contact (at the middle point between 
the threads) by means of the tangent screw The leading of the 
arc will be the instrumental distance applying to this the index 
correction accordmg to its sign, the result will he the observed 
distance. 



100 


PEXTAXT 


In Older to make a good observation, it is important that th 
two images whose contact is obseived should bo equally brighi 
Hence, "sve direct the telescope tow’^aids the faintei object, so tha 
It may be the biightei one wdiich sufteis the double leflection 
But in obsemng the distance of the moon from a star it wil 
generally be found that, even aftei the double i efloction, the iinag 
of the moon is so blight that the star wull appeal veiy indistinc 
imless the telescope is laised (by the sciew for that puipose) s< 
that the sight-hue is directed thiough the tianspaient part of th 
oiizon glass, foi then, a poition of the reflected rajs from th 
moon being lost, the intensity of its light is lendered moi- 
neaih equal to that of the stai When tlie dibtance of the sui 
and moon is obseived, the telescope is UbUally diiected toward 
le moon, and the intensity of the &un*s lajs is diminished 
putting one or moie of the coloied shades between the index am 
loiizon glasses It wull be found necessaiw in this case also t 
legulate the distance of the telescope fiom the iilane of th' 
instrument, in oidei to give the image of the moon the sam 
intensitj as that of the sun It is a common eiroi of iiiexpe 
nenced observeis wuth the sextant to have the images too bnghi 
t IS essential to a good observation, Ist, that the images be wel 
c e lie y carefully adjusting the focus of the telescope, 2d, tha 
e so faint as not m the least to fatigue the eye, yet perfect b 

istinct, 3d, that their intensities should be as nearly as possibh 
equal 


111 the case of the moon and a stai, we observe the distance c 
e star rom that point of the** moon’s bught limb wdiich lies 3 
the great circle joining the star and the moon’s centre I 
^ point has actually been bi ought into conta< 

with the star the sextant must be slightly levolved or vibraii 
ou 6 Sight-line (which is directed towards the stai), thi 

of the moo 

shnnld g^ze the star as it passes, or, rather, the hm 

defined p^t^^ of the sextant the star does not appear as a we 

refleete 

In tViA ^ ® estvnaUd centre of the planet. 

iixSstow!f-r.“ *^® 

making th^ ir ^trating the instrument as above stated, 
making the limbs just touch as they pass each other. 


an 
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It facilitates tlie observation of Imiai distances to set the index 
approximately upon the angular distance before commencing 
the observation The approximate distance for a given time 
may be found from the Eplieineiis (see Vol I Ait 65), the dis- 
tance thus found is in the case of the sun and moon to be 
diminished by the sum of the semidiameters of the two bodies 
(say 32'), and m the case of the moon and a star or planet it is 
to be diminished or increased by the moon’s semidiameter (say 
16'), according as the bright limb is nearer to oi farthei from the 
star than the moon’s centre This proceeding is also a check 
against the mistake of employing the wrong stai 

87. To obsei ve the aUitude of a, celesiud body with the sextant and 
artificial horizon — The aitificial horizon is a small i octangular 
shallow basin of mercury, ovei which is placed a roof, consisting 
of two plates of glass at light angles to each other, to protect the 
mercuiy fiom agitation by the wind The meicury affords a 
perfectly hoiizontal surface which is at the same time an excel- 
lent mirror.* If MN (Fig 21) is tlie horizontal 
surface of the mercuiy, SB a i ay of light from a 
star, incident upon the surface at B, BA the re- 
fleeted ray, then an observei at A will receive 
the ray BA as if it proceeded from a point 8' 
whose angular depiession MBS' below the hoii- 
zontal plane is equal to the altitude SBM of the 
stai above that plane If then SA is a direct i ay 
from the stai, parallel to SB, an observer at A 
can measure with the sextant the angle 8A8' 

= SBS' — ^SBM, by bringing the image of the 
star reflected by the index glass into coincidence 
with the image S' leflected by the mercuiy and seen through 
the horizon glass The instrumental measure, conected foi 
index erior, unll be double the appaient altitude of the star 
The sun’s altitude will be measined by bringing the lowei 


Eig 21 
S 



Observe! s aie sometimes annoyed by impuiities in the meicmy which float on 
its surface, and imagine that it is impoitant to ha\e veiy puie distilled mercuiy 
I have found it piefeiable to use meieury amalgamated with tin (a few square 
inches of liu foil added to the mercury of an oidinaiy hoiizon will answei) When 
die meicmy is pouied out, a scum of amalgam will cover its surface this scum can 
be diawu to one side of the basm with a card oi the smooth edge of a folded piece 
of paper, leaving a peitectly bright reflecting surface, eatiiely' free e\en from th^ 
Tomutest pai tides of dust, 
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limb of one image to touch the upper limb of the other Half 
the corrected instrumental reading will be the apparent altitude 
of the sun’s loroer or upper limb, according as the nearest or 
farthest limbs of the direct and reflected suns weie brought into 
contact For examples, see Vol I Arts 145, 151, &c 

In observations of the sun with the artificial horizon, the eye 
IS protected by a single dark glass over the eye piece of the 
telescope, thereby avoiding the errors that might possibly exist 
in the dark glasses attached to the frame of the sextant 

The glasses in the roof placed over the mercury should be 
made of plate glass with perfectly parallel faces If they are at 
all prismatic, the observed altitude will be erroneous The erroi 
may be removed by observing a second altitude with the roof in 
reversed position, and, in general, by taking one-half of a set 
of altitudes with the roof in one position and the other half with 
the roof in the reverse position It is easily proved that the 
error in the altitude produced by the glass will have different 
signs for the two positions • so that the mean of all the altitudes 
will be free from this error 

Instead of the mercurial horizon, a glass plate is sometimes 
used, standing upon three screws, by means of which it is levelled, 
a small spint level being applied to the surface to test its hori- 
zontahty ^ The lower surface of the plate is blackened, so that 
th^reflexion of the celestial object takes place only at the upper 


88 In the observation of the altitude of a star with the arti- 
ficial horizon, it requires some practice to find the image of the 
star reflected from the sextant mirrois, and sometimes, when 
t^o bright stars stand near each other, there is danger of em- 
ploying the reflected image of one of them for that of the other 
A very simple method of avoiding this danger, by which the 
0 servation is also facilitated, has been suggested by Professor 
ORRE, of Russia * From very simple geometrical considera- 
readily shown that at the instant when the two images 
ot the same star-one reflected from the artificial horizon, the 
other from the sextant mirrors— aie in coincidence, the mclina- 
h) the horizon is equal to the inclination 
e sig dme of the telescope to the honzon glass, and is, 


* Attron Kaek , Vol VII p 262 
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therefore, a cmsiant amgle, which is the same for all stars If, 
therefore, we attach a small spirit level to the index aim, so as to 
make with the index glass an angle equal to this constant angle, 
the buhhle of this level will play when the two images of the 
star are in coincidence in the middle of the field of view With 
a sextant thus furnished, we begin by directing the sight line 
towaids the image in the mercury , we then move the index 
until the bubble plays, taking eaie not to lose the image m the 
mercuiy ; the refiected image from the sextant mirrors will then 
be found in the field, oi will be brought theie by a slight 
vibratory motion of the instrument about the sight line 

It IS found most convenient to attach the level to the stem 
which carries the reading glass, as it can then be arranged so as 
to revolve about an axis which stands at right angles to the plane 
of the sextant, and thus be easily adjusted This adjustment is 
effected by bringing the two images of a known star, or of the 
sun, into coincidence, then, without changing the position of 
the instrument, revolving the level until the bubble plays 

89 Observations on shore may be rendered iiioie accuiate by 
means of a stand to which the sextant can be attached, and 
which IS so arranged that the sextant can be placed in any 
required plane and there fiimly held The manipulation must be 
learned from the examination of the stands themselves, which 
are made in vanous forms 

90 On account of the feeble power of the sextant telescope 
and consequent imperfect definition of the sun’s limb, the 
apparent diameter of the sun is somewhat increased This eiTOi, 
however, may be removed by taking the mean of two sets of 
altitudes, one of the lower limh and one of the upper limb 

91 To •measure an altitude of a celestial object from the sea horizon. 
— ^Direct tlie telescope towards that part of the horizon which i« 
beneath the object Move the index until the image of the 
object reflected in the sextant mmol’s is Inought to touch the 
horizon at the point immediately under it. To deteimine this 
point, the observer should move the mstiument round to the 
nght and left (by a swinging motion of the body, as if turning 
on his heel), and at the same time vibrate it about the sight line, 
taking c.iic to keep the object in the middle of the field of \ lew , 
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tte object will appeal to sweep in an arc the lowest point of 

yrhioh must be made to touch the horizon, by a suitable motior 
Ox tne tangent screw 

In general, altitudes foi deteminmg the time should be taken 
w^n IJie dtitude vanes most rapidly , and this is near the pnmc 
ve • (See Vol. I Arts 143 and 149 ) If the object is the 
s^, the lower limb is usually biought to touch the honzou , if 
the moon, the bnght limb 

!^e a^arent altitude of the point obseived is found by cor- 
^ ^ sextant reading for the index error, and subtracting 
the dy of the horizon (Vol I Art 127) To obtain the ap- 
paren a i^e of the sun’s oi moon’s centre, we must also add 

or subtract the appareni semidiametei (Vol I Art 135) 


the sea horizon is often enveloped in mist, even whei 
e ^ es la odies are visible, vaiious attempts have been made 
to obtam an artificial honzon adapted foi use on shipboaid 
t>>a+ apparatus heretofore proposed for the purpose ii 

1! EnghshHavy « Outside the honzoi 

g SB of the sextant is a small pendulum about an inch and i 

Hnr, oil (in Older to check its sudden oscilla 

^ ^ Pendulum 18 attached a honzontal arm, can yins 

^ ®®®11 1“ ^^0 field 

oido ^+1 ^ ^ usual focus, and whose upper edge when it coin- 

detrTn^/if The en-or is easil.^ 

Thp arkna + ^ ^ altitude, and is the same for all altitudes 

to ^ IS easily attached 

bleasure T 7 ^^ instrument, and is shipped and unshipped at 
this an™ f' “ attached for obseivmg at night ”* With 
IttS t’ *fi® ®fiiP IS not too gi-eat, am 

this IS often suffici^nr^** ^ piactised observer, and 


sextant -Son 

namely the eon+n pleasm-e, and note two instant 

imaffefof th! f f farthest limbs of the tw 

mereunal hopi;rr\ sextant, and the otliei from tl 

ni^;co^n,o^), both moimng and evening, without touchin 


ewr, how the slip of Zhmd’^ ^tion. p 151 It does not appear, h< 
Wd of the A pl«, tnbe “ 
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the index in tie mean time With a star tiey oMam iut one 
observation on eaci side of tie meridian This practice is de- 
signed to secure tlie condition tiattlie altitudes obseived "befoie 
and after meridian shall be absolutely identical, which may not 
he the case of the index if the sextant is moved and brought 
hack again to the same readmg The errors to be feared, how- 
ever, from not setting the index correctly on a given reading, 
are, in general, so much less than eirois of observation, that it 
IS better to sacrifiee this merely theoretical consideration for the 
sake of multiplying the observations The following method 
vtull be found convenient m practice 

1st Foi the swi —In the morning, bung the lowei limb of the 
snn, reflected from the sextant miirors, and the upper limb of 
that reflected from the mercury, into approximate contact; 
move the 0 of the vernier forward (say about 10' or 20') and set 
it on a divisioi of the limb ; the images will now appeal ovei - 
lapped, and will be separating; wait foi the instant of contact: 
note it by the chronometer, and immediately set the vernier on 
the next division of the limb,. that is, 10' in advance , note the 
instant of contact again, and proceed in the same manner foi as 
many observations as are thought necessary. If the sun uses 
too rapidly, let the intervals on the limb be 20' 

Now, find (roughly) the time when the sun will be at the same 
altitude in the afternoon, and j ust before that time set the veiiiiei 
on the last altitude noted in the morning (of course employing 
the same sextant), the unages will be but will be ap- 

proachvng , wait for the instant of contact note it by the chio- 
nometei , set the vernier back to the next division of the limb 
(10' or 20', as the case may he) , note the contact again, and so 
proceed until all the A.M. altitudes have been agam noted as 
PM altitudes 

If, instead of noting the times directly by the chronometer, a 
watch is employed (compared with the chronometer both before 
and after each observation), it will generally be found necessary 
to allow for its gain or loss on the chronometei, so as to obtain 
the exact difference between the two at the instant of observation 

The mean of all the A M chronometei times and the mean ot 
aUthe corresponding P M times are regai-ded as two simple obsei- 
vations of the same altitude, and the computation proceeds from 
these according to the method and example of Vol. I Art. 140 

2d Fo 7 a star.—S&t the sextant, and note the comciileaces of the 



106 


SEXTANT 


two images of tlie star m the same manner as the contacts of th<f 
sim's limbs are obeived 

In selecting stars for this observation, it is to be observed that 
the nearer the zenith the star passes, the less may the elapsed 
time be , and when the star passes exactly thiough the zenith, 
the two altitudes may be taken within a few minutes of each 
othei But with the ordinary sextants altitudes near 90° cannot 
be taken with the artificial hoiizon, as the double altitude is then 
nearly 180° The prismatic sextants and circles of Pistor and 
Martinc . , 5 lapced for measuimg angles of all magnitudes up 

o 80 , and are, therefore, especially suitable for these observa- 
tions 


94 To examine the colored glasses — The two faces of any one of 
the colored glasses, or shades, may not be parallel The glasses 
prisms with small lefracting angles, which change 
t e ireirtion of the rays passing through them, and, consequently, 
vitiate the angles measured To examine them, metisuie the 
sun 8 diametei with a suitable combination of shades , then in- 
vei*t one of the shades, turning it about on an axis peipendicular 
to the plane of the sextant, and repeat the measure , the half 
fi! ineasures will be the eiror produced by 

that shade A number of measures must, of course, be taken in 

o positions of the shade, in ordei to eliminate accidental 
errors of observation 

In order to save the necessity of this examination, the shades 
aie so arianged in Pistor and Martin sextants that they may 
be instanteneously reversed We have then only to take one-half 

5 with one position of the shades, and the 

other halt with the reverse position, and take the mean of all the 
measures, m order fully to ehminate the errors of these glasses. 


5 To find the constant angle between the sight line and the per- 
p^imhr to tM horizon glass— A knowledge of the value of 
^ useful in following out the theory of the 
ors of the sextant in the subsequent articles It vanes m 

sunuort + + 1 . ®®xtant he placed on a firm honzontal 
> <iuect the sight line towards a distant object B, Pig. 

The^n images of the object into coincidence 

The murom M and m are then parallel , and, if wo put 
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|9 = the angle between the sight line and the perpendicular 
to the horizon glass, 


we hawe 




We have, therefore, only to find some means of measuring the 



When the object and its leflected image are in coincidence, let 
the reading be B, and let n be the true index correction for an 
infinitely distant object , then we have 

B + x = —p C58) 

and when the object is leflected to the cross-wire of the theodo- 
lite, let the sextant reading be B', then we have 

B'+ X = 2^ — p 


and from these two equations, 

By this method I found for one of TKOuaHTOx’s sextants, at 
the hTaval Academy, 2^ = 83° 6', 
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96. The sextant poidOax for an object at a kno\vn distance is 
found with the aid of the angle ^ Let 

/ = the distance of the index and horizon glasses, 
d _ the distance of the object fioin the index glass 

The perpendicular drawn fiom M upon mH is equal to/sin 2^, 
an or ® the object, subtended by tins perpendiculai, 


sinj) = ^°gg 
d 


01 


p = 


T bin £ip 

d%\u 1" 


( 61 ) 


this foimula we may find a rough value of 3 when p has 
een dete^ned foi a near object by means of (58) and/ and d 

are carefully measuied \ j j 

of an object foi which the sextant paiaUax will 

+ X equation d=Jsm 2^ cosec 1" In 

-incbAo^ v t^® preceding aiiicle we have/== d 

-inches, whence = 5 33 miles 

boiizontal angles betiveen teiiestrial objects, 
miiiiTiA- sextant paiallax may be eliminated by deter- 
diie^Wt?® collection fiom the object which “is seen 

collection will 

of the nn ^ applied to the sextant leading 

subtendef h^+i, st^ce betw'een the objects, will give the angle 
tant must nf ^ ^ '^^*"** centie of the sextant The sex- 

of the angle and the determination of the index coriection 

97. 7b determine the o i o) pi odated bp a pi ismatic foi m of the videx 
~ — gloAS ^Let us fiist consul ei the case of a 

glass with parallel faces Let MM', NN', 
Fig 23, be the paiallel faces, of which 
MN' is silveied An incident ray AB is 
lefmited by the glass at B, and takes the 


Xig 23 
jv p 



If we put 


m = the index of lefiaction foi glass, 
9 = the angle of mcidenee ABP, 

» = the angle of refraction DBG 
= A'B'P', ’ 

~ jyB'C, 
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ve kave, ky Optics, 


ein (p =z m Hin 
sin <p' — ill sni U* 


But when the faces MM' and N^^' ate paiallel, the normals BD 
and B'l)' are also paiallel , moreovei, the incident lay 5(7 upon 
NN', and the leflected lay CB', make equal angles with ^ 
hence, also d- = O', and, consequently, f If AB and A'B' 
aie produced to meet in C, ue see that A'B' has the same diiec- 
tion that It would have had if it had keen leflected directly from 
the plane suiface mC'm' paiallel to MM' oi to NN' The le- 
frachon which the ray suftoi-s in passing thioiigh the glass, 
foie, pioduces no eiior v hen the suifaces of the glass are parallel. 
It may here kc leiiiaiked, also, that it is not necessary that the 
reiecting surface of the inirioi should stand exactly over the 


centre of tlic me of the sextant 

Let us next eonsidei the case of a glass -whose faces aie not 

parallel, as M'B, N'B, Fig 
24, which, pi educed to meet 
111 if, form a piism MMN\ 

Let us assume that these faces 
are peipendiculai to the plane 
of the sextant, and, conse- 
quently, that the refracting 
edge of the pi ism is also pei- 
pendicular to this plane The incident and leflected rays will 
be found in a plane parallel to that of the sextant The ray 
being traced through the glass, we shall have, as before, employ- 
ing the same notation, 



sm 9 = m sin ^ 
Bin <p^ = in sin 


l (62) 


hut here ^ and ‘9-' are no longer equal If we put 
M = the angle of the prism = M'MN' 


we shall e-vidently have 

90“ — ^ = CBB'= BCD + M 
90“ — »)'= CB'B= B'OJy— M 

and, since BCD = B'CjD', the difference of these equations gives 

= 2M (®^) 
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From (62) and (63), jp, m, and Jf being given, we can detenoine 
tf , or the diiference f' — f From (62) we deduce 

cos i (?> + <p') sin i ^) = jM cos i (iS" + tJ') sin J (d' — d) 
whence, by (68), 

sin kiv'— 9) =m sin M ggg> ('» + ■»') 

cosK? + ¥>') 

As M 18 always a very small angle, appioxiroate values may be 

employed in the second member of this equation it will be suffi- 
cient to take 

sin } (f' — j») = m sin M ^ 


or 


cos (p 


/ — <f = ‘LmM see tf \/ 1 — 

' m* 

Which may be reduced to the form 

— y. = 2ilf i/i -f- — 1) secV 

or, hnally, by putting 

to the form 




(64) 


9>'— 9> = 2Mt/1 + 2»sec» f 
Ju^td^^'^If consequently with the angle mea- 

r = the angle given by the sextant, 
we have, in Fig 19, PMm = PMp -f pJlfm, or 

9 = lr ^ (65) 

tie'elorl'rf T difference of 

will b^ f ^ ^ error 

win be the diffeience of the values of (64) foi tp = + S and 

have^’ ^ we shall 

~ ^ ~ [^r+?sec»(j7+^ — V^l-f-g'sec®^] (66) 

w? = 1 56, and hence q^=l 4025 If 
^ - 10 , # - 10°, and r = 120°, we shaU find r - r' = 41". 
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The effect of the erroi lu the glass is evidently less foi small 
values of than for large ones. Moreovei, the smallei the angle 
B, the larger the angle which can be measured with the sextant, 
fer all reflection from the index glass ceases when f = 90°, and 
this value gives by (65) , - 180°- 2/3 as the limit of possible 
measures with the mstiument 

The preceding ini estigation is confined to the case m which 
both faces of the glass are perpendiculai to the sextant plane , 
but It suffices to show the natuie of the effect produced This 
case IS, moreover, that in which the effect is greatest 

The glass reflects from its outer face as well as from its silvered 
face, though m a less degiee If the faces are parallel, the lays 
fiom a distant object leflected fiom the two faces will be paiallcl 
after leaving the glass; they will, therefore, he converged to the 
same focus m the telescope and produce but a single image of 
the ohj ect But if the glass is prismatic theie will he two images, 
a fainter image superposed upon the stiongei one and not quite 
coincident mth it The effect will he to give an image with an 
iiulibtinct outline, a star will present a somewhat enlaiged oi 
elongated image We can, tlieiefoie, very readily cleteimme 
wherher the glass is piismatic hy examining the reflected image 
of a star when the index is set upon a leading of about 12ff^ 

The hest makers will reject a glass that does not stand tins 
test If, however, an instrument is found to he defective m this 
respect, we may determine the eiror produced by it as follows 
Aftei caiefully adjusting the instrument and finding its index 
coriection, measuie a large angle between two well defined ter- 
lestrial objects Then take out the index glass and invert it 
(so that the edge, which was before uppermost, may now be next 
the plane of the iiistiument), readjust the instrument, deteimiiie 
the new index collection, and again measuie the angle between 
the two objects Half the difference of the two measiues will be 
the eiroi in eithei measuie produced hy the glass The same 
piocess repeated foi a number of angles of various magnitudes 
will furnish a table of errors, from which the erior foi any par- 
ticular angle may be obtained by interpolation 

98 A 'prismatic form of the horizon glass affects all angles, the 
index coirection included, by the same quantity, and therefore 
produces no error in the results. 
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99. To d^krmim the error prodmied by a small inchnation of the 
siyhi hie to the pbne of the serianf—The directions of iia 

space aie most cleaily lepiesented by points on the surface 
of a sphere descnbed about an assumed centre with an arbitrary 
ladiiis (Vol I Art 1) The radii drawn parallel to any ffiven. 
lines 111 space will intersect each other under the same angles as 
those lines, and these angles will be measured by the arcs of 
gieat elides joining the extremities of the radii on the surface 
of the sphere Let us here take the centre of the sextant arc 
as the centie of such a sphere Let 0, Pig 25, be that centre, 

OP the direction of the perpendicixlax’ 
to the index glass. Op that of the per- 
pendicular to the hoiizon glass. Tire 
points P and p are the poles of tlxe 
gieat circles whose planes are parallel 
to those of the glasses, and may Toe 
called, briefly, the poles of tlxe index 
glass and horizon glass, respectively. 
Let OA be the direction of the sight 
line When the instrument is per- 
fectly adjusted, the lines OP, Op, and 
, ^re in the same plane, which is 

parallel to that of the sextant The course of a ray which 
reaches the eye will be most readily followed by tracing it hack- 
wards from the eye Thus, the ray OA coinciding with the sight 
from the horizon glass in the direction BO, so 
^ reflected from the index glass in tJae 

ree ion so that PB = PC, and 00 is therefore the direc- 
on 0 an o ject whose image is reflected to the eye m the same 
irec ion, AO, m which another object is seen direc+ly. Hence 

I’rom this 

men^r 31 ! ftinda- 

m^tal property of the sextant (Art 79) 

it line is inclined to the plane of the mstrument, 

Thrinehn^.®^ ^ gi-eat circle 

Pl> which ia *1^0 S'l’c AA' perpendicular to 

of the sextant^^a pomt Q may be called the pole 

serve that thp n? ^ Tracmg the ray OA' backwards, we oh- 

sented bv tha ^ reflexion from the horizon glass is repre- 
sented by the great circle A'pB', determined by the ray and the 
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normal Op, so that if ire take pJB'^pA', the reflected ray takes 
tne direcflon B'O, The plane of reflexion fiom tlie index glass 
will be represented bvthe great ciicle B'PC', and by taking 
PC' = PB', OC mil he the direction of the reflected ray 
Hence, A' C will be the true angnlai distance of the two objects 
observed in contact, while -AC/ or 2 will be the angle given 
by the sextant Let 

Y = the angle given by the sextant = AG, 
y = the true angle = A' G', 

I = the inclination of the sight line = AA' 

It 18 evident that OC'= BB' = AA', and therefore QA'O is an 
isosceles triangle ot which the angle Q = the side A' C = p', 
and the side QA' or QC = 90° - i If then we divide this 
triangle into two rectangular ones by a perpendicular from Q, 
we obtain 

sin i / = cos 1 sin } p 

for which, as % is always very small, we may take the appioy- 
mate eq[uation* 

y' — Y — — sm 1" tan i y (67*) 

According to the second method of adjustment in A.rt 84, if 
the maik is placed at a distance of 20 feet, and if the error of its 
position in a vertical direction is not moie than J an inch (which 
18 a large error in such a case), the telescope adjusted to it will 
have an inclination which will be found by the equation sin i 

— — , which ffives i = 1' 10" Taking this value of i, the 

20 X ^ ^ 

formula (67*) gives y' — y = —0" 897 tan “ud foi p ='120°, 

_ y = — 1" 5. The error may therefore be regarded as evan- 
escent when ordinary care has been bestowed upon the adjust 
ment When the erior exists, the observed angles are always too 
great. 

100 If the contact of the images of two objects is made on 
eithei side of tlie middle of the field of the telescope, the actual 
sight line 18 inclined, although the axis of the telescope may be 
parallel, to the sextant plane 


* This approximate equation can. be deduced from (67) oi taken directly from 
Sph Trig (112) 

Tol II— 8 
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SEXTANT 


estimated by 

ai 0 the angular distance of the threads To find this 
distence place the threads at right angles to the plane of the 
sextant, bnng the direct image of a distant, well defined line on 
one thread, and the reflected image on the other thiead, and 
read the arc, then move the index until the images have 
places on the threads, and again read the arc , the 
readings is the angiilai distance of 

the two threads 

Let this distance of the threads be denoted by d, and suppose 
an angler IS observed by making the contact at a distance 
rom one o the threads (the fraction n being estimated at the 
ime of inaking the observation), then the inclination of the 

m aai ^ sight hue coi responding to the 

wwT T""* between the threads will be i = }3-nd, with 

befound\y^(67=<«) of tbe observed angle y, will 

^ sextant telescopes will not exceed 

all instrument is held in the hand, we cannot make 

ttTT but. If we assume 

from ell ^ g^oatei than id 

welh^al I oo^ble us to do), 

/_ . 0'12^+ ^ ^ hence the correction 

fore fhia nn any tolerably good observei, there- 

foie this correction will be practically insensible 

the conr.r® however, we see the impoitance of making 

t IT “T POBBible, sinc^ 

for r = 120° ^ ~ ^ ^r, or 6" 8 


thetLlmationlriltlVoflS^^^ ^ 

on one thread and thPT,^ Tv ^be images m contact first 

, ih« faciUoToWZ 
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j / — Y z=z — — ij sinl"taDiy 

-+ i| smr'taEi^j 

whence, taking tan = tan Jj'j in the second members, 


% = ^ cot i Y 

2^sinr' 


(681 


It 18 evident that, when i is positive, the greater measure is Xv 
taken on the thread nearest the plane of the instrument, and 

^ 4 - 1 IS the distance from this thread to the point in the field 
2 

which represents a direction parallel to the plane of the sextant 
Hence the first method of adjusting the telescope given in Art 84 


102 To Jmd the error 'produced hy a small inclination of the index 
glass — The horizon glass, being ad- 
justed hy means of tlie index glass 
(Art 83), may be supposed to have the 
same inclination Let pP (Fig 26) be 
the great circle of the sextant plane ; 
let the poles of the mirrors be at P' 
andp', and put 



I — the inclination of the index 
horizon glass = pp' 


= PP' = that of the 


If we suppose that the sight hne is adjusted by the first method 
^f Art 84, it will be found in a plane peipendicular to both 
mirrors, and its direction will be represented by a point A' in the 
great circle p'P' The direct ray fiom the eye to an object A' 
will he reflected in the direction B', and thence to C", these points 
all lying in the same great circle , A'C will be the true distance 
y' of the objects observed, andp'P'= ^y' will be the true angle 
of the mirrors, while pP= J;' will be the angle given by the 
sextant reading In the isosceles triangle P'^p', we* have the 
angle p'QP'=\x and Qp' = QJP' = 90° — I , and, dividing it 
into two right triangles by a perpendicular from Q, we obtain 


sin i / = cos Z sm i 


(69) 
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whence, very nearly, 

y = — 2 Z* sin 1" tan i y 


(69*) 


mav^^p * 1 ^ adjusting the index glass given m Art 82, it 

Z — 5' qrin//^ placed within 5' of its tiue position, and for 
tT ^ ^ formula gives r' - r = - 0" 5 

ms^^firant practically 

With , of the sight line, in this solution, is variable 

Tnd ^0 readily 

j y aid of a perpendiculai from Q upon p' P\ 


tan i' = tan Z ^ 

in which ja = A;), or 


(70) 


*' = Z sec \y cos (i ^ _ yS) (70*) 

8UDuLe6^’ however, the sight line is not detei mined as above 
tent ‘ “““ “'l-Mfon to the plane of the eex- 

will 'hfl 7 ' toclmation to the plane of reflection p'P' 

■ «on w.,; h- Cnd Mflt.trhe 

— («'- 0*8m l"tan ^y 

Combining this with (69*), the complete formula is 

r y 2 Z» sin 1" tan i sec 1- cos (J ,• — /?) _ j']^ sm i'> tan J y 

which can be put under the form 

r ~Z'=-28ml"tant,e[p^secir [Zco8(i;^--y9)_jeos}r?] (71) 
Sof p^?92.^ Enckb’s formula m the Berlin Jahrbuch for 

thil^i ' = 5', . = _ .V, , = 1200, ^ = 80°, 

fih^AeimW St f ntMMum of Iho Wen 

«.Un.tae»t,rfhftlt„f a?hf“ “1 teleecope are in 

toivani. A 1. .floras 
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I^g 27 



and thence to C, which is at the distance CC = BB' from the 
great circle pBC AC—x 
angle ^ven hy the sextant , and •b'j- 
AC' = r' IS the tine angular dis- 
tance between the two objects whose 
images are obseived in contact 
Putting 

A = the inclination of the honzon glass = pp , 
m = OC' = BB', P = Ap, 

we have from the triangles App' and ABB', very nearly, 

m = 2A cos 


and, from the triangle j1C7' C, 


whence 


cos ^ = cos ffi cos X 

y> y = \ sin 1" cot y = 2k* sin cos * ^ cot x 


(72) 


This erroi is sensible only for small valnes of x Toi r = 0 the 
expression becomes ininite , foi in fact it is inapplicable this 
case, since when the horizon glass is iiiclmed it is impcwsihle to 
make a contact of tn^o images of the same pmii But in the detei- 
minatioii of the index coirection bj the sun, the limbs of the 
two images will he brought into contact alternately on each side 
of the trae zero point of the aio, and we shall ha\e r = ± 0 32 
For this case, with ^ = 80° and /. = 30" (which ought to he 
the maximmn error in the adjustment by Art 83), we tnd 
yf_y — ± 0" 7, and even this error is eliminated from the 
index collection itself Tor all angles gi'eater than 0° 32' the 
error is wholly uiappieciahle 


105 To jvnd ihe eecentrmiy of the sextant — Aa the aic of the 
sextant is limited, the method of determining whether the centre 
about which the index arm i evolves is coincident with the centio 
of the graduations hv means of two verniers 180° apait (Ait -8) 
IS not applicable We can find the eccentiicity onl j by compaiing 
various angles measured w itli the sextant with their known values 
found by some otliei means Tlius, the angulai distances of a 
number of teirestiial points situated in a hoiizontal ^^7 

be accurately determmed with a good theodolite and then also 
measured with the sextant 
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known fixed stars and distance of two well 

computed from their riffht apparent distance 

fracfaon, however musf decimations The re, 

done in either of ’two ways ij Th^t 

will be found as in the Le of ^th! ^'®*ance of the stars 

Art 255 ThPT, +\.^ ” ®“d a star, Vol I 

formulte (448) and (449f^o?Vo\ ^ 

case suppose h' S' d' to + 1 , we must for this 

KB:y,dto he tUii-’a altitudes and distance, and 

altitudes will be conSeTr^f ® by refraction The 

and consequently the hon ^ ^ ^ *““®» 

angles ofthe stars fo?the time of t? a^d parallactic 

15, and then the refi-achon 1?® observation by Vol I Art 
Art 120 We ahnli than >, ascension and decimation by 
de»la.f ^1“ *PP‘'«-“ "«« and 

«impntod by (be mefliod rfVofTSt 

snppoB^'t^ be ^nfa^* readmg, x (be index correction (here 

meaenred trie ‘*‘® 

are donble (be (me art^TOWerby 

^ ~(r + ®) = 2 e 8 in(}y' 4 . 

•r, puttmg n = Y —f, 

^ + 2ecosi;smir'+ 2e sm JJcos }/ = „ ( 73 ) 

we must have tlmeT^^^ <l“aiitities x, 2ceos^, and 2esin^, 
Mmg m diff4^: ftom tbree ^igle^ 

120° If we have Lasnred e^mple, near 0°, 60°, and 

magnitudes, we can treat the ^enumher of angles, of vanous 
squares ®1“®tions by the method of least 

tion to another^ wHanlet r re ^ observa- 

tbe mdex error found at ealh ob?r^l*^® readmg corrected for 
»»««aon of die aero pomt tor ectto°ty“^ <!«> wiU be the 
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THE SIMPLE BBPLBCTIUa CIRCLE 

106 If the aic of the sextant is extended to a whole circnm- 
ference, the index am may ho produced and cairy a vernier 
upon each extremity The mean of the readings of ^ 
vLiieis may then he taken at every ohseivatioii, and wi 1 be 
wholly fiee fiom the error of eccentricity This constitutes a 
simple reflecting circle, the manipulation of which is m every 
respect the same as that of the sextant It has not only the 
advantage of eliminating the eccentncity, hut at the same time 
of diminishing the effect of eiTors of reading and accidental 
enois of graduation, since every result is derived from the 
mean of two readings at two different divisions of the aic ihe 
only objection to the instrament is found in the slight inciease 

of its weight 4.1 „„ 

The simple reflecting circles of Troughton are lead by three 

verniers at distances of 120° , but, as the eccentncity is already 
fully eliminated by two verniers, the third can increase the 
accuiacy of a lesult only by diminishing the effect of errors of 
reading and of graduation If e. is the probable error of the 
mean of two readings, that of the mean of three readings will be 


= 0 81 63 

so that if two verniers reduce the eiroi to 5" the third will only 
further reduce it to 4", an increase of accuracy which for a 
single observation is not worth the additional complication and 
weiaht and the trouble of readmg As was to be expected, 
these instruments, though of vei^ refined and perfect construe- 

tion, have been but little used . t 

The prismatic reflecting circles of Pistor and Martins noticed 
below have but two verniers, and combine many practical ad- 
vantages 

THE REPEATING REFLECTING CIRCLE 

107 In the repeating reflecting ciicle the small minoi, or 
horizon glass, is not permanently attached to the frame of the 
instrument, hut is attached to an arm which revolves about the 
centre of the instrument As the telescope must always he 
directed thiough this glass, it is also attached to the same arm 
and revolves with it This aim also carries a vernier at ita 
extremity 




repeating ciecle. 

L6+ ETE (Fig 28) be the revolving aim to which are attached 
jijg 28 the small minoi m, the 

telescope T, aud the ver- 
nier, 01 index H, if the 
central mirror which is 
revolved by the arm MI, 
carrying the verniei, oi 
index I In accordance 
with the nomenclature iii 
nautical works, we shall 
call E the honzm index, 
and /the central index 
The arc is graduated 
from 0° to 720° in the di- 
T . reetioii EIE 

-net ^ and She the objects whose angulai distance is to be 
easure irst let the central index I be clamped at any 

Biing the plane of the instrument to 
pass through the two objects. Direct the telescope towards the 

Without touching the central index, 

keemul +t.^rr'' ^^^her revolve the instrument, 

S t telescope bearmg on B), until the image of the left 

ho™ '’i f ‘^^^ti’al miiror M to the 

wXthf K® D thus into coincidence 

»^ith the object .B seen directly. This completes the fiist part 

of tlie otisentatioii Now, 
leaving the hoiizon index 
-ff clamped in this posi- 
tion, nnclamp the cential 
index ly diiect the tele- 
scope to the left; hand 
object Ay Fig. 29, and 
move the index I for- 
ward (in the direction of 
the graduations) until the 
reflected image of the 
right hand object JB is 
brought to coincide with 
the direct image of A. 
This completes the second 
pait of tlie observation- 
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Then, the diferenee between the readings of the central index in its twc 
'posvtwns IS twice the angular distance of the objects For let E, Fig 
29, be the point of reading of the cential index before the first 
contact, and R' that after the second contact At each contact 
the angle of the minors is ec^nal to one-half the angle measured 
(Art 80) , and it is evident that the points R and R' are at equal 
distances on each side of that point of the arc at which the cen- 
tral index would have stood had we stopped its motion when the 
mirrors were parallel Hence the angle RMR' is twice the 
angle of the mirrors at either contact Denoting the angle 
measured by r, and the readings hy R and R' , we have, there- 
fore, 

2r = R' — R 

The half difference of the two readings is then the mean of 
two measures of the requiied angle , while with the sextant tvvo 
obseivations are necessary to furnish one measure of an angle, 
since one observation must he made to determine the index cor- 
rection, which'is here dispensed with 

If we now recommence the obseivations, starting fiom the 
last position of the cential index, this index will be found i^ei 
the fourth contact at a reading R", which differs from R by 
twice the angle y . so that we have 

2r = B"—R' 

and, consequently, 

4y=II’' — R 

Continuing this process as long as we please, we shall have, after 
any even number n of contacts, a reading R„ of the centia 
index, and 

nr = B.-R 

or ^ T> 

^ R^-R (74) 

n 

Hence it is necessary to read off the aic only before the first and 
after the last observed contact, which is one of the grea-test 
advantages of this instrument for use on boaid ship in nigh 
olDservations 

108 If the distance of the objects is changing, as in the case 
of a luuai distance oi an altitude, the diffeience between the 
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first and last readings will te the sum of all the individual 
measures, and the value of y found by dividing this sum by the 
number of observations will be the mean of all these measures. 
The time of each observation having been noted, this value of y 
will be the value of the observed angle at the mean of these 
times, provided the angular distance is changing unvformly 


109. We have thus far supposed the telescope to be directed 
alternately towards each object , but (as in the measurement of 
a lunar distance, for example) it is expedient to look directly at 
the fainter obj ect and lefleet the brighter one. This can be done 
by reversing the face of the instrument after each contact , for 
the relative position of the mirrors will thus be inverted without 
requiring the line of sight to be shifted from one object to the 

It IS convenient in practice to distinguish the two kinds of 
observation by the relative positions of the mirrors For this 
purpose, let a plane be conceived to be passed thiough the ayia 
of the telescope at right angles to the plane of the circle; the 
instrument is thus divided into two portions, of which that which 
IS on the same side of the perpendicular plane as the central 
mirror will he called the nght, and that which is on the opposite 
side, the left; these designations, however, having no reference 
to the right and left of the observer when the msti-ument is held 
in various positions 

An observation to theryht is one in which the object leflected 
from the central mirror is on the right of the instrument 

An observation to the left is one in which the object reflected 
from the central mirror is on the left of the instrument 

A cross observatvm is one consisting of two observations, onft to 
the right and one to the left 

The ob^vation to the nght is precisely like that with the 
sextant. We may, m fact, use the instrument as a sextant 
Cl^p the horizon index at any point of the arc; bring the direct 
and reflected images of the same object into coincidence by 
moving &e central mdex, and read off this index Call this 
' then, making any observation to the right, let the 
reading be JZ the angle measured is JZ' -Jt, and — JZ may be 
regarded as the index correction, as in the sextant 

no. In observing altitude, uitli the lepeating circle, the tele- 
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scope IS diiected to the image in the artificial horizon The 
central index is, for convenience, set upon zero, and we com- 
mence with an observation to the left, as in Fig 28, holding the 
instrument in the left hand The next observation is to the 
right as in Fig 29, and the instrument is held in the light liaiid. 


m In order to facilitate the repetition of the observations, 
the horizon glass and telescope carry with themaninnei circulai 
arc which is called the find^ This finder moves under the 
central index arm alternately backwards and forwards in the suc- 
cessive obseivations , and, consec[uently, when the two places of 
the index arm have been once noted on the finder, it can be 
brought approximately to these places for the succeeding obser- 
vations, whereby the images will be alieady approximately in 
contact. Two sliding stojas are usually placed on the findei, and, 
when once set, serve to indicate the two positions of the central 
index. The hnder is also roughly graduated for the same pur- 
pose 


112 The adjustment and verification of the glasses and tele- 
scope are in eveiy respect the same as for the sextant T e 
theory of the errors is also similar, only we have a compen^- 
tion of some of them which is worthy of notice and will be 

considered helow \ a 

Dark glasses or shades are placed, as in the sextant, behind 

the horizon glass and between the hoiizon glass and central 
mirror, for observations of the sun In cioss observations, the 
errors of these glasses are eliminated, since tbeir positions with 
respect to the incident rays are reversed at each alternate contact 
In ohservations to the left, however, Fig 28, it is 
when the angulai distance between the objects A a,nd ^ is small, 
colored glasses midway between M and m would mtewept a 
portion of the direct lays from A on then way to M. ^ this 
case, therefore, it becomes necessaiy to substitute foi them a 
large shade immediately m tioiit of the central mirror The 
same shade serves for the observation to the right, ^ ® 

angle of incidence of rays falling upon it is no longer the same 
as in the observation to the left, the error of the shade is 
not wholly ehminated However, as the angle of incidence is 

small in both positions, the errors produced hy a prismatic form 

of the shade will be small, and the partial compensation ot these 
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occurs will leave a lesidual erroi mostly inappre- 

113. To determme the error produced hj a pyisrmtic form of the 
eentrd mirror m a cross observaiim with the ev'cle.—Lot us consider 
the two contacts separately 

1st The observation io the right is the same as with the sextant, 
and hence we have, foi this ohservatioii, by (66), 

^ [l/i + s* sec* (iy + /3) — 1/ 1 -j- grs sec* (75) 

i' same signification as in Art 97 

M In the observation to the left, the ceutial mirroi is reversed 

with respect to the incident ray, and 
therefore the sign of 31 must he 
changed But the angle of incidence 
a> IS also changed Let 3r and m, Fig: 
§0, be the positions of the mirrors , 
AM z. ray fiom the left-hand object A 
reflected from the cential mirror to w, 
^ j. « thence to JS m coincidence with 

ae *r«l r.j from *0 objocf M Pioducmg ae faces of 
ae mrroB. -re roadily Ind, f.om tU t. .angle MOm, 

?> = ir — 1? 

me^nrJn^r equation (64) The eiror in the 

, _ diffeience of the values of (64) for 

a formnlfl ^ ~L theiefoie obtain foi it 

a formuk diffenng from (75) only in having - ^ instead of + ^ 

to thTl^T ohservatioii 

/ ~ ~ ^ _ y r+^c-^] (76; 

mean 0/(7^® ^7(76)! 

7 -/= Jf IVTTF^^^WTW) - VT+- f sec » Qr - ( 77 ) 

f- 10°“ w^fi’ 9‘> ?== 1 4025, Jf= 10-, j. = 120° 

«na that of . oros. „£11“ 
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Borda,*^ to whom we owe the most impoi^tant improvements m 
tie leflecting cucle, gave the nameiical values of the formulfe 
f751 (76) and (77), in a small table with the argument y, for a 
circle in which /9 = 10° Table XXXB^ of Bowditch’s Navi- 
gator 13 derived from similar formulse 

The error produced hy the central minor foi a given angle 
may be found by Art 97, and then by means of Boeda’s table 
we may infer the correction for any other angle, by simple pro- 
portion 

114. The errors of reading, of imperfect graduation, and of 
eccentricity are all nearly eliminated by taking a sufficient num- 
her of cross obseivations. Bor these eiiois aflect only the first 
and last readings, and aie divided by the number of obseivations 
If the sum of all the measuies is veiy nearly 720° oi 1440°, &c , 
BO that the central index has made one oi more complete revo 
lutions, the eccentiicity is wholly eliminated 

The erior lesultiiig from an inclination of the sight line of the 
telescope is not reduced hy lepetition, since it makes every 
measure too great (Art. 99 ) 

In theory, therefore, the repeating circle is veiy nearly a per- 
fect instrument, capable of eliminating its own enors As, how- 
ever, we cannot pietend to measure “lohat we cannot see,’' the 
refinement of the circle may leallyhe thrown away, so long as 
the optical power of its telescope is so feeble In fact, the results 
obtained with the circle do not apopear to have surpassed those 
obtained with the sextant so much as was expected fiom its theo- 
retical perfection This may, howevei, be due, in a degree, to 
the mechanical imperfections arising from the centring of two 
axes one within anothei t 

* JDe>envltonet maye du Cereh de RSfienon, ypar Ch Db Bobdx, 4>“ cd Pans, 1816 
t It seems tliat the instrument makers haye supposed that it was necessary that 
both the horizon and the central mdiees should he perfectly centred In Gambey s 
circles the anis of the central index turns within that of the horizon index, and any 
,UTu of the latter is communicated to the former Bnt, if we use the instinment as 
preseribed m the text, reading off only the central index, it is quite unimportant 

whether the horizon index IS correctly centred or not It is ouly necessaiy a i 

should rerolve m a plane parallel to the plane of the instrument, and should lemain 
firmly clamped throughout each cross obserration, and this will be seemed by giving 
It a hi cad bearing about the centre The axis of the central index ought then to 
pass diiectly into the soUd frame of the instrument, and the hoiizon index should 
turn upon a fixed collar, which would entirely separate it from the formei Fiom 
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Pig 31 



ffreaS’ 'S capable of measuring 

by M Daesst n-h, f very simple addition proposed 

places a second small mirror «, which 
IS of only one-half the 
height of the silvered 
part of the horizon glass 
VI The angle at which 
it stands is more or less 
arbitrary, but it is con- 
venient to have it make 
an angle of about 45° 
with the mirror m Let 
-d he any distant object, 
and let the instrument 
be held so that a ray A 
falling upon 7 ^, shall be 

to m and thence to the eve at TT in the line nm 

antil the rav A P f! ^ ^ index 

eentrafmirrLillf^tThe hne7' 

n to the horizon fflass « ;i lu over the small minor 

the first rav /Thic E ^ the eye in coincidence with 

» ditited Z JZ \ i ““y-rtoroirele. only the line of sight 

.^ing of tte”tLTX" * Hr.e't 5 ht ‘1*"“ 

w-hieh mav be etroti ii. -o he a second object 

areeflorj-M LTtl IT ^ 

.*4«ed ftof t e“S ^ 

with ae nnage of .i ^fleeted t l ^ STTTT 

th»e fact that such a construction has Ti«f u 

part of the theory of the mstminent has noTb adopted, I infer that this 

If th-s change u n.al, and the “ 3. 

see any leaeon why we should not reahze all th *1, ^ 

strument, especially .f we considerably increase the “-iTantages of the m- 

The opinion of Sir Johh HEssoHpf ^ of the telescope 

abstract beauty aadadrantage of this princin l^/C"'""'”"^’ “*’'® 

balanced m practice by some itninoL ccwe a;“^ 

^er/ect clampmg," is hardly sustained by ’T>nLctieJ^"^‘‘^^^ 

haTing a single central axis ^ Practical experience with instruments 
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reading Tke angular motion of the mirror IfiV being always 
equal to one-half the angulai distance of the objects, JR' - iZ is 
the required angle M Daussy calls this coutrivance adipresm- 
ifiHrc, 01 . dip-measitt er, from its application to the measurement 
of the dip of the sea hoiizon, measuring the angulai distance 
between two diametrically opposite points of the horizon, this 
angular distance being 180° plus or mmus twice the dip accord- 
ing as we measure thiough the zenith oi through the nadii. It 
finds, howeyei, another important application in observations 
with the artificial horizon when the altitude exceeds 65 oi 70 , 
and the double altitude is consequently too gieat to be measured 
in the usual manner The additional mirror is usually furnished 
with the Gambey circles, and is readily applied to anj instru- 
ment Since the angle at which it stands is not required to be 
found, the only adjustment necessary is to make it peipendicular 
to the plane of the instiiiment, which is done by the aid of the 
same test as that which is used in adjusting the horizon glass, 
ne have only to observe that the twm images of the same object 
A (which for this purpose may be a blight star) leflected fiom 
MN and n can be brought into coincidence in the middle of the 
field of the telescope , the mirrors MN and m having of course 
been previously adjusted * 

THE PRISMATIC REI'LECTINGI' CIRCLE AIsTB SEXTANT 

116. The prismatic reflecting circle, constructed by PisroE and 
Martins of Beilm, difters fiom the simple lefleeting ciicle 
(Art 106) by the substitution of a glass prism foi the hoiizon 
glass, and by the position of this prism with respect to the cen- 
tral mirror 

ABC, Fig 32, represents the circle, M the cential mirror 
upon the index arm dc, which carries a vernier at each end (i 
and c , m the prism, which is nearer the telescope P than the 
central minor, and is permanently attached to the fiaine of the 
instrument. The prism has two of its faces nearly peipendiciilai 
to each other, and the third face acts as the reflector A ray 
from the central mirror entering one of the perpeiidiciilai faces 
is totally reflected at the inner face and passes out thiough the 


« Speoml mstrumenfs for measuring the dip of the sea horizon have been contrived 
For Eun aooount of TBOoeHros’s Dip-Sector, see Simms’s 'Preatiee on. Mathematical 
Instruments 
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othei pei-pendicular face in the cluection of the sight line of the 
e escope he height ot the pnsm is only one-half the rhameter 
of the object lens of the telescope, and theiefoie direct lays 
lom any object passing ovei the prism eiitei the telescope and 
are brought to the same focus as the leflected rajs 'When the 
mitral mirroi is parallel to the longest side of the prism, as m 
Pig two images of the same object aie in coincidence, and 
le m ex coirection is cletei mined as in the sextant, except that 

t^eL^ reacing is heie the mean of tlie leadings of the two 
verniers. 

iTow revolving the index into the position. Fig 83, an object 


Pig 



Fig as 



Ob, : mto coincidence with the direct 

7“ •» ae line Xm, the pi.sm 

»'=j« 

Bevond th,« f objects is about 130° 

rays until we^o ohseiver also inteieepts the 

rays, until we come to the position of Fig. 34 ^ 

^ this position two objects 180° apart can be broiisht into 

r« ft- Hn-nl of the obterrcr 

"id Lf by plMing a email pnem J> at tlie cje 

end of the telescope, to relect the two images which aie m 
coincidence, to the eye in the direction DU 
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Contiaaing the motioa of the mdex, we see, 'by Fig 35, that 
angles greater than 180° can now he obtained until the index 
arm comes against the prism, which occurs when the angle is 
about 280° The angles thus measured may be reckoned either 
as between 280° and 180° or between 80° and 180° Of these, 
the angles falling between 80° and 130° may be observed in two 
reversed positions of the instiument, constituting a cioss obsei- 
vation, as with the repeating circle, whereby the index coriee- 
tion becomes unnecessary, and the errors arising from a prismatic 
form of the cential miiror aie partially eliminated 


Fig 34. 35 




When the index is on zero, Fig. 32, the rays incident upon 
the cential mirror make an angle with it of 20°, and in this posi- 
tion we obtain the feeblest reiected images When the index 
is at 130°, the incident rays make an angle with the minor ot 
85°, and we obtain the brightest reflected images In the com- 
mon sextant, the reverse takes place , the feeblest images occur 
for the angle 130° when the incident rays make an angle of oifly 
10° with the central mirror, and the brightest images when the 
indox IS on zero and the rays make an angle of T5 with t e 
mirror The angles of incidence m the prismatic instruments 
are, therefore, more favorable for the production of distinct 
images than m the common sextant, since even the small^t 
angle which the incident rays make with the mirror in t e 
former is double the corresponding angle in the latter 
voL n— 9 
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The 4dju3tnieiits ol the piiani and cential minor are similar to 
those of the hoiizon and mdeiv glasses of the sextant 
The theory of the cnois is also siniilai to that above given 
foi the sextant and circle 


117 Tlie adiantages of these instinments ovei the common 
sextants are 1st. Angles of all magnitudes can be measured ; 
2d, the eccentricity is completely elimmatecl by ahvays employ- 
mg the mean ot the leadings of the twoveinicrs, 3d, the re- 
eeted images are biightei than in othei ie£ecting instruments, 
both because the angles ot incidence upon the central mirioi aie 
moie favoiable, and because the inner face of a glass prism is a 
mneh hettei leflectoi than a siheied glass, dtli, the erioiK 
ansing fiom a piismatic form of the central miuoi are nuu*h 
less than in the sextant The instruments., as made by Pistor 
and Martins combine also othei impiovements -which might be 
mtioduced into the common sextant Thus, the shade glasses 
admit of reversal, by which their errors aie m holly eliminated, 
a ie\olving disc, containing small colored glasses or shades, is 
adapted to the eye piece of the telescope, foi use m taking alti- 
tuc es of the sun with the aitifieial horizon , all lost motion is 
a\oi ec in the tangent sciew, by causing it to act against a 
spiing , the arc is read ofi at night by the aid of a lantern which 
IS placed over the centre of the instrument and the light of which 
IS concentrated upon the arc hy a lens 

The prismatic sextant differs from the ciicle only in dispensing 
with the second vernier (the vernier a m the above figures), and 
that portion of the aic upon which it reads. The same angles 
can he ineasured with this instrument as with the circle, but 
wiAout the advantage of eliminating the eccentricity 
For an extensive series of observations, illustrating the eapa- 
^ u ^ sextant in the hands of a good observer, and espe- 

cia y emonsteatiEg the excellence of the prismatic sextants, see 
an^ article of Sobumacher, in the Astron Naek, Vol. TTTTT p. 
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CHAPTER V 

THK TRANSIT INSTRUMENT. 

118 The transvl instrument is an instrument for detennining 
the instant of a star’s passage through any given vertical plane , 
or (which IS the same thing) the time of a star’s transit over any 
given vertical circle Foi this purpose, it is necessary that the 
motion of the telescope be con-fined to the vertical plane , and this 
is e-fteeted by attaching the tube to a horizontal axis and perpen- 
dicular to it, so that by revolving the instiument upon this axis 
the principal sight-line of the telescope describes a plane passing 
through the zenith The common theodolite maytheiefore be 
used as a transit instrument when its telescope admits of a com- 
plete revolution upon its hoiizontal axis 

The time of transit ovei the assumed vertical circle is deduced 
from the time when a star passes a given thread placed in the 
focus of the objective 

The instrument may be mounted in any vertical plane, but is 
chiefly used either in the meridian or in the prime vertical in 
the first position, foi finding either the tiue local time or the 
right ascensions of stais , in the second, for finding either the 
latitude of the place of observation oi the declinations of stars. 
■When spoken of simply as “the transit instrument,” howevei, 
it IS usually understood to be in the meridian 

It admits of some variety of form In the old and still most 
common form, the telescope and horizontal axis bisect each 
other,* and the t-wo ends of the axis are supported on pillars 
between which the telescope revolves. 

A second foim is that m which, starting from the first form, 
one-half the telescope tube is dispensed with, that half which 
contains the object glass being retained, while the horizontal axis 
IS made to perform the part of the other half At the mtersec- 


* In Halley’s transit mstmment (still preserved as arelio in the Greenwich Oh 
servatory) the pivots of the nxLis are at unequal distances from the telescope 
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tion of the tube with the axis is a glass pristn which bends the 
rays &om the object glass at right angles, and transmits them 
through the hollow axis to the eye piece which is placed at the 
end of this axis The chief advantage of this construction is 
that the obser\’^er does not have to change his position to observe 
all the stars which cross the plane of the telescope It has also 
the advantagej foi a poitable instrument, of diminished weight 
and a more compact form. 

In a third form, proposed by Stbinhbil* of Munich the 
telescope tnbe is dispensed with entirely, or rather the horizontal 
axis is converted into a telescope, by starting from the second 
form just described and shortening the tube until the object 
glass IS brought next to the prism, so that the rays are bent 
immediately after entering the instrument This is therefore, 
practically, an instrument of the second foim with the telescope 
tuhe reduced to its minimum length ; hut, to gain sufficient focal 
length, the object glass and prism (which are connected together) 
are placed near one end of the axis. This foim evidently offers 
the greatest advantages for a portable instrument , its want of 
symmetry, and the loss of light incurred hy the introduction of 
the prism, seem to prevent its adoption for the laiger instruments 
intended for the moie refined purposes of the observatory 

The principles governing the use of such instruments being 
essentially the same as those which apply to the transit instru- 
ment of the common form, I shall here treat exclusively of the 
latter 

119 Plate IV represents the meridian transit instrument of 
the Washington Observatory, made by Ertei and Sons, Munich 
It has a focal length of 85 inches, with a clear aperture of 5 8 
inches. The dimensions of all the parts may be found fiom the 
drawing. The portions of the telescope tuhe TT, which are 
made conical to prevent flexure, are screwed to the hollow cube 
M The conical portions of the horizontal or rotation axis JV7V 
are also screwed to this cube , this axis is hollow, and terminates 
in two steel cylindrical pivots which rest mYs at YF It is 
^ffhly important that these pivots he perfect cylinders ai^d of 
precisely equal diameters. 

If the whole weight of an instminent of this size were per- 


* Aitr&n yadi , Vol. XXTY p 177. 
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tnitted to rest upon the Ys, the friction would soon destroy the 
perfect form of the piYOts, and hence a j?or^ion of this weight is 
counterpoised hy the weights TYWJ which, by means of level s, 
act at XX, wheie there are faction rollers upon which the axis 
turns By this ariangement, only so much of the weight of the 
instiument is allowed to rest upon the Y^s as is necessary to 
insure a peifect contact of the pivots with the Ys This not only 
saves the pivots, but gives the greatest possible freedom of 
motion to the telescope, the lightest touch of the finger being 
now sufiB-cient to lotate the instrument upon the axis. 

The counterpoises maybe made to peifoim another important 
service in diminishing the^ferwre of the horizontal axis, vrhich they 
will evidently do if they are applied nearer to the cube than in this 
instrument With cones, such as NN, of veiy broad base, the 
amount of flexure must be extremely small , still, with counter- 
poises propeily placed, the necessity of making the cones so 
large and heavy would be obviated- (See the ariangement of 
the counterpoises in the meridian circle, Plate VEI ) 

111 the principal focus of the objective, at th, is the veticuU, con- 
sisting of seven paiallel transit threads , these are parallel to the 
vertical plane of the telescope and peipendicular to its optical 
axis (Art 6) These threads and the images of stars in their 
plane are observed with the eyepiece E Eye pieces, or oculars, 
of various magnifying powers are usually supplied, to be used 
accordmg to the nature of the object observed and the state of 
the atmosphere, the highest powers being available only in the 
most favorable circumstances- One of these eye pieces (and 
usually one of the lowest powers) is fitted with a mirroi to throw 
light down the tube in observations for collimation, as will be 
fully explained hereafter This constitutes what is called the 
collimating eye piece, but the plan of placing a small piece of mica 
outside the eye piece (Art. 47) converts any one of the eye pieces 
into a collimating eye piece- 

There is also a micrometer thread which moves so nearly in 
the plane of the transit threads as to be sensibly m the same 
focus This thread may be eithei parallel or at nght angles to 
the transit threads according to the application of it intended , 
but in the simple transit instrument its use will be chiefly to 
determine the collimation with the mercury collimator, and then 
it will be most convenient to make it parallel to the transit 
threads Poi this purpose, it will be still better to substitute foi 
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the single movable thread a cross-thread or two veiy close parallel 
threads 

The transit threads are rendered visible at night by light 
thrown into the interior of the telescope thiough the hollow 
rotation axis from a lamp on either side The light is leflected 
down the telescope tube by a small silvei mirroi in the cube M, 
or by an open metallic ring, which does not interfere with rays 
from the object glass The amount of light can easily be regu- 
lated by a contrivance which it is not necessary to desciibe The 
color of the light may be varied by passing it thiough glass of 
the desired shade 

The light thus thrown down the tube illummates the^ilrf, and 
tiie transit threads appear as black lines upon a bnght ground 
For very faint stars it may be necessary to reduce this held 
lEumination to such an extent that the thieads cease to be dis- 
tmctly visible, and then the direct illumuiation of the threads is 
to be lesoited to This direct illumination of the threads is 
effected, in the instrument here represented, by two small lamps 
(omitted in the drawing) suspended upon the telescope neai 
the eye piece, which throw their light obliquely upon the threads 
without illuminating the field The lamps aie so suspended that 
their flames occupy the same position relatively to the thieads 
for all positions of the telescope The thieads are thus made to 
appear as bnght lines on a daik ground Two lamps, one on 
each side, are used in order to pioduce symmetiical illuniination 
of the threads The threads may also be illuminated by hght 
admitted thiough the axis, but so brought down the tube (by the 
aid of a small lens) as not to illuminate the field, this light being 
finally received by small reflectors near the eye piece, and by 
them thrown upon the threads in such a manner as to pioduce 
the requiied symmetrical illumination 

At F and F are two smaHifavlmg cvi eUs, also called finding kiels, 
01 aimpljfindei s, which seive in settingthe telescope at any given 
elevation oi zenith distance They will be more fully^ explained 
in connection with the portable transit instrument m the next 
aiticle 

The handles, A and JB, which aie withm reach of the obseivei’s 
hand, act upon a clamp and fine motion screw by which the tele 
scope is fixed and accurately set at any zenith distance. 

The inclination of the rotation axis to the hoiizoji is measured 
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ith the striding level L (Art 61), which is applied to the pivots 
’■'T. The feet of the level have also the foim of Ys 
The piers are so neaily ai^usted in the fiist place that the Ys 
re iieaily in a true east and west line, hut a small tinal correc- 
lon 18 still possible by means of sciews which act horizontally 
pon one of the Ys In the same manner, the inclination of the 
pXis to the horizon is made as small as we please by screws 
^tmg vertically upon the other Y These screws are not shown 
n the drawing 

In order to eliminate eirors of the mstiument, it is necessaiy 
X) reverse the rotation axis from time to time, that is, to make 
he east and west ends of the axis change places The temsing 
ipparaius or cat foi this puipose is shown at i? It inns upon 
grooved wheels which loll upon two rails laid in the observatory 
floor between the pieis PP, and is thus brought diiectly beneath 
the axis By the ciank h acting upon the beveled wheels e and 
f, two forked arms cm aie lifted and bi ought into contact with 
the axis at NN. then, continuing the motion, the telescope is 
lifted just sufficiently to clear the Ys, and the friction rollers at 
XX, the cai is then lolled out from between the piers, bearing 
the telescope upon its arms, a semi-i evolution is ^ventothe 
aims, the exact semi-i evolution being determined by a stop d, 
the car is idled back between the pieis, and the telescope lowered 
into the Ys It is hardly necessary to observe that the telescope 
IS placed in a honzontal position during this operation. 

An obsci iu)iq couch C runs on the rails between the piers It 
IS M> arranged that the observei reclining upon it may give his 
head any required elevation, and thus be able to observe stars at 
high altitudes without the discomfort which would destroy the 
accuracy of lus observations 

The piers PPai-e of giauite, and lest upon a foun^fton of 
stone sunk ten feet below the surface of the pound They are 
wholly insulated fiom the walls and floor of the building 

Between the piers, a granite slab about a 
feet long is placed on a level with the floor This rests firm y 
npL the foundation which supports the mstiument and, like 
the pieis, IS insulated from the floor On this slab may be 
placed a basin of inercuiy at various distances from the inst 

nicnt for observing stars by reflexion 

I do notpioposc to entei into the details of constiuctmg the 
Observatory^ itself, as many of these details ivill vary according to 
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the taste and means of the builder, hut it is essential to remark 
that the opening in the roof and sides of the building through 
which the observations are to be made should he much widei 
than the mere aperture of the telescope, for theie are always 
currents of air of various temperatures neai\the edges of the 
openings, which produce unsteadiness in the images of stars. A 
width of two feet at least should be allowed 

It is also well to observe that the observing room should he 
large and high, that the radiation from the walls may not have 
too much effect upon the instrument ISo artificial heat should 
be permitted in it or near it Its temperature at the time of an 
observation, and that of the whole instrument, should he as 
neaily as possible the same as the temperature of the atmosphere 
outside the observatory 

The indispensable companion of the tiansit instiument in the 
observatory is the sidereal clock, which is to be seemed to a 
stone pier, resting upon a foundation which is insulated fi om the 
floor, and so placed that its dial may he seen by the observer 
from any position he may occupy at the telescope If, however, 
the transits are recoided hy the chronograph (Arts 71-77) the 
clock may he in any part of the observatory, and a single clock 
may be used for all the obseriations with all the instruments It 
will only be necessary that each instrument should have its own 
chronographie register, which is graduated into seconds by the 
one standard clock However, a clock in the room with the in- 
strument IS still necessary to enable the observer to prepare for 
his observations at the proper time , but this may then be re- 
garded as a sort of finder merely, and it will he necessary to regu- 
late it only approximately 

120 Plate Y represents a portable transit instrument as con- 
structed by Mr W Wurdemann (YTashington, D 0 ) The focal 
length of such an instrument is usually from 24 to 36 inches 

The letters common to Plate V. and Plate lY represent the 
same parts The peculiar feature is the portable frame PP, which 
here takes the place of the piers It is made of ii on, and is made 
as light as possible without the sacrifice of strength and stability 
The sciews being removed, the inclined suppoits 2^P 
against the upright ones, and then the latter fold down upon the 
horizontal frame , and the whole jframe can he placed in a hex 
This box is deep enough to receive the telescope also The 
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instrument can tkus be conveniently transported and set up in a 
few mmntes upon any temporary pillar Q In tbe field it will 
often be convenient to mount tbe instrument upon tbe trunk of 
a tree cut off to tbe requiied beigbt. Tbe fiame is quickly 
levelled approximately by tbe foot screws S, S, S 

A diagonal oye piece E (Art 12) is necessary for observing stars 
at considerable altitudes 

Tbe eye tube of tbe telescope is moved out and in by a rack 
and pinion r, to bring the threads precisely into tbe focus of the 
object glass Tbe rack and pinion k carry the eye piece to tbe 
right and left so as to bring it opposite each thread in succession 
as a star crosses it 

The finder consists, 1st, of a small giaduated circle which is 
permanently attached to the telescope; 2d, of a spirit level g 
attached to an arm which levolves about the centre of tbe circle 
This arm carries a vernier, and has a clamp and fine motion 
screw at / When the vernier leads 0°, the axis of the level is 
parallel to tbe optical axis of the telescope , consequently, if we 
set tbe vernier to this reading, 0°, and then i evolve tbe tele- 
scope until tbe bubble stands in tbe middle of the tube, tbe 
optical axis will be horizontal If then we set tbe vernier at 
any other given leading B, and i evolve tbe telescope until tbe 
bubble stands in the middle of the tube, the inclination of the 
telescope to tbe hoiizon will be = i? The altitude of a star 
whose transit is to be observed is known from its declination 
and tbe latitude of tbe place of observation, and it is usually 
necessary to piepare for tbe observation by setting the telescope 
at the proper altitude by means of the finder. 

A rack and pinion (not shown in tbe di awing) serve to revolve 
the eye piece and micrometer so as to make the threads veitical, 
or rather parallel to tbe vertical plane of tbe telescope. 

Tbe illuminating lamps are shown in their position Their 
light 18 thrown into tbe axis in nearly parallel lines by means of 
a lens in the lantern opposite tbe middle point of tbe fiame, the 
flame being nearly in the focus of the lens 

120* A small altitude and azimuth instrument so constructed 
that it maybe used also as a transit instrument is e&l\e5. a universal 
insirummt The horizontal graduated circle renders such an in- 
strument very convenient foi observations out of the meridian 
See Chapter YII, 
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121 Method of ohseiiation — In all cases, the celestial observa- 
tion made with the transit instrument consists only in noting, hy 
a clock or chroiiometei, the seveial instants when a star or other 
object crosses the threads The method of doing this with pre- 
cision 18 as follows The mstiumeiit lemaiiiing statioiiaiy, the 
diurnal motion causes the star to pass across the field of the 
telescope As it appioaches a thiead, the observer looks at the 
clock and begins to count its beats , and, keeping the count in 
his head by the aid of the audible beats of the clock, he then 
turns his eye to the telescope and notes the beat when the stai 
appeals an the thiead The tiansit ovei the thread may, ho w'- 
ever, fall between two beats, and then the fraction of a beat is 
to be estimated This estimate is made lathei by the eye thaxi 
the ear Suppose the clock beats seconds Let a. Fig 36, be 
the position of the stai at the last beat 
before the stai comes to the thiead, and b 
its position at the next following beat 
The observei compaies the distance fiom 
a to the thiead with the distance from a to 
6, and estimates the fi action which ex- 
pi esses the ratio of the formei to the latter 
in tenths , and these tenths are then to be 
added to the whole number of seconds 
counted at a, to express the instant of transit Thus, if he counts 
20 seconds by the clock at a, and estimates that fiom a to the 
thread is ^ of ab, the instant of transit is 20" 4, which he lecoids, 
together with the minute and hoiii by the clock 
In the tiansit of the sun, the moon, or a planet, the instant 
when the limb is a tangent to the thread is noted The mode 
of inferring the time of transit of the centre fiom that of the 
limb will be explained hereaftei 
The most accurate method of observing transits is bj the aid 
of the chronograph At the precise instant when the star is on 
the thread, the observer presses the signal key and makes a 
record on the legister, which is lead off at his leisuie, according 
to the methods explained in Aits 71-77 The lecord of several 
transits of stars over the five threads of the Cambiidge telescope 
IS shown in Plate I Fig 6 Each transit is pieceded by an 
irregular signal, produced by a rapid succession of taps on the 
signal key, by means of w^hich the place of the observation on 
tlie registei is afterwauls leadilj' found As the obseiwei is 
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relieved by the chronograph from the necessity of counting the 
seconds and estimating the fractions, the transit threads may be 
placed much closei to each other and their number greatly in 
creased In the transit instruments used in the United States 
Coast Survey foi the telegraphic determination of diffeiences ot 
longitude (see Yol I Art 227), the diaphragms contain twentj- 
five threads, arranged m groups, oi ‘‘tallies,” of five, as in Plate 
I Fig 1 


GENERAL FORMULAE OF THE TRANSIT INSTRUMENT 
122 In Avhatevei position the tiansit instrument may be placed, 
we may consider its rotation axis as an imaginary line, passing 
through the central points of the pivots, which, produced to the 
celestial sphere, becoYnes a diameter of the sphere , and the axi^ 
of collimation as an imagmaiy line, diawn from the optical centre 
of the object glass perpendicular to the rotation axis, and de- 
scribing a great ciicle of the sphere as the telescope revolves 
The position of this gieat ciicle in the heavens is fully deter- 
mined when we have given the position of the rotation axis , 
and the position of the lotation axis is given when we know the 
altitude and azimuth of either of the points in which it meets 
the celestial sphere 

The sight-line marked by a thread in any part of the field is 
a line drawn from the thread thiough the optical centie of the 
object glass The angle which this line makes with the axis of 
collimation does not change as the telescope i evolves so that, 
while the axis of collimation describes a great ciicle, the sight- 
line describes a small circle parallel to it whose distance from it 
IS everywheie the constant measuie of the inclination of the 
sight-line If then a star is observed on the thread, the position 
of the star with respect to the gieat circle of the instrument 
becomes known when we know the inclination of the sight-line 
or the angular distance of the thread from the axis 

The general problem to which the use of the tiansit instru- 
ment gives rise is the following 

123 To find the how angle of a star observed on a given thead of 
the transit instrument m a given ^position of the rotation axis — Let 
Fig 37 repiesent the sphere stereographically projected upon 
the plane of the horizon, NS the meridian, WE the prime 
vertical Suppose the axis of the uistiument lies iii the vertical 
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plane ZA, and that A le the point in which this axis produced 

towaids the west meets the celestial 
spheie Let JV'Z'S' be the great 
circle described by the axis of colli- 
matioii, A IS the pole of this ciicle 
Let nOs be the small ciicle described 
by the sight-line drawn through a 
thread whose constant angular dis- 
tance fiom the collimation axis is 
given = c Let b denote the altitude, 
90° -)- a the azimuth, 90° — m the 
hour angle, n the declination of the 
point A, f the latitude of the observer, d the declination of a 
star observed at 0 on the given thread Join PA, PO, AO 
We have 

WZA = 90° -I- a, ZFA = 90° — m 

ZA = 90° — b, PA = 90° — n 

XO = 90° -f- c, PZ= 90° — 

PO = 90° — d 

and the tiiaiigle PZA gives the equations [Sph Trig (6), (8), (4)] 

cos n sm m = sin 6 cos cos b sin a sin ^ 
cos n cos m = cos b cos a 

sin n = sin b sm <p — cos b sin a cos <p 

which determine m and n when a and h are given Now let 

T = the hour angle of 0 east of the meridian, 

then the angle APO = 90° — m -|- r = 90° -f- (r — m), and the 
tiiangle APO gives 

— Sin c == sin n sin (5 — cos n cos d sin (r — m) 

whence 

sm (t — m) = tan n tan 5 -1- sm c sec n sec 8 (79j 

u Inch determines r — m, whence also r 
These general formulae admit of simplilicatiou when the in- 
strument IS either near the meridian or near the piime vertical 

THE TRANSIT INSTRUMENT IN THE MERIDIAN 

124 The instrument is said to be in the meridian when the 
great circle described by the axis of collimation is the mendian 
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riie axis of lotation is then perpendicular to the pUne of the 
meridian, and, consequently, lies in the intersection of the prime 
vertical and the horizon If, further, the thread on which the 
atai IS obseived is in the axis ot colhmation, the time of obser- 
\’ation is that of the star’s tiansit over the meridian, and, suice 
at that instant the sideieal time is equal to the star’s light a'^een- 
sion, the erroi of the dock on sideieal time is obtained at once 
by taking the dittei ence between that right ascension and the 
observed clock time of tiansit (Vol I Art 138) 

Piactically, however, we laiely fulfil these conditions exactly, 
but must correct the time of observation for the small deviations 
expressed by (t, b, and c, of which a is the excess of fhe azimuth 
of the west end of the axis above 90° (reckoned from the north 
point), and is called the azwiuih constant , h is the elevation of the 
west end of the axis, and is called the level constant, and c is the 
inclination of the sight-hne to the collimatioii axis, and is called 
the colhmation constant 

We must first show how to adjust the instiument approxi- 
mate]}', or to i educe a, b, and c to small quantities 

> 

125 Approximate adjiisimeni in the meridian — 1st The middle 
tliiead of the diaphragm should coincide as neaily as possible 
with the colhmation axis This adjustment can be approxi- 
mately made before putting the instrument in the meiidian, by 
moving the thiead plate lateially until the middle thiead cuts a 
well dehned distant point in both positions of the rotation axis 
in the Vs 

2d The middle thiead (and, consequently, all the transit 
thieads) should be veitical when the lotation axis is hoiizontal , 
that IS, it should be perpendicular to the rotation axis Tins 
can be verified while adjusting the sight-hue, by obseiving 
whethei the distant point continues to appear on the thread as 
the telescope is slightly elevated or depressed After the instiu- 
ment has been placed in the meridian and the axis levelled, the 
verticahty of the thieads may also be pioved by an equatorial 
star running along the hoiizontal thiead, which is at right angles 
to the transit threads 

The axis, being placed nearly east and west (at first by estima- 
tion), IS levelled by means of the striding level Thus e and h 
are easily i educed to small quantities 

3d To reduce a to a small quantity, or to place the instrument 
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very near to the meridian, we must have recourse to the obser- 
«t.on of star. The following process wjl be found ae eimple 
as any other with a portable instiument ^ 

Compute the mean time of tiaiisit of a slow monng star (one 
near the pole), and bnng the telescope upon it at that time For 

watch, and the telescope may be brought upon the star by 
moving the fiame of the instrument horizontally Then level 
the axis, and note the time by the clock of the transit of a star 

time S"t It is evident that the 

bTa dlZT i ti effected 

n azimuth, and therefore the 

wm ascension and the clock time 

W th 1, ! the clock on sideieal time 

anothei slo piepared to repeat tlie process with 

anothei slow movmg stai, this time employing the clock and 

causing the middle thread to follow the star by moving only the 

foTdb^vIl conection has been previLsly 

found by other means (as witli the sextant), the fiist apprLimation 
will usually be found sufficient The instrument is now siX 

ru'be f outstanding small deviations 

cau be found and allowed foi as explained below 

Will a l^ge transit instrument in an observatory, it 

will be convenient fiist to establish the approximate directioT of 

a sufficient distance to be \usible m the large telescope without 
a change of the stellar focus The middle Lead of ?he mltrn- 

of “““ *» 

filially, it IS necessaiy to adjust the ^nder whereby the 
directed to that point of the meridian through 
which a given object will pass If the finder is intended to give 
the zenith distance (0, we take ^ 

C = y 5 _ r + ^ for an object south of the zenith, 

Z = d +p “ « north » 

^^fr"<^tion, and^ the parallax of the object for 

IreTv we f P""P®®® object 

mZ ha ^ow altitudes, and p 

m^ be neglected for all bodies except the moon 

To adjust the finder, we have only to clamp the telescope when 
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some known stai is on the horizontal thread, and in that position 
cause the finding ciicle to read correctly for that stai, hy means 
of the proper adjusting seiews It will then read correctly for 
all other stars In large instiuments tlie finder is sometimes 
graduated from to 360° 

With respect to the fme when a stai is to he expected on the 
meridian, the sidereal clock oi chronometci answeis as a finder, 
since (after allowing for its eiior) it shows the right ascensions 
of the stais that are on the meiidian 

126 Equations of the transit instniment m the mendian — By the 
preceding piocess we can always easily i educe a, 6, and c to 
quantities so small that then scpiaies ^ ill he altogether insensible, 
or, which IS the same thing, we can substitute them foi their 
sines, and put then cosines equal to unity And, since m, n, and 
r will he quantities of the same oidei as «, 6, and c, the general 
formulae (78) will become 

m = h cos <p a <p 
n = h if — a cos tp 

and (79) gives 

r = m n tan -)- c sec <5 

which is Bessel’s foimula for computing the correction to be 
added to the observed sideieal clock time of transit of a stai 
over the middle thread to obtain the clock time of the star’s 
tiansit over the meiidian It is haidly necessary to observe that 
the unit of all the quantities a, h, c, m, ??, r should he the second 
of time 

If now we put 

T — the observed clock time of the star’s transit over the 
middle thread, 

A T = the correction of the clock, 

bi r= the stai’s apparent right ascension, 

the true sideieal time of transit will he 7'+ r + aT, and this 
quantity must he equal to a Hence we have 

TH- aT+t 
or 

ot=: T-f- AT+m + n tan d c sec d 
by which formula the light ascension of an unknown star can he 
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found 'wlieu ATaiid the constants of the instinraent are known 
From the transits of known stars, on the other hand, this equa- 
tion enables us to find aT, when the constants of the instrument 
are given. 

The apparent right ascension in this equation should be 
affected by the diurnal aberiatioii, which, by Yol I Ait 393, is 
0" 311 cos sec 5 = 0* 021 cos f sec d when the stai is on the 
meridian If then a denotes the right ascension as given in the 
Ephemeiis, the first member of (82) ought to be a -|- 0" 311 
cos (p sec 5, so that the equation becomes 

a = T -m n tan ^ (c — 0* 021 cos sec <5 (83) 

Hence, if instead of c we take 

<f = c — 0* 021 cos y 

we may use (82) without further modification, and the diurnal 
aberiation will be fully allowed for Since, foi each place of ob- 
servation, the quantity 0*.021 cosy is constant, there is no reason 
for omitting to apply this correction, although its influence is 
scarcely appreciable except with the larger instruments ot the 
observatoiy 

127 Bessel’s form for the correction t is usually the most 
convenient, but other forms have their advantages in certain 
applications. From (80) we deduce 

a = m sin — n cos <p 
h =111 cos y -j- « sin p 

and fi’om the second of these we have 

m = b sec <p — « tan <p 

which substituted m (81) gives Hansen’s formula, 

/ T=b sec ¥> -|- a (tan 5 — tan ?>) -j- c sec 5 (86) 

This is convenient in reducing observations of stars near the 
zenith, where the coefficient tand — tany becomes small It 
shows that for a star m the zenith the coirection depends only 
on b and c, and that in general the best stais for determining 
tlie clock correction are those which pass nearest to the zenith 

If we substitute the values of m and n from (80) in (81), we 
leadily bung it to the form 


} ( 84 ) 

(85) 
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^ (y — . cos d) _c__ 

cos d COS 5 COS 5 

which is known as Mayer’s formula This is the oldest form, 
but where many stars aie to be reduced for the same values of 
the constants, it is much less convenient than the preceding It 
has its advantages, however, in cases where the constant a is 
directly given, or in discussions in which this constant is directly 
sought 

128 These formulae apply directly to the case of a star at its 
upper culmination To adapt them to lower culminations (that 
18 , of circumpolar stars at their transits below the pole), we 
observe that in the general investigation Art 123, d repiesents 
the distance of the star from the e<juator reckoned towards the 
zenith of the place of obseivation, and, consequently, the 
foimula will be applicable to lower culminations if we still lepre* 
sent by d the distance of the star from the equator thiough 
the zenith and over the pole , that is, if we take for h the supple- 
ment of the declination This being understood, we shall be 
saved the necessity of duplicating our formulse 

Again, the time of the lower culmination differs by 12^ of 
sidereal time from that of the upper culmination of the same 
star Hence, to apply the foimulse to the case of a lower cul- 
mmation, it is also necessary to suppose that a represents the 
star’s right ascension increased by 12^. 

In short, for lower culminations, we must substitute 12^ + a 

and 180° — 5 for a and b 

129 Smce the instrument may be used in two positions of the 
rotation axis, it is necessary to distinguish these positions "We 
shall suppose that the cUmp is at one end of the axis, and shall 
distinguish the two positions by ‘‘ clamp west” and “ clamp east ” 
If the value of e has been found for clamp west, its value for 
clamp east will be numerically the same, but will have a different 
sign , for, since in reversing the collimation axis remains in the 
same plane,* any thread will be at the same absolute distance 
from this axis, but on opposite sides of it in the two positions 


* Except when the piYots are unequal, the correction for which will be considered 

hereafter 

VoL n— 10 
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'or example, if we have found for clamp west c = — 0* 292, we 
lUSt take for clamp east c = + 0* 292. 

If, however, we take the diurnal aberration into account, we 
aust observe that e' is not numerically the same in the twoposi- 
lons of the nvia For example, if f = 38® 59', the correction 
K 021 cos f> IS 0* 016 , and if for clamp west we have c = — 0'.292, 
re shall have for this position c' = — 0* 292 — 0* 016 = 0*.308, 
)ut for clamp east e' = -|- 0* 292 — 0* 016 = + 0* 2T6. 

130 In the above, we have assumed that the stai has been 
ibserved on a single thread whose distance from the collimation 
lYiH IB known The same method may be applied to each thread , 
jut when the intervals between the thieads aie known, each 
ibsorvatiou may be reduced to the middle thread or to a point 
joi responding to the ‘^mean of the thread's, and the correction 
- Mill then be computed only for this middle thiead oi this mean 
l»oint I proceed to show how these mtervals are to be deter- 
tnined and apphed. 


THBBAn INTERVALS. 

*131 An odd number of threads is always used, and they are 
placed as neaily equidistant as possible, oi, at least, they are 
symmetrically placed with respect to the middle oue, and this 
middle thiead is adjusted as nearly as possible in the collimation 
niih. If the thieads were exactly equidistant, the mean of the 
observed times of transit over all of them could ho taken as the 
time of transit over the middle one, and tlus with the gieater 
degree of accuracy (theoretically) the greater the numhei of 
threads * But since it larely happens that the threads aio per- 
tectly equidistant or symmetrical, it becomes necessary to deter- 
mine then distances, and this is usually the fiist business of the 
observer after he has mounted his iiistiument and brought it 
appioximately into the meiidian. 

Let i denote the angular interval of any thread from the 
middle thread , I the time required by a stai whose declination 
IS d to pass over this interval Then being expiessed in 
seconds of time, will also denote the interval of sidereal tune 
required hy a star in the equator to describe the space between 

* The practical limitB to the aumbei of threada will he considered m another 
place 
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the threads , for this is the case in which the apparent path of 
the star is a great circle Our notation, therefore, may be ex- 
pressed by putting 

i = the eq[iiatoiial interval of a thread from the middle thread, 

1 = tlie inteivdl for the declination d 

If now c denotes the collimatiou constant for the middle thread, 
the distance of the side thread from the colhmation axis is i-|- r , 
and if r is the hour angle of a star when on the middle thread, 
J-l- T 18 its hour angle when on the side thread Hence, by our 
ngorous formula (79), applied to each thread, we have 

Bin -f f — »i) = tan n tan d sin (i -|- c) sec » sec d 
sin (t — »i) = tan n tan S -\- sin c sec n sec d 

the difference of which is 

2 cos (} J -f- T — m) sm i 1= 2 cos (i i + c) sin sec « sec S 

for which, suiee r — wi, c, and n are heie very small 
we may write, without sensible erroi, 

2 cos iZ sm 1 J = 2 cos J i sm sec d 
or 

sin J = sin t see S 

iProm this, I can he found when % is given On the other hand, 
if I IB observed iii the case of a star of known declination, we 
deduce i by the formula 

sm i = sin J cos S (89) 

If the star is not within 10° of the pole, it is quite accurate to 
take for these the more simple forms 

J = I sec S i = I cos i (90) 

These formulse show that the observed interval will be the 
greater the neaier the stai is to the pole Hence, foi finding? 
from observed values of 1, it is expedient to take stars near the 
pole, since eirors in the obseived times will he i educed ui the 
latio 1 : cos 5 

When the star is so near to the pole that either (88) or (89) is 
to be used, it will he found convenient to substitute for them 
the foEowmg 

I cos i 


quantities, 

I ( 88 ) 


Z = t seo ^ k 




k 


(91) 
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in -wliick k = ^ and its logarithm may be leadily taken 

81 D I 

from the following table 


I 

log 7 sec (5 

log A: 

Im 

1778 

0 00000 

2 

2 079 

00001 

B 

2 255 

00001 

4 

2 380 

00002 

5 

2 477 

00003 

6 

2 556 

00005 

7 

2 623 

00007 

8 

2 681 

00009 

9 

2 732 

OOOll 

10 

2 778 

00014 

11 

2 819 

00017 

12 

2 857 

00020 

13 

2 892 

00023 

14 

2 924 

00027 

15 

2 954 

00031 


1 


2 

log I see iS 

log k 1 

IS”* 

2 954 

0 00031 

16 

2 982 

00035 

IT 

3 008 

00040 

18 

3033 

00045 

19 

3 056 

00050 

20 

3 079 

00055 

21 

8100 

00061 

22 

3120 

1 00067 

23 

3139 

! 00073 1 

24 

; 8158 

I 00080 i 

25 

8175 

00086 1 

26 

3 192 

0009.8 

27 

3 209 

00101 

28 

3 224 

00108 

29 

3 239 

00116 

30 

3 254 

00124 


BxAMPii 1 —If for a star whose declination is d = 88° 88' we 
have observed the interval between a side thread and the middle 
thread to he J= 25™ 17*.6, reqLuired the value of i 
We have 

log r 3 18116 
log cos d 8 40B20 
ar CO log k 9 99912 

I = 38* 325 *■ 1 

Example 2 -Given i = 38^ 326, find I foi d = 87° 15'. 

We have 

logi 1 58348 
log sec <3 1 31896 
log t sec S 2 90244 
(Argument 2 902) log k 0 00024 
I = 799* 25 log ^ ^ ^^268 


132. The thread intervals may also be found by Gauss s 
method, with a theodolite, precisely as in the method of deter- 
mining the value of a micrometer screw m Art 46 
If the instrument is furnished with a microraetoi, the valne 
of the screw may be determined hy the transits of circumpolar 
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stai s ovei the microinetei* xhread, and then it may be employed 
to measure the thread inten’-a'ls 

REDUCTION TO THE MIDDLE THREAD 

133. Suppose that the reticule contains five tiansit threads, 
and that they aie numbered consecutively from the side next to 
tlie clamp, so that for “clamp west” stars at their upper cul- 
minations Cl OSS the thieads m the oider of their numbers Then, 
it we denote the observed clock times of a transit over them by 
^15 ki k> ki '•'ll® equatorial intervals of the side threads fiom 
the middle thiead by q, (observing that and will be 

essentially negative), the time of passing the middle thread 
according to the five observations is either \ seed, + sec d, 

< 3 , -h sec d, or /gH- Is sec d, which, if the observations were pei- 
fect, would be equal to each other Takmg their mean, which 
we shall denote by T, we have 

5 5 

If we put 

<1 + ~l~ h ~b h 

Ai _ g 

and denote the mean of the observed times by T„, we have 

T= sec $ for clamp west, 

T= — At sec (J for clamp east 

If the threads are equidistant, ai vanishes; otherwise Msecd 
IS the correction to be applied to what is called the mean of the 
threads, to obtain the time of passage over the middle thread 
If there are seven thieads, 

0i ~H ^3 H~ h) (^5 + ^8 ~t~ h) (92) 

7 

and so on for any number of threads 

At the lower culmination, a star crosses the thieads in the 
leverse order, and, consequently, the sign of the correction 
Aisecd must be changed , but this change of sign is effected by 
taking for d the supplement of the declination, according to the 
method pointed out in Art 128 We shall, therefore, regard 
the above formulse as entirely general 

A. broken iiafisit (one in which the transits over some of the 
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tlireads have not been observed) is reduced in the same mannei , 
that 18, we take the meau of the obseived times and apply to it 
a correction which is the mean of the equatoiial intervals of the 
observed threads multiplied by seed Thus, if only the 1st, 3d, 
and 4th of five threads have been observed, we have for Tthe 
seveial values + i, sec d, <,,<*+ 1*800 5, the corresponding 
thread intervals being ij, 0, so that we have 

2 > _ S sec 9 

3 o 

In general, if we put 

M = the mean of the observed tunes on any number of 
threads, 

f = the mean of the equatorial intervals of these thieads, 

the time Tof transit over the middle thread will be 

T = If +/ sec « (93) 

If the clock rate is eonsidemhle, the reduction of Jf to J 
must be corrected accordingly Thus, il 

= the oloci rate per hour, 

1 3000 )' piittmg 

„ 1 ) 
p = the factoi for late = 1 — I ^ 94 ) 

T= Jf + (o/sec ^ J 

Por a sidereal clock which gam 1* per day, we have a 2’ = 
— whence log /> = 0.000006, and foi again of x seconds daily 
log p = 0 000005 X* 

Tor a mean time clock which has no rate on mean time, and, 
consequently, loses 9* 88 per hour on sidereal time, we find 
log/) = 9 99881, and, if it gams z seconds per day, logp = 
9 99881 + 0 000006 . 

If the star is very near the pole, each thread should be sepa- 
rately reduced, the reduction to the middle thread being com- 
puted by the formula I— i seed kp, log k being taken from the 
table in Art. 131 
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REDUCTION TO THE MEAN OE THE THREADS 

134 Another mode of reducing tiaiisits is commonlj' used in 
the observatoiy We may suppose an imaginaiy thread so 
placed in the field that the time of transit ovei it will he the 
same as the mean of the times on all the threads, and for brevity 
this imaginary thread is called the mean of the ihiecids, or the 
tnean thread Then all observations are reduced to this imaginary 
thread, and the constant c as well as the intervals of the several 
threads are referred to it, precisely as if it weie a real thread 
It IS evident that, wheie many complete transits ai'e to he re- 
duced, this method saves laboi, as the collection Msec d is avoided. 

135. Example 1 —The upper transit of Polans was observed 
with the meridian iiistiument of the ITaval Academy on Jan. 
26, 1859, as in the second column of the following table 


Olaiap East S = 88° 33' 64" 3 


Thread 

Sid clock 

I 


log I 

log 1 

logt 

% 

Vll 

(yi 44i» 55# 

— 49* 

7i3 15«)08 

0 00079 

nl 66290 

— 36* 720 

TI 

62 56 

— 15 

48 

n2 9T681 

34 

nl 37618 

— 28 721 

V 

IV 

1 0 54 

8 44 

— 7 

50 

n2 67210 

09 

nl 07067 

— 11 767 

III 

16 32 

+ 7 

48 

2 67025 

09 

1 06882 

-1-11 717 

II 

24 31 

-1-15 

47 

2 97085 

34 

1 87467 

-1- 28 696 

I 

3i 30 

+ 28 

46 

3 15412 

78 

1 55200 

-1- S5 645 


The table exhibits the computation of the equatorial intervals 
of the side thieads fiom the middle thiead. The values of log L 
are taken from the table in Art 131, and each value of log i la 
found by the foi inula log ^ = log JH- log cos 8 — log k. The 
signs of I and i are given for clamjp west 

The values of the intervals must be found from a number of 
observations of this kind, and the mean of all the determina- 
tions should be hiially adopted. j, 

According to this single observation, the value of ni for this 

instrument will be 

= — 0*021 

If the reductions are to be made to the mean of the threads, 
we find the values of I by taking the difference between the 
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mean of all the observed times and the time on each thread, 
and compute i as before. The values of i that would result m 
the above es^ple may he immediately inferred, since they 
wih he equal to those above found diminished by a? Thus, 
arranging th< values m their order for c’amp west, we have— 


Thread 

lutervals to 
middle thread 

Intervals to 
mean thread 

I 

+ 35' 645 

+ 35' 666 

II 

+ 28 696 

+ 23 717 

m 

+ 11 717 

+ 11 738 

lY 

0 

+ 0 021 

Y 

— 11 767 

— 11 746 

YI 

— 23 721 

— 23 700 

YII 

— 35 720 

— 35 699 


Example 5,.— Vith the same instrument on the same date, the 
t,«iiisit of a Anetis was observed as follows (chmp east) 


d = + 22’ 47' 49". 


Meaa = 1 59 41 28 

The algebraic sum of the intervals to the middle thread for 
the threads here observed, taken from the table in the preceding 
example, is + 23' 571, or for clamp east — 23' 571 , and therefore 
the time of transit over the middle thread is 

T = 1* 69* 41* 28 — sec <5 = 1" 59* 37' 02 

6 

To reduce this observation to the mean of the threads, the 
shortest method is to take oiie-sixth of the interval corresponding 
to the missing thread — thus : 
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P 59*" 4P 28 — - ? sec 5 = 1^ 59"* 37' 00 

136 Ha-ving shown how the quantity T in (82) oi (83) is 
found, I now proceed to show how to deteimine the constants 
71 , and c Since m and n hoth inYolye 5, let us hegm with the 
inyestigation of this quantity 


THE LEVEL CONSTANT 

137. The inclination of the rotation axis to the horizon is 
usually found l)y applying the spirit level as explained iii Art 
52, and this inclination expressed in seconds of time is the 
value of the level constant h, positive when the west end of the 
axis 18 too high. 

But the spirit level applied to the outer surface of the cylinders 
which f 01 rathe pivots does not directly determine the inclina- 
tion of the rotation axis which is the common axis of these 
cylindeis, unless the pivots are of equal diameters 

To find the correction for inequality of the piuote, let C, Fig 38, 



Fig 39 



be the centre of a cross section of a pivot, A the vertex of the V 
m whlXpU B fte verte. of tte V of opint level 

applied to it Put 

= the angle of the V of the level, 

2 ^ (t « V ‘‘ transit inst, 

r = the radius of the pivot, 
d = the vertical distance of B above (7, 

« 0 A, 


we have 


d,= - 






Bin t 


sin 


If now in Fig 39, CC is the rotation axis, A and B the 
vertices of the transit and level Vs at the end next the c a -p, 
A' and £' the vertices of the Ys at 'the other end of the axis, 
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1 ' the radius of the pivot at that end, then w e have foi the dis 
tanees B'C', A' C, 

Sin % sin 

The level gives the inclination of the line -BJ?' to the honzon, 
and we wish to find that of CQ' Let us suppose the clamp at 
first IS west, and afterwaids east, and that in both positions ol 
the axis the inclination given by the level is obseived Let 

By S' = the inclinations given by the level for clamp west 
and clamp east, respectively, 

6, V = the true inclinations of the rotation axis for clamp 
west and clamp east, 

fi = the constant inclination of the line JLA' 

Also diaw CjE^ and CF parallel to BB^ and and put 


p = EGO' 

p, = FOC' 

then, L being the length of the level, we have 

Rin n — 

d' — d_ r' — r 

DllX jU — 

L jD sm i 


d'-d. r' — r 

sm pj = 

L 


for which we may tahe 


__ r' — r __ — r 

^ Lsm i sm 16" ism sin 15" 


in which p and are in seconds of time Now, we have evi 
dently for^clamp west (i denoting the elevation of the loest end) 

l> = B 5 = |9 — 


and for clamp east, 

6' = S'— j? 6'=; 4* Pi 

whence 

5'— 5 = S' — S — 2p = 2p, 

— B , , sin i / sin z -f sin v \ 
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and, consequently, 


p = . 


B'—Bi 


sin 


^ sin i + sin 1 , 




(95) 


By this formula, when i and are known, we can directly com- 
pute the value of p from the level indications B and observed 
in the two positions of the axis 

If the angles of both the transit and the level Vs are equal to 
each other, which is usually the case, we have sin i = sin q , and 
then we have 

^ ^ (96) 

The value of p thus found is called the correction for inequality 

of pivots It IS to be carefully found by taking the mean of a 

great number of level determinations in the two positions of the 

axis By determining it according to the above formula, it is a 

correction algebraically additive to the level indication foi clamp 

west so that the true level constant in any case is found by the 

formulae „ , ^ ^ 

b = B + p for clamp west, I 

b^ — B' — p for clamp east 

138 The inequality of the pivots may also be found without 
reversing the axis, by using successively two spnit levels, the 
angles of whose Vs are quite diflerent Let 2i and be then- 
angles, and B and B' the apparent inclination of the axis given 
bv the two levels respectively If then b is the true inclination, 
and we put 

/ — r 

^ jDsinlS" 


we have, by the preceding ardele, 

b=B 

Sin 1 


whence 




g 

sin t' 


q = aB-B') 


am i Bin 
sin i — sin i' 


(98) 


and the correction of inclinations found with the level the angle 
of whose Vs is 2t will be 
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Sin I 


sm 

sin % — sin z ' 


(99) 


If -we coEstTuct the levels so that their angles are supplements 
of each other, that is, make 22' = 180 ° - 22, the foimula hecomes 

JB-B' 

P = n 

tanz — 1 


For example, if 22 = 167° 23' and 22 ' = 22° S/', we have 
p — ^(^2 — B') so that as accurate a determination of p may 
be found in this way as by reversing and employing the formula 
( 96 ) 

139. Example 1 — The following example of a case in which 
the angle of the level V difiered from that of the transit Y is 
given by Sawitsch. A portable instrument was mounted in the 
meridian, and three sets of observations were made consecutively 
for the determination of p, as in the following table . 


No of doter- 
mmation 

Clamp 

Leyel readings 

^andB' 

1 

B — B 

West 

East 

1 

w • 

E ■ 

B 13 2 
A 140 
A 184 
B 17 9 

131 
12 4 
84 
82 

•V diT 

= + 042 
|b'= + 492 

diY 

4-4 50 

2 

E ■ 

W ■ 

B 18 8 
A 191 
A 13 6 
B 13 2 

83 
72 
120 
13 0 

\b'= + 660 

Ib = -1- 045 

4- 516 

3 

W ■ 

1 • 

B 13 6 
A 14 0 
A 18 2 
B 18 3 

18 0 
125 
88 
80 

■ B =4-0 52 

. = + 6 05 

-4 463 


The letters A and B in the first column of level readings refer 
to the position of the level on the axis 

The value of one division of the level was 1" 68, or, in time, 

0*112 

The angle of the level Ys was 85°= 22. that of the transit 

Ys was 91° = 22 i. 

"We find, by taking the mean, 

J5' — 5 = + 4 73 div == 4- 0* 58 
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and hence, hy (95), 

25 + 0* 14 

If we had assumed i = u? we should have found, hy (96), 
p -|- 0^3, very nearly the same as hy the complete foimula, 
although theie is a consideiable difference between i and ii 
To find the true inclination of the axis during these observa- 
tions, we have, by taking the mean of the values of £ and £'^ 

div 

J5 = -I- 0 46 = -f- 0* 06 

= 4- 5 19 = -I- 0 58 

w'hence 

i = 4- 0*05 + 0*14 = + 0*19 
6' = 4- 0 58 — 0 14 = 4- 0 46 

Example 2— In Octobei, 1852, the pivots of the Eepsolb 
menduui euele of the U S l^aval Academy were examined hy 
twenty-four deteiminations of the inclination of the axis, twelve 
in each position, and the means were 

div 

Clamp west, J? = + 9 

east, = + 0 74 

One division of the level was equal to 0'.079 , and hence 

diy 

^ = -f 0 015 = 4- 0* 0012 

which was neglected, as of no practical importance Indeed, it 
is hardly to be presumed that the level readings weie sufficient 
to deteimine so small a quantity with certainty, neveitheless 
they suffice to prove the same excellence of workmanship in 
these pivots as in those of other instruments of Eepsolb’s. In 
the meridian circle of Pulkowa, made by the same distinguished 
artist, Struve found an inequality of pivots of only 0* 0025 


140. The linear difference of the radii of the pnots may also 
be found ; for, by the above formulae, we have 


(ff — S') Jj sin lo" sm i sin 

r' — r=:pZ 8mt8ml5"= 


( 100 ) 


The value of L in the Example 1 of the preceding article was 
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10.85 inches, and hence r' — r — O.OOOOT5 inch Small as iVs 
difference appears, it is satisfactorily determined hy the level 

141 The level constant may also he found hy the aid of the 
mercmy collimator (Art 47) and the micrometer Tor large 
instruments, it is convenient to have the nieicury basin perma- 
nently placed immediately under the mstiument, a little below 
the level of the floor, and covered only hy a small movable 
trap-<looi in the floor 

Let 06", Tig 40, be the rotation axis of the instrument, HO 
the colliination axis, peipendicular to GC' , 
Pig 40 the siiifaee of mercury Theie will be 

“ formed in the field of the telescope a reflected 

image of each thread of the reticule, hut 
we shall here use only the movable micro- 
meter tliiead (which ivill he assumed to be 
parallel to the tiansit tlueads) Let this 
miciometei thread he biought into coinci- 
dence with its own reflected image, which 
occuis when it is at that point c of the 
field which lies in the line hO diawn 
through the optical centre of the objective, 
perpendicular to the hoiizontal surface of 
the mercury , and hence it follows that, in 
this position, the angle aOE\& eq^iial to the 
melination of the lotation axis CC to the surface MN, or that 
aOE IB equal to the required level constant T'ow, let the rota- 
tion axis be reversed ; the directions CC' and EO remain un- 
changed (provided the pivots are equal), and the miciometer 
thread is now at of ■, at the same distance as before from the col- 
hmationaxis, if then the thread is again brought into coinci- 
dence with its image, it must be moved over a distance a'a 
= twice the required level constant If then we pnt 

M = the micrometer interval (expressed in seconds of time), 
positive or negative according as the micrometer thread 
18 east or west of its image after reversal, 

we shall have 



and h will thus be positive when the west end is elevated 



(lOl'i 
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If the pivota are unequal, b and b’ being the true inclinations 
of the axis for clamp west and clamp east respectively, we shall 
have, after reversal, EOa' = h, and after making a coincidence 
again, EOa = b' , and hence 


and, from (96) and (97), 
whence 


b' -\-b = M 
b'—b = 2p 


b 



b' = 



( 102 ) 


It appears, then, that the mercury collimator alone is not ade- 
quate to the determination of the level constant when the pivots 
aie unequal, since the quantity p must be otherwise deteimined. 
The only independent method of hnding p is by the spirit level ; 
but we shall see hereaftei how the level may be dispensed with 
(or its indications veiified) by means of the meicury collimator 
m combination wuth collimating telescopes 


142. The pivots may be not only unequal, but also of irregular 
figures To determine the existence of iiiegularities ot foini, 
the level should be read ofil:' with the telescope placed successively 
at every 10° of zenith distance on each side of the zenith The 
mean of all the inclinations found being called JB^, and B' being 
that found at a given zenith distance r, — B' is the correc- 
tion to be applied to any level reading afterwaids taken m the 
same position of the rotation axis and at the same zenith dis- 
tance. The level readings are thus freed from the irregularities 
of the pivots, but we still have to apply the coirection for vi- 
eqwihtg ’of the two pivots , and this inequality will he deter- 
mined by taking one-fourth of the diffeienee of the mean values 
of Ba (found as just explained) in the two positions of the rota- 
tion axis 

Tor the examination of the form of the pivots of the great 
Transit Circle of Greenwich, “each is perfoiated, and within 
the hollow of the eastern pivot is fixed a plate of metal perforated 
with a very small hole, behind which a light can be placed foi 
illumination , and in the hollow of the western pivot there is 
fixed an object glass at a distance from the perforated plate equal 
to its focal length This combination foims a collimator re- 
volving with the instiumeiit. It is view^ed by a telescope of 7 
feet focal length, which, when lequired, is placed on Ys, one of 
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them planted m the opening of the western pier, and ^e other 
m a hSe made for that purpose in the western w^l of the room 
By a senes of most careful obsenratons in 1850, 61, and 52, no 
appreciable error could be discoveied in the form of the pivots. 
These pivots are sis niches in diameter. 
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143 The constant e may express the distance from the colli- 
xaation axis either of the middle thread or of the fictitious thread 
denoted by the “mean of the thieads;” the formei, when Tin 
(82) is the time of transit over the middle thread, and the latter 
■when Tii the time of transit over the mean of the threads 
Let us first deteimine c for the middle thread its value for 
the mean of the thieads can afterwards be found by adding the 
quantity ui (Art. 133) , thus, denoting the lattei by Cj, we shall 

have 




(108) 


144 Ftrsi Method —Place the telescope in ahomontal posihon, 
and select any teiTestiial object that presents some well defined 
point, and so remote that the stellar focus of the telescope need 
not be changed to obtain a good definition of the point f Mea. 
sure with the micrometer the distance of the point from the 
middle thread Reverse the rotation axis, and again raeasuie 
this distance If it is the same as before, the thread lyn tht 
collimation axis, and c = 0 , otherwise c is one-ha f the difierenc* 
of the mierometer measures. To obtain a simple practical ru. ^ 
which will fix the sign of e for clamp west, put 


_ the micrometer distances of the middle thread from 
' the point, positive when the thread appears in the 
field to be nearer to the clamp than the point, 


then, for clamp west, 


c = iiM+M') 


(104 


This gives e with the positive sign when the thread is neare 
to the clamp than the collimation axis, in which case stars i 


«GreenmohObs for 1852 Introd p it 

tThe mendian mark, if one has been establisbed, wiU, of course, be used f 
tins point See Ait 169. 
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tbeir upper culminations arrive at the thread before they reach 
the axis, and the correction csec S must be additive 

By this method, no correction for the inequality of the pivots 
IS required, since the telescope is honzontal. 

Instead of a distant terrestrial point, we may substitute tht 
intersection of two threads in the focus of a horizontal colli- 
mating telescope, placed north or south of the instrument To 
avoid reversing the axis, two such collimators are used, as in 
the following method 

145. Second Method .— two horizontal collimating telescopes 
D and F, Fig 41, be mounted on piers in the transit room, one 


Ti«. 41 



north and the other south of the transit instrument, in the same 
plane with its rotation axis, their objectives turned towards this 
axis, and, consequently, towards each other Suppose, for sim- 
phcily, that the collimators have each a single vertical thread 
N ov Sm the principal focus The transit instrument being at 
first removed so as not to obstruct the view of one collimator 
from the other, an image of the thread of either collimator will 
be formed at the focus of the other, and either thread may be 
adjusted so as to coincide exactly with the image of the other 
Then the two sight lines of the collimators are m the same 
line, or at least aie parallel to each other, and their threads 
when viewed by the transit telescope represent tnm infinitely 
distant objects whose diffeience of azimuth is piecisely 180°. 
Replacing the transit instrument, direct it first toivaids the 
north collimator. Let CC be its rotation axis, AA' perpendi- 
cular to CC' its collimation axis, T the middle thread of the 
diaphiaj-m at the distance AT = e west of the axis An image 
of N will be formed at N' at a distance AN' from the colhma- 
fioii axis, which is the me.v? re of the deference of dxrecUom of 

VoL II— 11 



162 TRAMSir INP'iRUMbNT IN 'HIE MKIUriAN 

the common sight hue of the colhmatois and ^ 

Measure with the transit miciometer the distance (- M) of / 
from N' liText revolve the telescope upon its rotation axis and 
direct It towards the south collimator. The axis CC is un- 
changed, and the point A of the focus which repiesents the 
colliLmii axis is now found at The image of 6' is formed 
at 8' at a distance A' S' from the collimation axis, which is again 
the measure of the difference of directions of the common syht 
line of the collimators and the axis AA' so that we ^ave^^ 
= A'S' hut the points 8' and N' are on opposite sides of the 
axis The middle transit thread is now at T' on the same side 
of the collimation axis and at the same distance from it as 
Lore so that we have also A'T' = e. Hence, icmemhering 

that 

M M' = the micrometer distances of the middle thread west 
’ of the north and south collimator threads, respect- 

ively, 


we evidently have 




To give this method the greatest degree of precision, it will 
not suffice to use single vertical thieads in the collimators, on 
account of the difficulty of estimating the coincide iice of two 
superposed threads It is also clear that the sight lines of the 
two collimators must not be marked by two entirely similai and 
equal systems of threads, since to bring the sight lines into coinci- 
dence we should still have to superpose one system upon the other 
A simple method is to substitute for the single thread iii the 
north collimator tivo very close parallel vertical thieads, and in 
the south collimator two threads intersectnig at an acute ang e 
and making equal angles with the vertical Then the middle 
point between the close parallel threads marks the sight line of 
the north collimator, and the ooincidence of the inteisection of 
the cross threads of the south collimator with this point can be 
mdged of by the eye with gieat delicacy It will assist the eye 
somewhat if the collimators have also two parallel honzoiyta 
threads equidistant from the middle of the field, but not at the 
same distance from each other in both telescopes 

In the large transit-circle of the Greenwich Observatoiy the 
whole system of tiaiisit thieads is moved by the micrometer 
screw In this case let M and M' be tbe micrometer readmes 
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when the middle thread is m coincidence with the two colli- 
mators respectively; then = | [M + Jf ') is the reading when 
the middle thread is in the axis of collimation, and (? = d , and 
if during any subsequent observations the micrometer is placed 
at a ditferent reading m, we must take for the reduction of such 
observations 0 = — 

Example. — On Feb 7, 1853, the collimators of the Greenwich 
transit-circle having been brought into coincidence, the middle 
transit thread was brought successively upon each collimator, 
and the reading of the micrometer for the north collimator was 
800, and foi the south collimator 3F 521. Hence, the micro- 
meter being set at the mean 31** 411, the middle thread would 
be in the collimation axis, and then c = 0 But if the tiansit of 
a star was observed on that date with the micrometer set at 
SV 5, we should have c = 31'’ 411 — 31'’ 5 = — O'* 089, or, since 
r = (y 985, e = ~ 0^088 


146. For merely determining the collimation constant, it is 
not necessary, as has been above supposed, that the collimators 
be in the same horizontal plane with the axis of the transit 
instrument. They may be in a plane so far above (or below) 
that of the transit instrument that the telescope of the latter 
when horizontal will not intercept the view fiom one to the 
other If then each collimator is mounted as a transit instru- 
ment and its rotation axis is level, it can be depressed (or 
elevated) until its threads can be viewed by the transit tele- 
scope. If the inclination ot each collimator to the horizon is 
the same, and the measures of the distances of the middle transit 
threads from the two collimating threads are as befoie M and ilf ', 
we still have c = l{31 31') The objection to this arrange- 

ment 18 that the sight lines of the collimators must be made per- 
pendicular to tbeir rotation axes, and these axes must be levelled, 
adjustments which are unnecessary when they are in the same 
or very nearly the same hoiizontal plane as the axis of the prin- 
cipal instrument 

To avoid the necessity of raising the transit instrument out 
of the Ys (when the three instruments are in the same hoiizontal 
plane), two apeitiires may be made m the cube of the telescope, 
through which, when the telescope is vertical, the horizontal 
rays from the collimators may ;}ass 
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147 Third Method— Dnect the iiistiument vertically towaid'! 
the mercury eollimatoi, and meaauie v\illi the micionietei the 
distance of the middle thread from its image , put 

jjf — the niicionietei distance of the thread from its image, 
positive when the tlueacl is icebt of its image, 

then it is evident that, if the lotation axis is hoiizontal, we shall 
have iHf = 2c, hut, if the west end is elevated by the quantity h. 
the apparent distance of the thread and its image will be dinim 
ished hy 2fi.- so that we shall then have M=^‘2c — 2h, whence 

c = \M+h (105j 

which ^ves <? with its propei sign for the actual position ot the 
lotation axis. 

If we wish to determine the level constant at the same time, 
we reverse the axis, and again ineasnie the distance of the middle 
thread from its image Then, putting 

M, M'= the distances of the thread west of its image for 
clamp west and clamp east, respectively, 
h, V = the level constants m the two positions, 


w'e have, for clamp west, 


c = \M h 


and (since the sign of c is changed by the reversal), for clamp 
east, 


whence 




or, since b' — b = 2p, 


c 

and c 

We have also 


I (Jf — Jf') — p clamp west, 
— — “ east, 

ft' + i = _ + M') 

ft' — ft = Ip 


w'hence 

ft = — |(Jf -f ilf') — p clamp west, 
ft' = — i (ilf + ilf') + P “ east, 


] (looy 


j (107 ) 


When the micrometer thread is at right angles to the meridian, 
and, consequently, moves onlym decimation, it can nevertheless 
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be used for detei’mining the small quantities c and h according 
to the above method, as follows Let AB, Tig 42, 
be the middle transit thread, A'B' its reflected 
image in the collimator, CD the inici oinetei thread. 

Move the micrometei thread CD until the distance 
between it and its image CD', estimated hy the 
eye, is equal to the distance between the transit 
thread AD and its image, that is, until the two threads and 
their images form, to the eye, a perfect square This squaie is 
always very small in a toleiably well adjusted mstrnment, and 
can be veiy accurately foimed hy estimation We have then 
only to measure the distance of CD and CD' to obtain the 
required distance Now, if w'e move CD we also cause the 
image CD' to move; but it is evident that (the telescope not 
being disturbed) if CD is moved to CD', the image will be seen 
at CD, and, in passing from one position to the other, the thread 
and its image will be in coincidence at the point midway between 
the two positions If this coincidence could be observed with 
perfect accuracy, we might lead the niiciometer head first when 
the square was foimed, and secondly when the coincidence 
occurred and the difference of the readings would be one-half 
the required measure of the side of the square But, as the 
threads have sensible thickness, it is difficult to estimate the 
coincidence of the middle of the thread with the middle of its 
image, and theretore it will be better to read the micrometer, 
first when the square m formed by the thread at CD and its image 
at CD', and secondly when the squai’e is again formed hy the 
thread at C'D' and its image at CD The difference of the 
readings will then he the reqmied measure of the side of the 
iquare or of the quantity above denoted hy M 

Example 1 — In 1857, June 28, at the Naval Academy, to find 
the colhmation constant of the meridian ciicle, the distance of 
the image of the middle thiead fioni its image in the niercuiy 
collimator was raeasuied, hy forming a square, as above explained, 
with the decimation micrometei thiead, alternately north and 
south of its own image. The readings of the niiciometer were 
53.5 div and 59 5 div The middle thread v\'as west of its image. 
The value of one division of the micrometer was 0* 0618 The 
level constant found by the spirit level was i = — O’ 247 Clamp 
West, 


Fig 42 


i 


c> 

jy 

0 

D 

B 

B! 
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"We find 

div 

ilf = + 60 = + 0‘371 
c = ^ Jf + i = + 0*1.86 — 0*247 = — 0*061 

Example 2 — Ir 1855, May 11, with the same instrument, a 
similar observation was made, both with, clamp west and clamp 
east, and there were found 

div 

Clamp W , ikf = — 5 4 (Thread east of its image) 

« B, — 2 7 “ “ “ “ 

Hence, since for this instrument i? = 0, we find 

c = \ (M — ilf') = — 0* 042 for clamp W, 

i = — J (ilf -f ilf') = + 0 125 

148 By combining the collimating telescopes with the mer- 
cury collimator, we can deduce both the collimation and level 
constants without reversing the rotation axis and without in- 
volving the inequality of the pivots For, by the collimating 
telescopes, we deduce the value of c, and by the mercury colli- 
mator in the same position of the axis, the value oib = c — \M 
This IS the method now employed at the Greenwich Observatoiy, 
where the transit circle is never reversed , but it is bettei also 
to reverse, and thus obtain two independent determinations of 
our constants for verifi-cation 

K we reverse the instiument and deteimiiie the level constant 
by this method in both positions, we can find the inequality of 
the pivots , for we shall have p = — 5) 

149 Fourth Method — The preceding methods are very precise 
and convenient, but are practicable only with instruments pro- 
vided with collimators The following method is independent 
of these auxiliaries, and is piacticable with all instruments which 
admit of reversal , and, being quite accurate, it may be used 
also with the larger instruments in connection with the other 
methods, as a check upon them 

Direct the telescope upon a star near the pole, and observe 
its transits over one or more of the side threads (and also over 
the middle thread, if the instrument can be reveised in the 
interval between two threads) Then immediately reveise the 
rotation axis and observe the transits of the stai over one oi 
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more of the same side threads again Let T and T' be the 
mean of the clock times of transit over the middle thread, 
deduced fiom the several observations for clamp west and clamp 
east respectively (Art 133) , b and h' the level constants in the 
two positions (the pivots being supposed unequal) , then, by (82), 
(83), and (87), we have, for clamp west, 

o,= T-\- e,T + a — _|_ j ooe(y — S) _c 0» 021 cosy 

008(5 COS 5 ~ cos^ cosJ 

and, for clamp east, 

a = r'-\- aT + a sm Cy — S) ^, eos(y — $) c 0-021 cos y 

COS d COS <5 COS d COS d 

rrom the diffeience of these equations we deduce 

c = j (T' — T) COB ^ p cos — d) (108) 

in which we have substituted p for — b) If the pivots are 
equal, the term p cos — 8) will disappear 
If T and J" are the times of passing the mean thread (Ait 134), 
then e is the collimation of this fictitious thread 


150. If the equatorial intervals have not been previously well 
determined, the mean of the transits over the same thread in the 
two positions must be compared with the transit over the middle 
thread Thus, if and T/ are the clock times on the same 
thread for clamp west and clamp east, we have, for this thread, 
being its equatorial interval (omitting the diurnal aberration^ 
which would be eliminated), 


a 


e» 


= — |- q sec d a T — |- a 


= T/— sec <5 -|- aT + a 


sm -f- 6 -f. ^ 

cos d cos d cos d 

sm (y — d) ^ ^, cos(y — b') c 
cos d cos <5 cos <5 


and, for the middle thread, supposed to be observed with clamp 
west. 


a= r+ at + u 

cos d COS d mfl ^ 


The dijSerence between the last equation and the mean of the 
first two gives 

c T j COS -f p COB — <5) (109*) 
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but, since the error of observation in T will appeal in all the 
values of c thus found fiom the several threads, their mean wnl’ 
also involve this error, so that but a slight increase of accuiacy 
will be gained by obseiving more than one side thread. Hence, 
for the gieatest precision, it is indispensable that the thread 
intervals should be previously well determined, and that several 
threads should he used as presciibed in the preceding article 

These formulse apply without modification to the case of a 
lower transit, if for S we use the supplement of the star’s decli- 
nation (Art 128) 

Example. — On Sept. 30, 1858, the lower transit of Polar is was 
observed with the meridian circle of the Naval Academy on the 
three side threads and the middle thread with clamp east, and 
on the same side threads with clamp west, as below 


Polans (lover culm ) = 91° 26' 34". 



Thread 

Clock 

Reduction to 
middle thread 

Clock time on 
middle thread 


I 

12» 44™ 45* 

-1- 23“ 39* 2 

13» 8“ 24* 2 


n 

12 52 41 

-1-15 44 8 

25 8 

01 B 

III 

13 0 39 

■f 7 47 5 

26 5 


IT 

13 8 24.5 


24 5 




Mean T = 

13 8 25 25 


III 

13 16 21 

- 7 47 6 

13 8 33 5 

01 W 

II 

24 20 

— 15 44 8 

35 2 


I 

32 13 

— 23 39 2 

33 8 




Mean T = 

13 8 33 17 


The adopted intervals for these threads were l■^ = + 35*.67, 
*3 = -f- 23’.77, = H- 1T.77, with wdiieh the reductions to the 

middle thread were computed as in the table As a test of the 
ticcinacy of the observation, each thread is hcio i educed sepa- 
rately "We have then, taking only the seconds of T and T', 
and putting p = 0, by (108), 

c 25*25 — 33* 17 26' 34" = -j- 0* 100 (Cl W.) 

2 

On the same day the distance ot the middle thread west of its 
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image in the mercniy collimator was found with clamp east to 
he — 19 9 div = — 1* 230, and hy the spirit level there was found 
6 = -|- 0* 521, whence c = — 0' 615 -|- 0" 521 = — 0*.094 (Cl E ), 
agreeing almost exactly with the value found by JPolains 


THE AZIMUTH CONSTANT 

151. To find the azimuth constant, we must have lecourse to 
the observations of stare, since it is only hy a reference to the 
heavens that the direction of the meridian can be deteimined 
We can either find a directly, oi first find n and m, from whicli 
a can he deduced 

To find a directly — Observe the transits of two stars of different 
declinations d and S' Let T and T' be the clock times of transit 
reduced to the middle thread (or the mean thread), b the level 
constant, c the collimation constant for the middle thread (or 
the mean thread), and put e' = e — 0* 021 cos^ (Art 126). Let 
A 7), be the clock correction at any assumed time ST the 
hourly rate , then the clock corrections at the times of observa- 
tion are 

Ar= A2;-f ST^T— T,) 

Ar'= aTo-I- $T{T'— T,) 

Then, if a and a' are the apparent right ascensions of the stare 
at the time of the observation, as found from the Ephemeiis, 
we have, hy (82) and (87), 

a = T -\- -{■ a Bin Qp — d) sec d -\-h cos {<p — 5) sec 3 -j- c' sec i 

T'-\- AT'-h a sm (?> — 3') see 3'-|- b cos — 3') sec 3'-|- c' sec 3' 

If m these we substitute the above values of ATand aT', and 
suppose the rate of the clock to he given, every thing in the 
equations will he known except aT), and a To abbreviate, put 


< = r STiT— T^) -f 3 cos (p — 3 ) sec 3 -f o' sec 3 
t'= T'4- ST(T'— To) + b cobI<p — S') sec 3'-|- o' sec Sf 


( 110 ) 


that is, let t and i' denote tlie observed clock times reduced to 
the assumed epoch T, and corrected for level and collimation , 
then we have 

a = t A -)- rt Bin ( 5 » — 3 ) sec 3 
a' = t'-t- A T’o-|- w Sin ({f — S') sec S' 
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wh.ich give 
/ 

a 


whence 


or 


IProm these formulffi we leain the conditions necessary for 
the accurate determination of a In the first place, if the 
late of the clock is not well deteimined, the interval between 
the observations must be as brief as possible, so that t and t' 
will be but little affected by the eiToi m bT The right ascen- 
sions of the two stars must therefore differ as little as possible, 
or, if one of them is obseived at its lower culmination, they 
must differ by nearly 12'* In the next place, it is evident that 
the larger the factor tan 5 — tan d' in the denominator of (111), 
the less effect will enors in t' and t have upon the deduced 
value of a Therefore, if both stais are observed at the tipper 
culminations, one must be as near to the pole and the other as 
far from it as possible Finally, the light ascensions a and a' 
must be accuiately known, and, therefore, only fundamental 
stais should be used, oi those whose places aie annually given 
in the Ephemcris 

If one of the stars is observed at its lower culmination, we 
have only to use 180° — d' and 12* -f- a' for its declination and 
right ascension, and still use the equations (110) and (111) with- 
out change of notation (Art 128) In this case the factor 
tan 8 — tan d' will become tan d + tan d' (taking 8' here to 
signify the proper declination) , and this will be the greater, the 
iieaier both stars are to the pole All the most favorable condi- 
tions can therefore be best fulfilled by two circumpolai stars, 
both as near to the pole as possible and differing in light ascen- 
sion by nearly 12'* 

If we can rely upon the stability of the instrument and the 
clock late for 12* we may observe the same star at both its 
uppei and lower culminations, and then, putting 180° — d' = d, 
the formula becomes 


a t — t -j— CL 


5 

1 

sin (jp — d) 

L eos 

cos d 


COS y sm (5 — d') 


= t' — t -f- a 
a= [(o' — a) — (<' — ()] 


cos S cos s' 

cos d COS 8' 


cos <p sm (S — S') 


(o' — o)— (<' — t) 

cos f (tan 5 — tan S') 


( 111 ) 
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— tt — — f) 

2 cos ^ tan d 


( 112 ) 


where a' is the apparent right ascension of the star at the lower 
culmination increased by 12^, and t' is the corrected time for the 
lower culmination. 

If the object of the observer is to re-determine the right 
ascensions of the fundamental stars themselves, it is plain that 
he must have an instrument of the gieatest stability, and for 
the determination of the azimuth must rely upon upper and 
lower culminations of the same star; for the difference a' — a 
111 (112) may be accurately computed by the formulae for pre- 
cession and nutation, although the absolute values of a and a' 
may be but approximately known 

Tojind n directly — Having observed two stars under the con- 
ditions above given, let i and V be the clock times reduced for 
rate to the assumed epoch as before, but further cotrected 
only for collimation , tliat is, put 


^ = T+dT{T ^ !ro)-f cf'sec b 
r+ To) H- c'sec y 

then, by Bessei's formula, Art 126, 

a := t m n tan S 

a'= m ^ tan d' 

whence 

tan d — tan <5' 



(114J 


Tor a single circumpolar star observed at its upper and lower 
culminations. 


g) 

2 tan d 


(115) 


"We then find m by (86) , namely, 

m = b sec — II tan y (116) 

If we reduce onr observations by Bessel’s or Hanseis’s 
formula, it will be unnecessary to find a If it is xeq^uired, how- 
ever, it may now be found by the equation 


a = b tan <p — n sec y 


(117; 
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Example — On May 25, 1854, mth tlie moiidian circle of the 
IT S Naval Academy, tlie upper and lower transits of Poto is and 
the transit oiaAnefts weie obseived, and the clock times reduced 
to the middle thread were as follows 

X 

Polans U 0 I* 14™ 48* 24 (Clamp East ) 

wAnetis 2 8 9 13 “ 

Polans L C 13 14 40 12 


"With the spirit level and nieicnry collimator, there ivere found 
4 = 0* 004, c = — 0“ 203 The hoiiilj latc of the clock on 

sidereal time was $T= — 0* 224 The longitude of the instill- 
ment was 5'* 5’“ 55® W of Grieeiiwicli, and the latitude <p = 38° 58' 
52" 5 Find the constants a, >ii, and n 
From the Nautical Almanac for this date the light ascensions 
and declinations of the stare, reduced to the tune of the obser- 


vations, are 

a 

Polans V C P 5™ 29* 41 
aAnetis 1 58 56 05 

Polans LG 13 5 29 75 


(t 

88° Sr 39" 
22 46 7 
91 28 21 


Nat tail 

38 902 
0 420 
— 88 902 


We find for the constant of duunal aberration foi the given 
latitude, 0* 021 cos ^ = 0’ OIG, and heuee c' = — 0 * 203 — 0*.01(i 
= — 0* 219 Computing c' sec d, b cos {(f> — d) sec d for each stai, 
and reducing the tunes foi late to 0'*, the values of i, accoiding 
to (110), are found as follows 



T 

lied foi 
late to 0* 

Coil foi 
colhm 

Con foi 
level 

t 

Polans JJ 0 

1* 14™ 48* 24 

00 

o 

1 

— 8*52 

+ 0*10 

P 14“ 39* 54 

a ArietiSf 

2 8 9 13 

— 0 48 

— 0 24 

0 00 

2 8 8 41 

Polans L C 

13 14 40 12 

--2 97 

-f 8 52 

— 0 09 

13 14 45 58 


To exemplify the use of the foimula (111), we will first take 
Polctm XT C, and a Arietis (accenting the quantities toi tlie 
second star) We find 

o' — a = 63“ 26*64 — f = 53’»28*87 

tan d — tan rj' = 38 482 

and hence, by (111), 


38 482 cos p 
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To exemplify the use of (111) m the case of tuo stais, one 
above and the other below the p»ole, we will take aAiietis and 
Polaris L C , foi which w e find 


whence 


a = IP 6’“ 33* TO f—t = no 6"‘ 37* 17 

tan S — tan d' = 39 322 


— 3-47 
39 322 cos <p 


= — 0' 114 


To exemplify the use of (112), we will take Polaris TJ C. and 
L C , for which we have 


a' — a = 12" 0“ 0* 84 
Avhence 


P — t=.12o O'»6*04 
2tan 5= 77 80 


a = = — 0* 094 

77 80 cos 


We adopt this last determination of a, and then, by (80), we find 
jn = — 0* 056 n = + 0' 076 

But, where m and n are required, it is preferable to find n 
directly from the observations, and for tins purpose we do not 
conect the times for level Thus, correcting the times according 
to (113), we find t as follows 



T 

Eed for 
rate to 0* 

Corr for 
coll 

t 

JPoIatisJ] C 

P 14“ 48* 24 

— 0*28 

— 8* 62 

p 14“ 39* 44 

a Arietis, 

2 8 9 13 

— 0 48 

— 0 24 

2 

8 8 41 

Polans Tj C 

13 14 40.12 

— 2 97 

+ 8 62 

13 

14 45 67 


Taking Polaris TJ 0 and a Ariehs, we find, by (114), 


+ 2*33 
38482 


+ 0* 061 


Taking a Andis and Polans L C , we find, by the same 
foimula. 


+ 3*56 
39322 


= H- 0* 091 
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Finally, fiom PohmJJ C. and L C., we iind, by (115), 


n = 


+ = -f 0* 076 

77 804 


agreeing exactly with the value above found fiom the same 
observations We now find m by (116), which gives as befoie 
■ni — — (y 056 And then, if a is required, we find, by (117), 
a = — 0’ 09 1 

THE CLOCK CORBECTION 

152 Having determined all the instrumental constants, the 
clock eoircctioii is found from the tiansit of any known star by 
the formula 

Ar= <t— (T+ t) 

in which J IS the clock time of the star’s transit over the middle 
thread, or the mean thread, and r is the reduction of this thread 
to the ni endian, computed by either (81), (86), or (87) 

The finally adopted value of a Twill be the mean of all the 
values thus fouiicl from a numhei of stars , and this mean will 
be the value concspouding to the mean of all the times of obser- 
\ ation But the obsoivatioiis thus grouped together for a deter- 
mination of aT should not extend over so great a period of time 
that the clock rate cannot be regarded as constant during that 
period 

The clock rate is found by conipaiing the corrections aT, aT', 
corresponding to two times T, T', or 

T' — T 


The value of the clock coriection for an assumed epoch T# 
will be found by taking 

aT„=aT+ sT{T„— T) 

It is evident, fiom Hansen’s formula (86), that an erior in the 
determination of n (oi of a, which involves n) will have the less 
effect upon r and a Tthe less the difference between the observei ’s 
latitude and the star’s declination Hence, assuming that h and 
c can be found with greater precision than n, it is expedient to 
use for dock stars only fundamental stars which pass near to the 
zenith If two circumzenith stars are observed, such that the 
mean of the tangents of their declinations is equal to the tangent 


RIGHT APCESTfilONS OP PTARS 


17 .') 


of tke latitude, the mean value of a f will he wholly free from 
any error in n 

An error iii c will he eliminated, either wholly oi in pait, hy 
taking the mean of the two values of aT found in the two posi- 
tions of the rotation axis, since the sign of e, and, conseqiicutlx, 
also that of any eiror in e, is changed by reversing the avis An 
error in the assumed value of the con cction for incquuliti ot 
pivots, will also he removed m this manner; hut, since the co- 
efficient of h does not change its sign for different stars, nor 
when the instrument is reversed, there is no method of elnni- 
nating an unknown enor of b It is necessary, therefoie, that 
the astronomer give particnlai attention to the precise cletemii- 
nation of this constant 

(For the determination of the clock correction hy a transit of 
the sun, see Ait 155) 

DETERMINATION OP THE RIGHT ASCENSIONS OE STARS 

1.5-S The principal application of the transit iiistiuineiit in the 
ohsei vatoi V is the determination of the apparent light ascensions 
ot the (.olestial bodies The instrumental constants and the 
clock correction and rate being tound from known stars as above 
explained, the right ascension of any other star is immediately 
deduced from the time of its transit by (82), in winch we may 
substitute (86) oi (87). The foim in which the obseivations are 
1 educed will be best learned by referring to any of the printed 
observations of the principal observatories. 

In making a catalogue of stars, the insti’ument is clamped at 
ft certain declination, and all the stars within a zone of the 
breadth of the -field of the telescope are observed as they cross 
the threads In this case, it -rhU he expedient to find the clock 
coriection from fundamental stars nearly in the parallel of decli- 
nation upon which the instrument is set For if we have found 
A r from a star whose right ascension is a, by the formula 

Ar==a — 

the right ascension of anothei star will he 

^ T' + lT ^ ST(^T' — r)-l- t' 

= „ -t- (T'- TXl -f 5r)-|-(v'-r) 

that is, it -will he equal to the right ascension of the fundamental 
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star inci eased by the clock interval corrected for rate, and for 
the difference r' — r of the instrumental corrections , and if the 
declinations are the same, we shall have r — 0, and all the 
eriois of the instrument will be eliminated Since, m this appli- 
cation, the absolute clock collection is not lequiied, we may 
substitute in (82) m' foi £.T+ and m' will be found directly 
from the fundamental stars by the foimula 

m' = a — ( T + n tan 5 

The right ascensions will then be obtained by adding to the 
observed times the correction pi' 7i tan will 

not be necessaiy to separate into its constituents aT and m 
Since m' involves the rate of the clock, its hourly variation will 
be taken into account in precisely the same manner as that of 
aT This mode of reduction was adopted by Bessel for his 
Komgsberg Zone obseivations 

The mean right ascensions for the beginning of the year or 
for any assumed epoch, are found, fioni the apparent right 
ascensions, by the formula (692) of Vol I 

For the determination of the absolute right ascensions of the 
fundamental stars, see Chapter XII Vol I 


TRANSITS OF THE MOON, THE SUN, AND THE PLANETS. 

154 Transits of the moon — The houi angle of the moon's limb, 
when on a side thread, is affected by parallax, and the time 
required by the moon to pass from this thread to the meridian 
differs fiom that required by a stai m consequence of the moon's 
proper motion in light ascension If 5 is the true declination of 
the moon, d' the apparent declination as affected by parallax, 
the apparent east hour angle of the moon's limb at the instant 
of the observed transit over a thiead whose equatorial intcival 
Fig, 43 from the middle thread is z, then, since o' is the decli- 
nation of the obseived point on the thiead, we have 

7^ r= m + n tan 

Thus IS known, but to reduce the observation we 
must find the true hour angle O' Let Piff, Fig 43, be 
the meridian, P the pole, Z the geocentric zenith of the 
place of observation, 0 the true place of the moon. O' 
its apparent place , and denote the true and apparent 
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zenith distances ZO and ZO' by z and 2 ' We have MPG = z?, 
MFO' = and dravinng OM, O'M' perpendicular to the meri- 
dian, we find 


or 


sin ZO 


sin MO^ 
sin ZO^ 


whence 


sin T» cos d sin cos 

sin z sin y 


if 


= ^' 


sin z cos B* 
sin ycos B 


X = the moon’s increase of right ascension in one second ol 
sidereal time, 

the sidereal time required by the moon to describe the hour 

angle d- is ^ _ - , and, therefore, T’being the clock time of transit 

of the limb over the thread, the right ascension of the limb at 
file instant of its transit over the meridian mil be 


»= T-f aTH — 

and if we put 

S = the moon's geocentric apparent semidiameter, 

the hour angle of the moon’s centre when the limh is on the 

S 

meridian will be dz — and the time required by the moon 

15 cos o ^ 

to describe this hour angle will be ± , Hence the 

° 15(1— A) cos 5 

formula for computing the right ascension of the centi e at the 
instant of the tiansit of the centre over the meridian is 

^ ^ 1 - A - 15 (1 — ;i) COS a 

111 which the upper oi the lower sign will be used according aa 
tbe first or the second limh is observed If then we substitute 
the values of and and put 

p sin z 1 

sin y (1 — A) cos d 


Yol ir— 12 


( 118 ) 
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a = r+ A 2’+iF+(m + n tau d '+ <■' s<?o <V') Poos d'± 

To compute the factoi F conveniently, put 
sin 2 „ 1 


S 


15 (1 — i)COBd 


(119) 


A = 


then 


sin / 1 — 1 

F = AB sec 5 


The value of A may be developed in a simple form. If we put 
ip' = the reduced or geoeentiic latitude ot the place of observa- 
tion, p = its geocentric distance, sr = the moon’s equatoiial 
horizontal parallax, we have z = f' — d, and 


whence 


sm (/ — z) = P sm * sm sf 

_ 8in_£ _ ^ ^ ^ 

Bins' 


or, neglecting the square of the parallax, 

JL = 1 — /) sin »r cos (<»' — S) 

which IS the foim employed by Bessel, who gives the value of 
log A, in Table ’^TTTT of the Tabulce ftegwmontanoe, with the 
argument log \jp sin tz cos {<p' — 3)] Foi a particulai obseivatoiy, 
where these i eductions are frequent, it is moie convenient to 
prepaie a special table, adapted to the latitude, giving log-d with 
the arguments d and jt In Bessel’s table, theie are also given 
the values ot log B wuth the argument “ change of the moon’s 
light ascension m 12* of mean time,” and the aiguinent is ox 
pressed in degrees and minutes of aic , but as the change in oiiv 
minute, expressed in seconds of time, which I shall denote by aa, 
IS given in the American Ephemeiis, I shall take 


aa 60 1643 

60 1648 60 1643 — aa 


where 60 1643 is the number of sidereal seconds in one minute 
of mean time The following table gives the values of log^ 
computed by this foi mula 
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Argument Aa =3=: change of the moon’s right ascension in one minute of 
mean time 


Aa 

log B 

Aa 

log B 

Aa 

log B 

1* 65 

0 01208 

2*05 

0 01506 

2- 45 

0 01806 

, 1 70 

0 01245 

2 10 

0 01543 

2 50 

0 01843 

1 75 

0 01282 

2 15 

0 01580 

2 55 

0 01881 

1 80 

0 01319 

2 20 

0 01618 

2 60 

0 01919 

1 85 

0 01356 

2 25 

0 01655 

2 65 

0 01956 

1 90 

0 01394 

2 30 

0 01693 

2 70 

0 01994 

1 95 

0 01431 

2 35 

0 01730 

2 75 

0 02032 

2 00 

0 01468 

2 40 

0 01768 

2 80 

0 02070 


This table will be useful also in computing the teim 


S 

15 (1 — cos <5 


SB sec $ 


The reduction of an observed transit of the moon is then aa 
tollows The transit over each thiead is reduced to the middle 
thread (01 mean thread) by adding the correction iF to the 
observed times, and the mean of the several results is taken 
as the clock time of transit of the limb over the middle (or 
mean) thread, or this time may be found by multiplying the 
mean of the equatorial intervals of the observed threads by F 
and adding the product to the mean of the observed times 
This time is then reduced to the meridian by adding the correc- 
tion (m + n tan 5' + o' sec 5')i^cos d' or {m cos + n sin d' + o')i^, 
in which we may take 5' = 3 — tt sm (p' — 3) Then, adding the 
clock correction, we have the right ascension of the limb at the 
instant of its transit over the meridian Finally, adding or sub- 
tracting the terna we have the light ascension of 

® 15 (1 — X) cos (J ® 

the moon’s centre at the instant of its tiansit over the meridian 
When the moon has been observed on all the threads, the 
computation of F by the above method may be dispensed with, 
as an approximate value, sufficient for computing the reduction 
to the meridian, may be inferred from the observed times on the 
fiist and last thread Foi, calling the observed interval between 
these threads I, and the equatorial interval we have I = iF, 
whence 



t 



180 


laANPIT IXS'CRliMEXT IX THE SIERIDIVX 


If -vve omit the factor 1 - 1 throughout, the right aacenaiou 
obtained is that which corresponds to the instant of the ohserva 
tion instead of the instant of meridian passage 


Example— The tiansit of the moon’s first limb was observed 
at the U S Ifaval Academy on May 29, 1855, as follow^a , 


(Clamp east ) 


Thread 

Clock 

I 

IS" 3”* 

57*5 

II 

4 

10 3 

III 

4 

23 2 

IV 

4 

36 2 

V 

4 

49 0 

VI 

5 

1 8 

VII 

5 

14 6 


For the Naval Academy we have ^'= 38® 47' 38", and logp 
= 9 99943 , and the longitude from Greenwich is 5* 5™ 57" 

The constants of the transit instiumeut weie m = -h 0* 251, 
i\ — 0M62, c = + 0'.093 , and hence (Ait 126) c' = + 0* 093 
— 0* 016 = -h 0*.077 The clock correction to sidereal time was 
1“ 25* 11. The equatoiial intervals of the threads from the 
middle thread were 


^-35•65 4-23*72 + 11*78 — 11*77 —23*77 -35*67 

From the American Epheraens we find for the culmination 
at the Naval Academy on May 29, 1855, 


71 = 57' 46" 1 = 15' 46" 5 

5 = — 17® 58' 53" A.a = 2* 2147 


To illustrate the method of i educing the observations to the 
middle thread, we will first find the factoi F by diiect computa- 
tion We have f'-8 = 56° 46' 31", log p sin t: cos {f' — d) = 
1 96355 , and hence 


log A = 9 99599 
log 5 = 0 01629 
log see 3 = 0 02175 
log F = 0 03403 

Multiplying the equatorial intervals by F, ive find the reductions 
of the several threads to the middle thread to be 

I II HI V VI VII 

+ 38*56 +25*65 +12*74 -12*73 — 25*71 —38*68 


THANSIIS OF THE MOOJT 


181 


The clock times of transit ovci the middle thread, according 
to the observations on the several threads, were, therefore, 


I 

15 » 

36* 

06 

11 


35 

95 

III 


35 

94 

IV 


36 

20 

V 


36 

27 

VI 


36 

09 

VII 


36 

02 

Mean T 

= 15 4 

36 

08 


To compute the instiumental collection, we have ;rsni {(p' — 5) 
= 48' 3, whence 8'= — 18° 47' 2, m + n tan S' + C sec 8' — 
0' 387, and therefoie 

(jii _j_ n tan S' c' sec S') F cos 5 ' = 4" 

^^pplying this term to the above mean, we have 

Clock time of transit of the hmb = 15* 36* 48 

Clock correction, ^ T = + 1- 25 11 

E A of the limb at transit = 15 6 1 59 

== 1 8 88 

15 (1 — 1) cos S 

U A. of moon’s centre at tiansit, 0 . = 15 7 10 47 

The factor F might have been approximately deduced fiom 
the first and last observations, which give the inteival 7= 77' 1, 
and the equatorial interval between the extreme threads is 
j = 35'.65 4- 35* 67 = 71*.32, whence 

log F = log = 0 0338 


which is snfficiently accuiate for reducing the instiumental cor- 
rection j ,„ >> 

The “ sidereal time of the semidianietei passing the meiiaun, 

„ ^ may he taken fi-oni the table of Moon Culmi- 

15(l-l)cos<5 ^ 

nations given in tbe Ephemens ^ 

The clock coirection employed in deducing the moon s right 
ascension should be deduced from stars as neaily as possible m 
the same parallel of declination (See Art 153 ) The “P^n - 

minating stars” aie stam lying nearly in the moon s path whose 
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positions have "been carefully determined foi this pnipose (See 
Vol 1 Art 229) 


155 Transits oj the sun or a jplanet —The formula (119) is applic- 
able in general to any celestial body , but, in the case of the sun 
and planets, the parallax is so small that its effect upon the time 
of transit over a side thread is inappreciable so that we may 
take simply 

jr = 5 sec 5 

(1 — cos S 


and, conseq^uently, also put S for d' The formula for computing 
the right ascension of the centre of the sun oi a planet ovei any 
given thread is, therefore, 

(m -fntaniS-f (f 8ec5)B± (120) 


in 


which (A denoting the change of right ascension in one sideieal 


second) we have 


B = 


1 — A 


The loganthm of B may be readily computed Putting not for 
the change of right ascension in one hour of mean time (which 
change is given in the Ephemeris for the sun), we have, since 
one mean hour is eijual to 3610 sidereal seconds, 


A 


3610 


*log B = — 



Aa \ 

3610 I 


_ JL 

3610 

in which M= 0 43429, the modulus of the common system of 
logarithms Performing the division of M by 3610, we find 

log 2 = 0 00012 X Att (121) 

in which ao must be expressed in seconds of time 

In the British Nautical Almanac, the change of right ascension 
not in one hour of longitude is given for each planet In this 
case, we have 


* By the fonnula log (1 — a) = — -t- -|- &e ), -where the square and 

higher powers of a; are so small as to be inappreciable in the present case 
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5 = 1 + 




the logantlim of which may also be found by (121) with sufe- 
oient accuiacy, that is, within a unit of the fifth deeiinal place 
The term ^ SB sec d, or “ the sidereal time of the semichametei 
passing the meiidian,” is given in thoEpheniens for the sun and 
each of the planets When both limbs have been observed on 
all the threads, this term is notieqnired, since the mean of all 
the obseivations is evidently the time of the passage of the centre 
Cl er the mean of the threads If this mean is to be i educed to 
the middle thread, thei e will lemain the small coriection \iB seed 
to be applied (Art 133), for which we may take sec d We may 
also put /a + n tan d + c' sec d instead of (w + n tan d + e> sec S)B, 
unless m, n, and e' are unusually great 
The reduction of transits of the sun observed with a sidereal 
clock is greatly facilitated by the use of Table XII of Bessel’s 
Tabulae JtegwmoniancB, which contains every thing necessary for 
the purpose, for each day of the i/e®) (Wol I Art 406) 


166 Ttansiis of the mn obsened wtih a mean tme chommeter — 
A mean time ehi onometer is often used with the portable transit 
instrument, and transits of the sun are then obseived solely for 
the purpose of determmiiig the clii onometer coirection In this 
case, the mean motion of the sun corresponds with that ot the 
chronometer, and therefore the factor B may be put equal to 
unity, unless we wish to obtain extreme precision hy taking into 
account the small di€erence between tlie mean motion of the sun 
and its actual motion at different seasons of the year, a degree 
of precision quite supeiffucus lu the use of a portable instrument 
If we put 


E = the eq^uation of tune for the instant of transit, positive 
when additive to appaient tune, 

S' = ^ sec d = the mean time of the sun’s semi diameter 

passing the meridian, which may be taken from the 
Ephemens, 

T = the reduction to the mendian, found either by (82), (86), 

or (87), „ . 

T = the observed chionometei time of the transit ot the 
sun’s limb over a thicad whose equatorial interval is i, 
uT= the chronometer coriection to mean time, 

t = the chronometei time ot the transit of the sun’s centre, 
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en we Tiave 
Ld 


t = r t sec 5 dt + t 
12‘ -)- B = < + A T 

aT = 12* + B — < 


m 


(123) 


Exampib— Or May IT, 1866, tlie tiansit of the sun was ob- 
srved at the Naval A-cademy with a poi table msti ument as helow 
ZHamp West) 


Thread 

Blean time chronometer 

let Limh 

2d Limb 

I 

II 

III 

IV 

V 

ll»65’‘42'2 

65 57 4 

66 12 0 
lost 

66 42 S 

11* 67“ 56* 6 
lost 

68 26 7 

68 41 7 
lost 


There had been found a = -f- 0* 86, 6 — O' 27, c O' 12, 
The thread intervals from middle thread weie 


+ 28'*‘26 + Id'** 15 - 14^* 27 - 28* 81 

The longitude being 6* 5** 57' west of Gieenwich, we find from 
the Ephemeiis for the transit over this meiidian, 

a = + 19 ® 29 'l iSr' = 67-24 JP = — 8 - 49 * 71 

The reductionB of the several threads to the middle thread, or 
the values of tsecd, are, therefore, 

I n IV V 

+ 29 * 97 + 15 * 01 — 15 ' 14 — 30 ' 03 

Applying these to the observed times, and also the quantity 
± S', we have the chronometer time of the transit of the sun’s 
centre over the imddle thread, as deduced from the several 
direads, as follows 
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Iflt Limb, 


2d Limb, 


Thread 

Chronometer 


I 

11 » 57®, 19 * 41 


II 

19 65 


III 

19 24 


1 

19 51 


r I 

19 33 

>5 ■ 

( III 

19 46 


liv 

19 32 


Mean 

= 11 57 19 42 


-0*27, 


The latitude being <p = 38° 58'.9, we find, by (87), r 
and hence, finally, ^ ^ 

1^1* -1- E = 11 56 10 29 

^r = — 1 8 86 

157 Carreciion of the transii of the noon o) ci 2ola7iLt u'hm the 
defectiLe limb has been obsened.—'Let ua consider the genera case 
of a snheioidal planet partially illmniuated The tiansit of the 
observed limb is leduced to that of the centre by oniploying 
instead of S in (119) the poiiieudicukr distance tioiii the centie 
of the planet to that tangent to the limb which lies in the due - 
tioii of the tiansit threads, oi, m the case of meridian transits, 
the peiTiendicnlai upon the declination circle which is tangen 
to the limb The forniulaj foi computing this peipendiculai, in 
gereral, are discussed in Vol I , OecaMUon. 
ha^e found that in all practical cases the foimulue (628) of p 580 
maybe considered as rigorous In those formula the angle^ 
IB the angle which the recimred perpendicular 
axis of the planet, so that, yi being the angle which this axis 
mates with a declination circle, we ha-i e here 

,> = 270° — p 01 = 90° — p 

.ccordMg a> the Itst or eecond hmb is obseitea ^ 

of p M well as of r and c teiaired aie tonnd as m Vol 1 Art 

S51. 362 

But this rigorous process will seldom he lequtied, and when 
we regard the planet as spheiical, the fomule can he simplifiei 
as follows For a spherical planet we make c = 1, and substi- 
tute the value 90° - p for t?, which applies to the 2d hmb, 
whence, hy Yol I formula (628) and (623), 

sin;^ = cosj) sinF 
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or 


B 


sin / = — cos JD sin (a! — A) 


$ 008 ;^ = ^ 008 / 


(124) 


where a' and A are the right ascensions of the planet and the 
san respectively (and a' — J. is therefore m the present case the 
sun’s hour angle at the time of the ohservation) , D = the sun's 
declination , JR, lt' = the heliocentric distances of the earth and 
the planet respectively, ^ = the apparent semidiametcr of the 
planet at the time of the observation , So = the mean semi- 
diameter (Yol I p. 578), r = the geocentric distance of the 
planet , and s" = the required perpendicular For the moon we 
may put JR = R'. 

The above value of sin ^ is deduced for the second limb, and, 
therefore, by Yol I Art 354, it will be positive when the second 
limb 18 defective Since we should have to substitute 270° 
for 4, or — cos^i for sin«?, in the case of the first limb, which 
would only change the sign, it follows that the value of sin^ com- 
futed by the above formida will be positive or negative accoiding as the 
2d or the Isi Imb is defective 

The value of s"is to be substituted for 8 m (119). 


beject op eefraction m transit observations. 

158 Since the refraction changes the zenith distance, its effect 
upon the time of transit over a side thread has the same form as 
that of the parallax If then z and z' denote respectively the 
true and apparent zenith distances, the time required by the star 
to describe the interval i is iF, where F is found by (118) ; or, 
denotmg this time by I', and putting A = 0, 

j, i sin z 

008 3 sin/ 

Now, the refraction is represented by the formula r — k tan z', 
k being nearly constant , and for values of z not greater than 85°, 
we may here assume k = 58", and z — z' Atanz', whence 
we find 


sm z 


sin / 


1 -f /. ami" =100028 
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Hence the eiToi in computing the interval by the formula 
J= isecd is 7X .00028, which amounts to 0* 01 when J= 36' ; 
and this is as gieat an interval as is evei used for an equatorial 
star The error of observation for other stars increases with the 
interval I, or as the value of sec d so that the erior pioduced 
by neglecting the refraction is always much less tlian the proba- 
ble error of observation. Moreover, the error is wholly elinn- 
mtod when the stai is observed on all the threads, oi on an equal 
number on each side of the middle thread 

If, for any special purpose, it becomes necessary to correct an 
obseiwation on an extreme thread foi refraction, we can take, as 
a very accurate formula, 

I' = t sec 5 (1 -t- * sm 1") 

A being found by Bessel’s Refraction Table (Table 11 ), and, for 
a near approximation, 

J' = i sec 5 X 1 00028 


MERIDIAN MARK 

159 Foi a ixed instrument, it is desirable to have a perma- 
nent meridian mark by which the azimuth of the telescope may 
be frequently vented A triangular apeituie (for example) m a 
metallic plate mounted upon a firm pier, with a sky background, 
makes a good day maik, the thread of the telescope being brought 
into coincidence with it by bisecting the vertical angle of the 
triangle. If the mark is sufficiently near, a light may be placed 
behind it for night observations. A simple mark like this, how- 
ever, must be so remote as to be distinctly defined m the tele 
scope without a change of the stellar focus, and even for instru 
ments of moderate power this requires a distance of upwards 
of a mile 

It IS found, however, that the apparent direction of these 
distant marks is often subject to changes from the anomalous 
lateral lefractions which take place in the lower strata ot the 
atmosphere, produced chiefiy by variations of temperature I 
a sheet of water intervenes, the mark is found to be especially 
unsteady It was to remedy this difficulty that Rittbnhouse 
first proposed the plan of placing the mark comparatively near 
to the instrument, but in the focus of a lens which receives 
th« divergent rays from the mark and transmits them to the 
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telescope in parallel lines, a suggestion wliioli lias lesulted in 
various important impiovements in the metliodb of investigat- 
ing instrumental errors, such as the collimating telescopes, the 
mercuiy collimator, &e , which have alieady been fully tieated 
of in the pieceding pages The apparent diiection of the mark 
will be that of the line joining the optical centie of the lens 
and the maik At Pulkowa, the lens foi this purpose is placed 
on a pier within the transit loom, and has the extiaordiiiary 
focal length of about 556 feet,* which is, therefore, the distance 
of the mark from the piei The maik consists of a circular 
aperture ^ of an inch in diametei, in a metallic plate, piesentiiig 
in the telescope a plaiietaiy disc of only 2" in diameter, which 
can he bisected by the thiead of the telescope with the gieatest 
precision The meiit of such a mark dej)ends on the stability 
of the two points, the maik and the lens, which determine the 
direction of its optical line These points, mounted as they aie 
upon solid stone piers, are not liable to gi eater lelative changes 
than the piers of the telescope itself, and therefore the changes 
of direction of their optical line will be less than those of the 
telescope in the proportion of the focal length of the lens to the 
length of the rotation axis of the telescope, which in this case 
was as 556 feet to 3 61 feet, oi as 154 1 IToiv, according to 
Struve,"}* the diurnal changes in the dii ectiou of the axis of a 
well mounted tiansit instruineiit aie seldom more than one oi 
two seconds of arc , but of a second of arc is a quantity abso- 
lutely imperceptible even in the best transit telescopes Two 
marks of the same kind were used by Struve, one noith and 
the other south of the telescope, and they served not only as 
meridian marks, but as collimators according to the method of 
Art 145 

In the same mannei, one of the collimators of the Greenwich 
tiansit ciicle is used as a meridian mark, although it is within 
the transit room In this case, the advantage gained is com- 
paratively small 

It is not necessaiy that the mark be piecisely in the meridian 
of the instrument It is sufficient if it is so near to it that its 
deviation in azimuth can be measured with the telescope micro- 
meter. Let A be its azimuth west of north Direct the telescope 
to it, and measure its distance m fiom the middle thread, giving 


* Disci ijption di V Ohservatoire de Doulkoca, p 126 


t Ibid p, 128. 
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the measure the positive sign when the mark, as seen in the 
field, IS to the apparent west of the thiead, then, a heing the 
azimuth constant of the telescope deteimiiied hy stars, and c the 
colhmation constant, we have 

A — a — m — e (125) 

So long as the values of A thus found appear to vary only within 
the limits of the probable errors of obscivation, their mean is to 
be taken as expressing the constant position of the maik, and 
during this period the azimuths of the transit instrument will be 
found at any time bj' the formula 

a = A -i- m c 

If tlie instrument is leversed and the micrometer distance cl 
the maik west of the middle thread is now m', we have 

a = A m' — c 


which, combined with the former equation, gives 

a = A + i(m + 
c = i (m! — m) 



which last equation gives c with its proper sign for the fiist posi- 
tion of the instrument 


PERSONAL EQUATION 

160 It IS often found that two observers, both of acknowledged 
skill, will dilFer m the time ot transit of a star observed by “ ei e 
and ear,” by a quantity which is nearly the same for all stars. 
Such a constant difference does not necessaiily piove a want of 
skill m subdividing the second according to the method of Art. 
121, but may proceed from a discordance between the eye and 
the ear, which affects the judgment as to the point of the field to 
which the clock beats are to be referred Thus, if 
a and b. Fig 44, are the true positions of a stai at 
two successive beats of the clock, we maj suppose 
the observer to allow a certain niteival ot time to p • o • 
elapse after each beat before he associates it with the 
star’s position (possibly m some cases he mav antici- 
pate the heat) so that he refeis the beats to two difteient points 
a' and b', vhose distance fiom each other is, howei'M, the same 
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as that of a and h The ratio m which the distance a'h' is divided 
he may still estimate correctly. 

The distance between a and a' may be called the absolute jper- 
sonal equation of the observei, and, if it could be determined, 
might be applied as a correction to all his obseivations But, so 
long us his observations are not combined with those of another 
obseiver, the existence of such an eiror cannot be discovered, 
nor IS it then of any consequence Tor the process of deter- 
mining the right ascension of an unknown star consists essen- 
tially in applying to the right ascension of a known star the 
difference of the clock times of the transit of the two stars (cor- 
rected for instrumental errors and rate), and this difference will 
evidently be the same as if the observer had no personal equation 

In order to combine the observations of two individuals — for 
example, to deduce the nght ascension of an unknown stai 
whose transit is observed by A, from the time of transit of a 
known star observed by B — ^it is necessary to know the difference 
of their absolute equations , — i e. their relative 'personal equation 
Thus, if the times observed by A are later than those observed 
by B by the quantity E, then B’s observations may be reduced 
to A’s (that is, to what they would have been if observed by A) 
by increasing them all by E 

The relative personal equation maj’’ be found by the following 
methods 

Ehrst Method — ^Let one observer note a star’s transit over the 
first three or four threads, and the other observer its transit 
ovei the remaining threads. Beduce the observations of each 
to the middle thread (oi to any assumed tin ead) by applying the 
known equatorial intervals multiplied by sec 8 The difterence 
between the mean results for the two observers will be a value 
of their required personal equation The mean of the values 
found from twenty or thirty (or more) such observations will be 
adopted, provided the probable erroi of such a determination (as 
found from the discrepancies of the individual results) is not 
gi eater than the equation itself, m which case the difference 
between them should, of couise, be regarded as accidental, and 
the use of a constant equation would intioduce error instead of 
eliminating it. This remark may be necessary to guard inexpe- 
rienced obseivers against an incautious adoption of an equation 
derived from insufficient data We may also remark here that 
constant personal equations are more apt to exist between trained 
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observers than between inexperienced ones, the former having 
by practice acquired a fixed habit of observation 
&cond Method — The pi eeeding method is liable to the objection 
tliat as the second obseiver takes tlic place of the fiist in a some- 
what hurried manner, his usual habit of obseivation may be 
disturbed To obviate this, let each obseivei independently 
determine the clock correction by fundamental stais, then the 
difference of these corrections, both reduced foi clock rate to the 
same epoch, will be the personal equation The equation thus 
found involves the eriors of the stais’ places and of the clock 
late The first will be inconsiderable if only fundamental stars 
aie used, but may be entiiely eliminated by the observers’ ex- 
changing stars oil a following day and taking the mean of the 
two lesults The effect of erroi in the rate will be insensible if 
the stars are so distiibuted that the means of the right ascensions 
of the stars of the two groups employed by the two observers 
are nearly equal 

1 hird Method — An equatonal telescope is sometimes used for 
the piiipiose, as follow^s Two transit threads of the miciometer 
aie adjusted in the direction of a declination ciiele, and the tele- 
scope 18 directed towards a point m advance of any stai not far 
from the meridian, and clamped The observer A notes the 
tiansit of the star over the first thread, and the obseiver B the 
transit over the second thread The telescope is then moved 
forward again in advance of the star, and clamped The ob- 
servei B now notes the transit over the first thread, and A the 
transit ovoi the second thread This gives one deteimiiiation 
of their personal equation , for, putting E = the reduction of 
B’s observation to A’s, and I — the interval of the threads for 
the observed star, M and M' the observed intervals, we have 

M'=I — E 

whence 

M-M' 

This process being repeated a number of times, M will be the 
mean of all the intervals when A begins, and M' the mean of 
those when B begins 

This method is also open to the objection that the observers 
succeed each other so rapidly that their usual habit of deliberate 
obseivation is likely to be disturbed Moreovei, if then per- 
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sonal equatlOH is required to i educe then observations made 
witb a transit instrument, it should be deteimined with tins in- 
stiument, for it is possible that the equation may not be the 
same with instruments of ditferent poweis 

The same clock, also, should be used in determining the per- 
sonal equation that is used in the observations, for it is very 
probable that the peculiarity of the clock-beat affects the equa- 
tion * 

It IS one of the advantages of the American (the electro-chro- 
nogi aphic) method of recording transits that the personal equa- 
tion IS very much reduced still it is not wholly destroyed The 
same methods maj be employed to determine its amount as 
when the observations are made by eye and ear 

It may also be remarked that not only should the same tele- 
scope and the same clock be employed in determining the pei- 
soiial equation, as in the obseivations to which it is to be 
applied, but also the observei’s general jiAysicaZ condition should 
be as neaily as possible the same Even the posture of the body 
has been found to have some effect upon the obseiver’s estimate 
of the time of transit , and it can hardly be doubted that the 
personal equation will fluctuate moie oi less with the observer’s 
health, or the condition of his nervous system 

That the personal equation depends upon no organic defect 
of either the eye or the ear, but upon an acquiied habit of ob- 
servation, seems to follow fiom the fact that it is usually gieatest 
in the ease of the most practised observeis In 1814 there was 
no personal equation between those eminently skilful astrono- 
mers Bessel and Struve, but m 1821 they difteied by 0*8, 
and in 1823 by a whole second, a piogressive increase indicat- 
ing the gradual formation of certain fixed habits of observation. 
So far from invalidating the results of either observer, this fact 
would indicate that their absolute personal equations were m all 
piobability very constant for moderate intervals of time, and 
theiefoie had no appreciable effect upon their results so long as 
these results did not depend upon a combination of their obser- 
vations vnth those of other observers 


^ Bessel found that with a chronometer heating half seconds he observed transits 
0* 49 later than with a clock beating whole seconds 
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PERSONAL SCALE 

161. Prof Peirce has called attention to the fact that expe- 
nenced obseiyers often acquire a fixed erroneous liabit of esti- 
mating paiticiilar fractions of the second Thus, y hen a star is 
really at 0* 3 from a thiead, one observer may have a habit of 
calling it 0® 4, while anothei may incline latliei to 0" 2 , or^ again, 
when the fraction is less thanO l,one invariably takes 0 1, while the 
other as invariably neglects it and puts 0 0 Thus each obseivcr 
is conceived to have his own personal scale for the division of thc^ 
second 

In a veiy large number of individual transits ovoi threads by 
the same obseiver, there is, according to the doctiine of proba-^ 
bilities, the same chance for the occuiience of each of the deci- 
mals 0, 1, 2, &c , if the ohsaiations are peifectl^ oi if the 

enrors of the observers aie pw ehj accidental^ otheiwise, one oi more 
of these decimals will occur more frequently than the lest 
Hence, by simply counting the number of times each decimal 
occuis in a very huge number of obseivations bj the same 
observer, the peisonal scale of this obseivei may be detoimmod 

It IS easily shown that the effect of an erroneous peisomu 
scale IS to inciease or diminish the mean result of a huge 
number of observations by a constant quantity Por example, 
suppose that m 1000 observations of a ceitain observei the fra(*- 
tion 0 3 appears but 20 times, while 0 4 appears 180 times, and 
that each of the othei fractions appears 100 times Then, since 
each fraction should appear 100 times, the mean of any huge 
number of observations by this obseiver will piobably be too 
great by the quantity 

(04 X 180 + 03 X 20 ) - (04 X 100 + 03 X 100 ) _ . 

1000 

The effect, theiefoie, being constant, will bo combined with 
the personal equation detei mined fiom a laige niimher of obsen 
vatioiis, and maybe legarded as always forming a pait of it 
Hence it follows that the application of tlie personal equation, 
which involves the errois of the peisonal scale, does not neces- 
sarily eliminate the ohseivei s constant error trom each obseiva- 
tion, but that it piohably does eliminate it from the mean of a 
huge numboi of observations 
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PHOBABIE ERBOR OP A TRANSIT OBSERVATION. 

162 That part of the error in the obseivod time of tiansit of 
a star which is laclepenclent of the personal equation and other 
constant errois, and is irregulai oi aecidentah may he distin- 
guished as t\\(ipTohahk eiror, and it will be the only erroi of 
observation which will affect the final i esiilt, if the observations 
of two observers are not combined It may be determined for 
each observer by comparing the seveial values of the thread 
intervals given by his observations Let 

Z==th6 ohseived interval of two threads whose equatorial 
interval is 

then, since we should have i =1 eosd, each observation furnishes 
a value of i, and from a great number of values the probable 
error r of each single determination is deduced by the formula^ 

r = 0 6745 

^ m — 1 


111 which the values of v are the residuals found by subtracting 
the known value of i from each value found from observation, 
and 7)1 is the number of observations 
Now put 


s = the probable error of the observed time of transit of an 
eqmtoiml star over a thready 


then, since the time of transit over each thread is affected by 
this error, we have 


whence 


2e*==: 


e = 0 6746 


V2rm — 


2 (m — 1) 


Example* — ^Prom the transit observations made by Mr Ellis 
at the Greenwich Observatory in 1843, the observed intervals 
between the successive threads (i e, from Ist to 2d, from 2d to 3d, 
&c ) were found as m the following table the true equatorial 
intervals being those given m the fourth column The difference 


* Appendix, Art 17 
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between the computed and the true equatorial interval {vj is 
given m the fifth column, and the last column gives 


1843 

Obsenred 

/ 

Computed 

t = /sec<i 

True 

t 

V 


March 8 

13*8 

12*79 

12*89 

-0*10 

0 0100 

Taun 

13 8 

79 

76 

+ 03 

9 

5 = + 22® 27' 

14 0 

93 

87 

-1- 06 

36 


14 0 

93 

91 

-h 02 

4 


13 7 

66 

88 

— 22 

484 


13 6 

57 

86 

— 29 

841 


13 8 

85 

89 

— 04 

16 

t Taun 

13 8 

85 

76 

-t- 09 

81 

« = -f 21° 21' 

13 9 

94 

87 

+ 07 

49 


13 9 

94 

91 

+ OS 

9 


13-8 

85 

88 

— 03 

9 


13 7 

76 

86 

— 10 

100 


13 7 

65 

89 

— 24 

576 

/I Geminor 

14 0 

93 

76 

+ 17 

289 

S= + 22° 35' 

14 0 

93 

87 

+ * 06 

36 


14 0 

93 

91 

-t- 02 

4 


13 9 

84 

88 

— 04 

16 


13 8 

74 

86 

— 12 

144 


II 



= 0 2803 


Hence we find, by the above formula, 

e = 0* 06 

Taking a much greater number of the observations made by 
Mr Ellis of stars from the 3d to the 5th magnitude, I found 
e = 0' 056, which ib piobably smaller than will be found for 
most observers In the case of anothei well trained observer, I 
found 6 = 0* 08. 

In the same manner, from a large number of Mr Ellis’s ob- 
servations of the moon I found his probable error in observing 
the transit of the first limb ovei a single thread to be 0* 074, and 
for the second limb 0* 071 In the case of another observer, I 
found for the first limb 0' 078, and for the second limb 0*.094 
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If we assume, then, that for moderately skilful observers 
fi = 0^ 08 for a star, the probable error of the mean of the ob- 
servations over seven threads will be 0® 08 — |/7, or only 0* 030, 
the star being in the equator For the declination S the pro- 
bable error will be 0® 03 sec 3 

The probable error thus found is the accidental eiior, com- 
posed of the error of the observer in estimating the fractions of 
a second (including the errors of his personal scale), and of the 
error arising from unsteadiness of the star , but it must not be 
taken as the measure of the degree of precision m the deduced 
right ascension or time ^ 

163 The error of the right ascension derived from a single 
complete transit is composed of the following eirois 

1st The undetermined mstiumental orrois, depending upon the 
errors in the deteimination of the constants a, b, and 
2d The eirors of the assumed clock corioction and late, 

3d The erior aiising from irregularity of the clock, 

4th Theeirorin the observer’s peisonal equation, aiising horn 
an imperfect determination of the equation, oi from fluelini- 
tions 111 its value, depending on the observer’s physical and 
mental condition , 

5th The accidental eiroi of observation, composed of the ob- 
server’s erroi m estimating the fi actions of a second, and of 
errors aiising from unsteadiness of the stai , 

6th The eiroi arising from an atmospheric displacement of the 
stai, which may possibly be constant duiing the tiansit ovei 
the field of the telescope, and may be called the cAilvnnafuni 
error 

We may form an estimate of the total effect of all these 
sources of error by examining the several values of the light 
ascension of a fundamental star deduced fiom different culmi- 
nations, and reduced for precession and nutation to a common 
epoch Thus, there were found from the diffei ent observations 
of tbe transit of oc AnetiSy in the year 1852 at the G-ieenwich Ob- 
servatory, the following values of its mean right ascension on 
Jan 1, 1852. Putting a = P 58*” 60® + the values of x were — 


* In tins connection see the remarks of Bbssel in the Berlin Jahrbuoh for 182S 

p 166 
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X 

X 

0*40 

0*84 

44 

31 

89 

42 

89 

45 

42 

53 

40 

35 


X X 


0*59 

0*37 

42 

84 

42 

34 

46 

59 

38 

24 

32 

31 


The mean is x = 0* 40 , and from the differences between this 
mean and the seveial values of x we deduce r = 0' 057 as the 
probable error of a single determination of the right ascension 
of this star In the same mannei, I find from the obseivatious 
of y Geti during the same year r = 0* 063, and foi a Li bce Majoris 
1 = 0M31 If these be multiplied by the lespective values of 
cos 5, we have 0* 053, 0' 063, 0* 063, the mean of which, or 0* 06, 
expresses nearly the probable eiror of a single deterinuiation of 
an equatoiial star with the transit circle of the Gieenwich Ob- 
servatory in 1852. A larger number of stais should be ex- 
amined to determine this error with certainty , but the above 
will suffice to illustrate the mode of pioceeding It must not 
be foigotten, however, that this instrument is nevei leversed, 
and all its lesults may be affected by small constant errors 
peculiar to the several stars 

If we denote the probable error of observation, or the 5th of 
the above enumerated eriors, by e, and the combined efiect of 
all the 1 est by Sj, we have 


r’ z= e’ Sj* 

whence, taking r == O^OG, and e = 0^ 03, as above found, we 
deduce = 0^ 052 so that if e were i educed to zeio— that is, 
if the observations were made perfectly— tlie right ascension 
determined by a single transit would bo impioved by only 0 01, 
Hence it follows that an increase of the number of th cads for the 
purpose of reducing the error of ohsen mtion would be attended by no 
important advantage 

Bessel thought five threads sufiicient- 


164 We sec fiom these pimciples that the weight of an ob- 
served transit is not to be assumed to vary as the iiumhei of 
threads, as it would do were there no culmination error or un- 
known instrumental errors For practical purposes it will be 
suflBlcient to regard the piobable erroi of a transit as composed 
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only of tte error of observation and the culmination erroi The 
latter will then be the quantity denoted above by Sj , and, if we 
now put 


e = the probable error of a transit over a single thread, 

^ = tho mimber of threads observed, 

T = the probable error of the observed right ascension^ 

we stall have 

»'*=V + - 

* n 

If then we also put 

■® ~ probable error of an observation whose weight la 
unity, 

p = the weight of the given observation, 
we shall have, according to the theory of least squares. 


P = 



(127, 


The unit of weight is arbitrary, and hence JEJ also is arbiti-aiy 
If iVis the total number of threads iu the reticule, and a complete 
observation on them all is to have the weight unity, we shall 
have 





and the formula will become 


P = 



( 128 ) 


If we substitute the values £,= 0 052, e = 0 09, which are sufR- 
ciently accurate for an approximate estimation of the weights of 
observations, we shall find, very nearly,* 


P 


1 + - 
_ JV 

1 + ^ 

' n 


( 129 } 


* See al30 Vol I Art 236. vhere » eUghtiy different formula le obtained 
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This will be a very convenient formula in practice in cases 
where theie is no reason to depart from the above assumed values 
of £ and s The obseiver who has determined these quantities 
for himself will, of course, employ (128) diiectly 

It may be useful to illustrate, by the aid of this foimula, the 
proposition announced at the end of the preceding article It 
JV= 7 and JE— O’ 062, the w-eights and probable errors of obser- 
vations on one oi more threads will be as below . 


n 

p 

E 

s/p 

1 

0 36 

0* 104 

2 

0 57 

0 082 

3 

0 71 

0 073 

4 

0 82 

0 069 

5 

0 90 

0 065 

6 

0 95 

0 063 

7 

100 

0 062 

25 

125 

0 055 

00 

143 

0 052 


We see that the advantage of seven threads over five is almost 
insignificant, and Bessel’s opinion is confirmed 


165 The probable eiror of a single transit of a star recoided 
by the electio-clironograph does not appear to be much less 
than that of one observed by eye and ear by expciienced ob- 
servers ,* but It must be remembered that it takes but a short 
time to acquire the requisite skill in the use of the chiouograph, 
while the small probable eirors by eye and ear above adduced 
are evidences of long tiaining The peisoiial equation, however, 
IS much less in the use of the chronograph, and piobably 
more constant It is not unlikely that a considerable portion ot 
the total erioi of a determination of right ascension, as above 
found, IS the result of variatious in the observei’s personal equa- 
tion, and, if so, the substitution of the chronograph foi eye and 
ear vfill carry these determinations to a still more remarkab e 
degree of accuiacy . 

S^TpTTT'goulp’s Bepoii m tl.e U S Coast Sm.ey Repoit for 1867, p 807 
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APPLICATION OF THE METHOD OF LEAST SQUARES TO THE DETER- 
MINATION OF THE TIME WITH A PORTABLE TRANSIT INSTRUMENT 
IN THE MERIDIAN 

166 111 the use of the portable tiansit instruiuent in the field, 
it IS not always possible to mount it so fiiunly that its azimuth 
and level can be absolutely relied upon as constant foi a whole 
day Frequently it is necessary to take all the observations at 
a given place within a few hours We must then observe such 
stars as aie available at the time, and so conduct the obseivations 
and their reduction as to obtain the most ohahU result 
First, as to the observations — ^The instiiimeiit having been 
brought very near to tlie meridian (see Ait 125), a nnmbei of 
stars must be observed in both positions of the lotation axis, 
and, in general, about the same numbei of stais in each position 
Among these must be included at least one circiimpolai stai, 
and, if possible, two or thiee, one or more being below the pole 
The level should be observed at the beginning and end of the 
series, and before and after each reversal of the axis 

Secondly, as to the computation — W^ assume that the thiead 
intervals have been well determined, as also the value of a 
division of the level If they have not been found befoye the 
observations, they must, of course, be determined subsequently, 
only observing that no change of the instrument has oecuiied 
which might change the value of the thiead iiiten^als The 
mean of all the level deteiminations should be adopted as 
the constant value of h for all the obseivations, unless the dif- 
ferences of the several values are gieatei than the piobable 
errors of observations made with the paiticulai spiiit-level used, 
m which case it will be better to inteipolate a value of h for 
each star from the actually ohseived values The chronometer 
time T of tiauBit over the middle thread oi the mean thread 
being found for each star by employing the thiead iiiteivals when 
necessary, we shall suppose that ohseivatioii has furnished only 
Tand h for each stai. The rate 5 2^ of the chronometei is also 
supposed to be approximately known The constants a and c, 
and the clock correction aT, are tlien to be found by a pioper 
combination of the observations Let us put in foimnla (87), for 
each star, 

A = the azimuth factor = sm — d) sec 
B = the level factor = eosf^p — sec 
C = the eolliiuation factor = sec <5, 



201 


IN TUB MERIDIAN 

also, let each observation be i educed to some assumed time 7;, 
and put 

. m _ chronometei collection at the time 
“ 0 


whence 

Let 


so that 


= AT,+ STiT- T,') 

t) = an assumed approximate value of A T, 
= the required coirection of 

Ad = A 


then the formula (82) becomes 

a = T + + A# -t- oT^T— T(,) -\- Aa -\- Bh -\- Cc 

m which eveiy thing is known except the small quantities a( 9, a, 
and c If we now put* 

t= r+ 5T(T — r„)+ B6 

— (a — t) 


then, since a - t and & aie each neaily equal to the clock cor- 
rection, to is a small lesidual, and the equation is 

Aa^ Cc + A>» + to = 0 (130) 


Each star gives an equation of condition of this form, and from 
all these equations the most probable values of «, c, and At!> will 
be found by the method of least squares The sign of the teini 
Cc will be changed when the axis of the iiistrument is lei eisec 
If the observations aie extended over a numbei ot hours, i 
will not always be safe to assume that the azimuth « has been 
constant duiiiig the whole time W e may then divide the obser- 
vations into two groups, in one of which the azimuth will be 
denoted by a and in the other by a' The normal equations, 
formed by combining all the equations in the usual mannei, will 
then involve the four unknown quantities a, a', c, and a 

To deteimine the mean erioi of the resulting value ot a^, i 
must be lemenibeiod that when a and c have been eliininate y 

For gi eater preoiaioii (not always required in the use of a portable instrument), 
we may Low for the diurnal aberration Since <x requires the correction -f- 0* 021 
COP (p sec we have merely to take 

^ _ yr ^ ^T[T-^ Tq) -1- J56 — 0» 021 cos^ sec iS 
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successive suT^stitution, taking caie to iiitioducc no new factoi 
into the equations, the coefficient of in the resulting final 
equation will be the weight p of the value of thus determined * 
Then, substituting the values of a, c, and a<> in the equations of 
condition, and denoting the residual in each by i?, we have the 
mean error of a single observation by the formula 



in which [vv] = the sum of the squares of the residuals, m = the 
number of observations, and p = the number of unknown 
quantities 

The mean error of a<? and a 2], will be 

and if we wish the probable eriois, we multiply the mean errors 
by 0 6745 

If any residuals are so large as to thiow a doubt upon the 
observations, such doubtful observations ma^^ be examined by 
Peirce’s Criterion f 

If an observation consists of tiansits ovei only a portion of the 
threads, it may be well to give it a diminished weight, multipl;v - 
mg its equation of condition by the squaie loot of the weight 
found by (129) 

If the collimatioii constant c has been previously determined, 
we have only to include the term Cc in the quantity t, thus, 
putting 

t=T+ n\T— z;)4- ^6+ Gc 

W= ^ — (a — C 

the equation for each star will be 

Aa + At5 + w? = 0 (131) 

and the determination of a and a«? from these equations is then 
exceedingly simple 

Example. — The folio wmg observations were taken on the 
United States North-W estern Boundary Survey with a portable 


* See Appendix 


f See Appendix, Ar+„ 57-60 
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tiansit instrument in the meridian The stars were mostly 
selected from the British Association Catalogue, and are con- 
veniently designated by their numbers in this catalogue. But 
their apparent places have been derived from the more reliable 
authoi ity the Greeim ich Twelve Y ear Catalogue Tim appai ent 
place oiaTJrsoi Majmis is derived fioin the Amencan Bphemeris 
Other stars fiom the British Association Catalogue, observed 
on the same evening, have been excluded because they are not 
given in the later catalogues 


Camp Simiahmoo — 1867, July 27 Latitude 49® 0 N 


No 


Star 


1b A C 6890 
6484 
“ 6441 

“ 6489 

“ 6836 \ 

n *< j 

“ 8232 S 

“ 3846 S 

7686 
“ 7778 

8647 S 
a Urs Maj S 


Threads 



X 

I 

II 

m 

IV 

V 

VI 


W 

16«3 

43*6 

12' 3 

40*8 

9' 2 

37* ’ 



27 2 


16 2 

38 8 

2 3 

26 


«( 

23 8 

47 8 

11 3 

35 3 

68 6 

22 


<( 

121 3 

[46 8 

12 5 37 8 

2 8 




80 3! 

83 3 

38 2 42 o' 




E 

52 3 

48 2 

43 9 



p 

(( 

32 1 

86 9 

48 2 49 4 

54 5 

59 

p 

u 

89 7 

22 7 

7 0 50 1 

33 6 

16 


<< 

53 1 

40 0 

26 *3 

f 18 9 

0 7 

48 


u 

48 3 

8 9 

29 2 49 4 

10 3 

30 

p 

(< 

26 8 

120 7 

17 5 11 8 

1 7 8 

1 1 

p 


32 7 

19 8 

1 7 9 55 C 

>42 C 

130 


Mean. 


22 ^ 4 ”* 
22 10 
22 11 
22 18 
13 
23 13 
46 
6 

22 
34 
67 
19 


Lerel 


40* 76 + 0^ 76' 
38 68 

36 10 

37 58 
41 63 
40 49 

48 84 
50 04 
14 04 

49 78 


— 0 70| 

— 0 61 
— 0 48| 

44 
421 


-0 
0 

11 86 —0 38| 
55 061—0 33! 


The threads are numbered from the end of the axis at which the 
illuminating lamp is placed, and the seconds of the chronometei 
are recorded, not m the order of observation, but in the columns 
appropriated to the several threads. The column “ Mean gives 
the time of passage over the mean of the threads, employing in 
the case of the defective tiansits the following equatorial inter- 
vals from the mean 


-f65'82 -I- 44* 05 -+-21*84 —0*08 


«5 •• ’ 

— 22*00 —43*79 —65*85 


where the signs are given for Lamp "West The column marked 
L gives the position of the lamp end of the axis The value ot 
one division of the level was 0* 105 Only one ohservation of 
the level was made during the observations “ lamp west Two 
observations of the level were made during the observations 
“ lamp east,” one near the beginning, the other near the end, ol 
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tlie senes, from whioh those given in the table are obtained by 
interpolation 

Stais observed at tlieir lower calniiuations are maiked S. P. 
(sub polo) 

The chronometer was sidereal, and its rate was losing 0’ 40 
daily 

A tirst computation of the observations having shoTsui that the 
observations lamp west and lamp east give very^ diffeient lesults, 
the piesumptioii is that in reveismg the axis the observer dis- 
tiiibecl the instrument, a supposition rendered still more probable 
by the change of level. It will, therefore, be propei to compute 
the obsenatioiis upon the supposition of a different azimuth for 
the two positions of the axis 

The apparent places of the stars on the ffiven date were as 
follows 


Stai 

a 

tJ 

B A 0 

6390 

18‘ 

39”* 

38* 

71 

+ 

39° 

31' 

u 

6434 

18 

45 

35 

70 

— 

22 

56 

u 

6441 

18 

46 

31 

91 

— 

22 

61 

(C 

6489 

18 

53 

34 

36 

— 

30 

5 

a 

6836 

19 

48 

41 

61 

+ 

69 

63 

(( 

3232 

9 

21 

46 

76 

+ 

70 

29 

u 

3346 

9 

40 

48 

22 

+ 

59 

44 

n 

7686 

21 

57 

14 

44 

+ 

72 

28 

u 

7778 

22 

9 

49 

07 

+ 

56 

18 

a 

3647 

10 

32 

9 

78 

+ 

66 

30 

1 aTJrs ]Maj 

10 

54 

53 

21 

+ 

62 

31 


The observed times of tiansit are to be reduced for the chro- 
nometer s rate to some common epoch, which we shall here 
assume to he by the chronometer. The assumed correc- 

non of the chronometer at this time will be 

— 3 ‘ 26 ’’^ 0 * 

The formation of the eiiuations of eondition for the first and 
last stars is as follows : 
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B A 0 6390 


a XJisse Maj S P 


log sec 
log COS 
log feiu 

log cos (<P — 3) sec 3 = log -B 
log sin (?> — '5) see S = log A I 

A 


39° 31' 
+ 9 29 
01127 
9 9940 
9 2169 
01067 
9 3296 
+ 0 214 
+ 1296 

+ 0*08 


Observed mean 22* 4”‘ 40“ 76 


Diurnal ab = — 0“ 021 cos <p sec S 


117° 29' 
-68 29 
jiO 335b 
9 5644 
n9 9686 
w9 9002 
0 3044 
+ 2 016 
— 2166 
+ 0“03 


2* 19* 55* 06 

Bate to 0* I — 0 03 + 0 04 

£b + 0 10 + 0 02 

cos (p sec (5 — 0 

/ 22 4 40 81 2 19 55 15 

a 18 39 38 71 22 54 53 21 

— 3 25 2 10 -3 25 1 94 

Assumed >9 — 3 25 0 — 3 25 0 

?o + 2 10 + 1 94 


Denoting the azimutli of the instrument for L W by a, and 
that tor L E by and changing the sign of e foi D the 
equations of condition for those two stais aie, thorefoie, 

+ 0 214 fl + 1 296 c + + 2* 10 = 0 

+ 2 016 rt' + 2 106 c + n# + 1 94 = 0 

The equations foi the othei stais being found in the same 
mannei, we have then 

1 + 0 214 a + 1 296 c + a.9 + 2“ 10 = 0 

2 + 1032a + 1086C+ a.9 + 2 96 = 0 

3 + 1031a + 1085C+ a.9+3 17 = 0 

4 +1 135 a + 1 156 c + a>^ + 3 19 = 0 

5 — 0 732 a + 2 056 c + 0 707 + 0 15 = 0 

6 — 0 732 a' ~ 2 056 c + 0 707 — 0 97 = 0 
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7 + 2 606a' + 2 993c 4 - + 2 22 = 0 

8 + 1 879a' + 1984c 4 A.J + 1 91 = 0 

9 — 1 322a' — 3 319c4 — 0 58 = 0 

10 — 0229a' — 1802c 4 A»l> 4 0 58 = 0 

11 4 2 264 a' 4 2 508 c 4 a.9 4 2 18 = 0 

12 4 2 016 a' 4 2166c 4 A.? 4 1 94 = 0 

where the 5th and 6th equations hav’e been multiplied by i/J, 
thus giving each but one-half the weight of an ordinary obser- 
vation, because the star was observed on but half the threads * 
The normal equations are 

3 998a 4 0 4 2325c 4 2 894 a.? 4 10 283 == 0 

0 4 21 848a ' 4 27 881c 4 6 697 a# 4 19 569 = 0 

2 325a 4 27 881a' 4 51 969 c 4 9 153 4 36 352 = 0 

2 894a 4 6 697 a ' 4 9 153 c 4 11 000 Ad 4 19 090 = 0 

from which we find 

a = — 1*681 
a'= — 0 083 
c = — 0 423 

Ad = — 0 891 with the weight p = 6 775 

This example is instructive in several respects The instru- 
ment was reversed upon the star B A 0 6836 for the purpose 
of deducing the value of c But, upon the supposition that the 
azimuth remained unchanged during the reversal, we find 
= — 0* 267 The danger of disturbing the instrument 111 re- 
versing the axis is, of course, greater with small instruments, 
and always requires great caution Again, the observer neglected 
to observe the level immediately before and after the reversal, 
the values of b given m the table being inferred from observa- 
tions taken at the time of the transits of I^os 1, 7, and 11 If 
the level had been observed moie frequently, as it should be, 
the disturbance of the azimuth might have been suggested to the 
observer himself, who, however, appears not to have suspected it 
But we shall obtain still further instruction from this example 
by substitutmg the values of a, a^, c, Ai? in the original equa- 
tions of condition The residuals v will exhibit to us the ano- 
malous observations. "We find : 


» To proceed more accurately, we should have computed, by (129), the weights of 
the fmr defective observations, the 2d, 4th, 6th, and 6th We should have found 
the weights 0 96, 0 89, 0 82, 0 71 respectively 
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No 

V 1 

vv 

1 

4- 0* 302 

0 0912 

2 

— 0 125 

0156 

3 

Jf- 0 086 

0074 

4 ' 

— 0 098 

0096 

5 

— 0 120 

0144 

6 

— 0 669 

4475 

7 

— 0 153 

0234 

8 

-1- 0 024 

0006 

9 

0 043 

0018 

10 

4- 0 470 

2209 


4- 0 040 

0016 

1 

— 0 034 

0012 


= 0 8352 


Hence, the number of observations being denoted by m — 12, 
and the number of unknown quantities in our equations by 
= we have the mean eiror of an observation of the weight 

unity, 

j = 0*323 

\ m — 


The large residuals of Fos 6 and 10 point them out as probably 
anomalous, but, before rejecting them, we will apply Peirce s 
Criterion Since Table X is adapted only to the cases of one 
and two unknown quantities, we shall have to employ Table X 
Commencing with the hypothesis of but one doubtful observa- 
tion, we assume for a first tiial x = 1 5 

1st Approx 

= 1 « 

Table X A log T 


m = 12, fx = 4, 


log R 


2n 


m — n 


11 


log A* = log I 


1 ^ 

TVA 

r! 

— A* 


m 


— =1 


«_ 1 = 7(1 -A') 


X 


8 5051 

9 3973 

91078 

9 8378 
0 3117 

2 1819 
31819 
178 


2(1 Approx 

178 

8 5051 

9 3464 


91587 

9 8470 
0 2970 

2 0790 

3 0790 
176 

xe = 0* 568 


n 
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The residual 0.669 siupasses the hruit 0*.668, and hence the 
6th observation is to "be rejected We must then pass to the 
hypothesis of two doubtful observations, for which we com- 
m^ee by assuming jt = 1 6, and then with - 2 we hnd 
!t — 1 49, xs — 0'.481 Hence the 10th observation is i/of to bo 
I ejected Thus the only observation to be rejected as anomalous 
IS the 6tli, and our hypothesis of a disturbed state of the iiistni- 
meiit produced by reversal is confirmed 
If we noil foiin normal ecjuatioiis from the remaining eleven 
equations of condition, ve shall find the values of the unknown 
quantities to he 

S 

« = — 1* 636 
fl' = — 0 092 
r = — 0 367 

= — 0 999 with weight jj = 5 963 

and these values substituted m the equations of eoiiclitioii give 
the leaiducils and moan errors iis follows: 


No 

V 

[WJ»] 

1 

-1- 0*276 

0 0762 

2 

— 0 126 

0169 

3 

+ 0 086 

0074 

4 

— 0 089 

0079 

6 

- 0 114 

0130 

7 

— 0 120 

0144 

8 

+ 0 010 

0001 

9 

— 0 239 

0571 

10 

+ 0 264 

0697 

11 

+ 0 051 

0026 

12 

— 0 040 

0016 

m — 

■m = 7 

e- J 

yiTn — fz 

[t'u] = 0 2659 

= 0* 195 


The lOtb observation is now well 
riou does not reject any of them 
T. lie mean error of is 


representof 1., and the Onte- 


eo = --^ = 0*08 
VP 

and the probable error 0* 05. 
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Hence we hare, finally, the chronometer correction at 0^ 

= — 3* 25“ 1' 00 ± 0* 05 

THE TRANSIT INSTRUMENT IN ANY VERTICAL PLANE 

167 The foimnlffi (78) and (79) apply to any position of the 
ms+niment When the instrumental constants rn and n are known , 
or Avhen a and b are given, fiom which m and n can he found by 
(78) the formula (79) determines the apparent east hour angle 
r of the observed object at the time of its^ transit over any 
oivon thiead whose distance fiom the collimation axis is c The 
constants are found by eorabming observations of stars near to 
and lemote fiom the pole, as will be illustiated heieaftei 
When the transits ovci several thieads have been ohseived, 
each may be sepaiately reduced by the geneial foimuhe , but it 
IS necessaiy also to have the means of i educing them all to a 
common instant I shall, therefore, heie cousidei the most 
geneial case of an obseivation of the moon’s limb on any given 
thiead, and investigate the formula for i educing it to the middle 
thiead, or to the" collimation axis of the instrument This 
general formula will be applicable to any other object which 
has a proper motion and a sensible diameter Let 

0 = the sidereal time of the observed transit of the 
moon's limb over the given thread, 

I = the equatorial interval of the thread from the middle 
thread, 

a, 5 = the true E A and decl of the moon's centre at the 
time 0, 

Jjd' = the apparent E A and declination, 

^ the moon's geocentric semidiameter, 

= the moon's apparent semidiameter 

At the instant the moon’s limb touches the tliread whose ais- 
tance fiom the middle thread is t, the ecntie of the moon is at 
the distance i ± s' from the middle thread, and, consequently, at 
the distance c + i i s' from the collimation axis of the telescope 
The apparent east hour angle of the moon’s centre at this 
instant is 

7- = a' - © 

Putting then c + i ± s' for r and a' — © for r in (79), we have 

VOL II— u 
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Bin (c + I ± s') — _ g,jj a sin 5' _ cos n cos S' am (0 - »' + m) 

== Sin n sin (J' — cos n cos m cos <5' sin (0 — a') 

— cos n sm m cos d' cos(© — » ) 

heie the apparent declination and right ascension are employed, 
■^iiice It IS the moon’s apparent place which is observ^ed To in- 
ti oduce the geoceatnc quantities, let 

» = the moon’s equatona’ horizontal parallax, 
p,9 = the earth’s radius and reduced latitude of the place 
of observation, 

J, = the moon’s distance from the centre of the earth 
and the observer respectively, 

then, putting 



tve find from VoL I , equations (132), 

/ cos S' sm (0 _ a') = cos d sin (0 — „) 

/ cos 008 (0 _ a') = cos d COS (0 — a) — Sill t: COS f ' 
= sin 3 — p am ^ gijj ^ 

Substituting these values, we obtain 


/ (c + i ± s ) sin 1" em m sin S - cos n cos 3 sin (0 — o m) 

-}- p sin 3 : sin sm n-j- p sm ti cos 9' cos n sin m 

(132) 


we declination are, however, vanable, and 

IV e should introduce into the formula their values for some 
as=.uined epoch Let this epoch be the sidereal time, 0„, which 
IS the common instent to which the observations on the several 
threads are to be reduced, let 


•o, - Ae true right ascension and declination at the time 

Aa = the increase of the right ascension m one minute 
of mean time, 


: tne increase of the deelmation (to'wards 
in one minute of mean time, 




and put 
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j_ 0^ © = the requned reduction, 

, _ = the increase of a in 1* of sidereal time 

~ 60 164 

1/ _ a “ ‘ 

60164 


then, if 1 18 expressed in seconds of arc, we have 
a = 0.0 — 5 = 5 , — J5 HI 

0 _ ^ 0 ^ _ a,-( 0 o - 0 ) + K - o) = 0 , - a. - (1 -0 J 


Bin(0-o + w) = 8m(0o — oo + m) nn2 8mi7 

_ (1 — X)cobIQ„— + — ^ Bias-' 

[in which (1 — A) sin i J is put for sm ^ (1 — A) i] 


sin 5 = sin 5, — —cos 5, 2 sm U 
cos 5 = cos 5„ + — sm 5, 2 sm 4 1 

iO 


Substituting these values, our formula becomes (omitting a term 
multiplied by the exceedingly small quantity H sm ) 

f(c+i± s') sml"= — sin n sm 5, — cos n cos <\ sm (0, — o, + m) 

_|.pemjr8m^5'smji + /osm:rco8 9>'co8msmm 

_|.^l_>l)cos ncos 5 ,co 8 [0,— o„+”*'~Kf 2 sni 

-f- ^ 5 / [sm n cos 5,-008 n sm 5,8m(0o— Oo+»i)] 2 sm 42 


In this formula, we may consider 7 as the only quanta y which 
varies with the tame , for, although/, s', and vary slightly, their 
variations will not usually be sensible, or, if sensible foi a single 
thread, their effect will disappear when the epoch is nearly the 
mean of all the observed tames 

If now ©0 18 the tame of transit of the moon s centre over the 
great circle of the instrument, this formula gives 

0 = — sm Ji sm 5, — cos n cos 5„ sm (0, — a, + m) | 

4 - /> sm n sm smn+p sm n cos / cos n sm m J 

Subtracting this from (133), and, for brevity, putting 


< == 0 , - a, + m 
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we fiad 

28in / (c 4- » ± s') SIP 1 " 

(1 — A) cos n cos 5„ cos [f — J (1 — A) J] + A'iJ 

Tins 18 equivalent to the formula given "by Saivithch (Prari 
A.stron , Vol I p 303) , but he has not observed that the expres- 
sion for P may be put under a much moie simple form In so 
small a term as we need not consider the effect of tlie 

parallax upon the factor 12 ; but when we neglect the paiallax 
we have, by (134), 

0 = — Bin M sm — cos n cos sin t 

Multiplying this by sin and subtracting the product fi jin 
R eos we find 

R cos Sq = sin 71, or iE = sin n sec 5 ^ 

It is also to be observed that hy the formula (246) of Yol 1. 
we have 

/s' = s = the true semidiaineter 
Hence our formula heeomes 


2 sm i Iz= - / (c + 1 ) sin V' ± s sm 1" 

(1 COB n cos eos [f — 1 (1 — A) 2] -j- A'sin n sec 


(135) 


or, when I is small, as it usually is. 


(1 - A) cos a cos cos [f— 1 (1 — A) 2] + ^ A'sin n sec 

This formula, then, gives the redaction of the observed time 
of transit of the moon’s limb over any given thread to the time 

of transit of the moon’s centre ovei the great circle of the instru- 
ment 

If we omit s in the numerator of the second memher, 2 
becomes the reduction to the time of transit of the limb over the 
great oirele of the mstrunient 

If we omit Jc ± s, J heeomes the reduction to the time of 
transit of the hmb over the middle thread 

The factor/ is determined rigorously by (137), Yol I • but it 
generally safdces to take 


sin Z 





IN VKRTIGAL PLANE 

^vhicli IS very nearly exact, according to (101) of Vol I The 
finder of the instrument .vnll give the apparent zenit^i distance 
' and the ditfeience between this and the true zenith distanc 
will he found with sufficient accuiacy hy the foininla 

sm Cr — C) = P 8inirsin(C' — r) 

in which, a being the azimuth constant of the instrument, 


01 , very neaily, 


(p*) COS a 

y — — ^') COS n cos m 


For the sun or a planet we can always put = 0 and C - CS 
and the formula becomes 

c-\- i±s ( 136 ) 

(1 — A) COS n COB SjCOB (t — J T) 

For a ftxed star, we farther pat A = 0, s = 0, < = ©« — ® 
and the formula becomes for stars near the pole, 


2 sin i / = 


and for other stars. 


(c -I- I) sin T' 
cos n COB S cos (t — i I) 


cos n cos 8 cos (t — i 1) 


(187*) 


In all cases we must carefully observe the sign of I m the 
oT tie second mier Jmll ie negetoe when 

the observed time is later than the tune to 
is made and then — 1 Iwill be essentially positive An approx 
mate vaWe of Jmust first he found byneglectmg 
member, and then a more precise value hy the 

If the azimuth a and the level b are given, m and n 
be found by (78), in which, however, we may "Bii^lly neg 
when our oVect is merely to reduce the several threads to 

common in-stant 

m Tor a fixed star, another formula has been given by 
Haxsbit We have 


sm (c -f- 0 = 


Binnsin^ — cosneos ^sin — 7) 

— sin n am S — cos h cos S sm t cos 1+ cos ii cos S cos t sm 1 
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If the reduction is made to tlie collimation axis, we have 
0 = — Bin n 81 XL d — cos n oos d sin t 
which, snhtracted from the above, gives 

sm (o -|- ^) =2oos ncoB ^ sin ^ siu* J /-I- oos n cos S cos t sm I 
whence 


COB n cos d OOB t 


2tan«Bm*K 


whi^ IB a ngorouB fomtila IVe see also that t may be foui 
by the formula 

sin f = — tan » tau a (18 

169. 2b deduce the moon's ngkt aseensvmfron an observed iron 
m owy gmenjmiiim of the mstnaneni —We first find the clock tin 
of ^^sit of the moon’s centre over the great circle of tl 
inatrument, from each thread, by applying to the observed tin 
the reducton given by the formnla (185) Let 2; be the me£ 
xv ^^sultmg times, and the corresponding correction c 
the clock ; then ve have ©„ = 2; + a 7; and from (184) we dedn< 


sm in)=-tan n tan«,+/)Biii w | B^Py'*»-n«+coBy’einm | 

m which and ^jare the true right ascension and declmatio 
at the sidereal time 0^. 

• find the apparent light aecei 

aion by the formula 


(©, — 0 ^' -f- m) = — tan n tan d,' 

and the troe rigit aecennon by t^lymg the pualla 

aompated by A*. 102, VoL I , bnt it mU thei iS aec^ t 
compute the apparent decimation 5/ 

It wiU be easy to deduce from (140) the formula for the oas 

where the ma^ment is in the meridian, which has already bee 
given m Art 164. ^ 

^ supposed to be known, may b 
found from the transits of two stars as m the next article. 
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OF THE MBEIDIAN 

170 The iiumher of IS'autical Almanac stars neai the pole is 

.ll ^l.rSe observer m the field, wheupiessed foi time 
80 small, that the ^he mendiari, and 

It dt^:b; oTht^ ~ 

If the transit instrument is mounted so as J 

in azimuth and clan^T®^ 

with the “ universal instruments , it ma> bo uiiect 
Tto^tal Bto. n.« the pole, aud then. .t. '"“‘O" ^'"S 

levelled, .t. «<>“^ ^er to. citd. be.es 

lZrled,X general eiaatons 

"tlic iristriiTii0ivt nATi'liGrii lionii"' 

r “IK; 

and turn the telesc p V , ^hat a few minutes 

moving very the middle thread Turing 

must elapse e oi t level and determine the constant b 

this interval, api^^ the spu 

Observe le i t ^^ent now remaining clamped in azi- 

chronometei Ihe msi observe the transit 

meto revolve the “ tC determine the 

*: TlKktdKy te mean of .t. two values. 
“wir*mK an .L. of 

the ’’“Tto Baeh observattou of a pd, of .ta.s 
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combine eacli transit of the polar star ■with, the transits of seveia 
equatorial stars. 

The collimation constant should, have been made as smal 
as possible before the observations , but, in any case, we shal 
assume that its value is known 

To reduce the observations, we must first find the constant 
which determine the position of the instrument Foi this pur 
pose, we use only the observations on the middle thread Le 
then and The the observed chronometer times of transit ol 
the polar and equatorial star respectively over the middle thi'ead 
reduced for rate to an assumed time ; and let a 3^ be the chro 
nometer coirection at this time , a', a, the right ascensions, d', d 
the decimations , r', t, the east hour angles, or reductions to th( 
meridian; 90° wi, and ti, the hour angle and decimation of 
the point in which the rotation axis produced towaids the wesi 
meets the celestial sphere ; c the collimation constant then w( 
have, by (T9), 


sin (t — m) == tan % tan b sin c sec n sec d ) ^ 

sm (t' — m) = tan n tan d'-)- sin c sec % sec | (141^ 

in which we have 

^=^'-(3"'+ at;) 

If we could put c = 0, these equations would give us m and 7 { 
by a very simple transformation , but, retaining c, we can still 
reduce them to the form they would have if c were zero * For 
this pui^pose, let wi' and n' he approximate values of m and tz, 
determined by the conditions 


sin (t — m') = tan n' tan d 
sin (t' — m') = tan n' tan 


from wkch ve BhaU fnd n' and then the correction to reduce it 
to ra. Put 

^ = I (V -f- t) — m' 
then X IB known from the observabon, since we have 


r — T)] (142^ 


* Thu trawfomatwn is 


given bj Hausen, jlsfr A'oo/i , Tol XL VIII » ng 
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We have then 

A_^ = r-»n' X + r = ^-rn’ 

and hence 

sin (A - r) = tan n' tan i mn (A + y) = tan n' tan 

the sum and difference of vhich give 

2 Sin X cos Y ^ ^ 

2 cos X sin r cos ^ oos a' = tan n' sin (5' — 5) 


If, therefore, we make 

i sm A : 

L cos A 


sin (<5^ + Q 
cos 

sin (S^ — 0 
Bin Y 


(143) 


these equations will give us 1 and A and then we shall have 

2 COS 8 cos <5' 


tan rJ 


(144) 


r+ 18 to be observed that a' is always to he regarded as greatei 

l:: m r l.y(W2) a>e Me«noe a'- r « ole 

fo^d ly .ncea.^ a' 

ali be lees U 180» Hence, i well tov. the B»me sign ae 

T; “« h«e Ar=7- S “+ K - »), -Id, .inee n' - .. 
IB very small, 

(. _ m) = Bin Cr - «!') + 

which, suhstitutei in the first equation of (14=1), gives 

sm c = sin(r — m')cos n cos 5 — sin re sin a 
+ mn (m'- m) cos (r — m') cos re cos 9 


To simplify this, let ns put 


Bin 9 
Bin ttJ = rrrTf 


from which and the equation 

gin (^, 1 . _ ni') = tan n' tan 5 
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there follows also 


cos W = cos (r — m') COB d 


for, if we add together the squares of the first and third of these 
equations, the sum is reduced hy means of the second to the 
identical equation 1 = 1 By substituting the values of sin (r — m'), 

cos (r m'), and sin which these equations give, in the expres- 
sion for e, it becomes 

sm c = sin {n' — n) sin w -f sin (m' — m) cos n cos to 
In the same manner, if for the polar star we take 


Bin w' = 


cos n! 


cos w' = cos (r'— m') cos d' 


we shall have 

sin c = sin (n' — n) sm w' + sm (m' — m) cos n cos 
Combining these two values of sm c, we have 

sin c (cos w — cos lo') = sin (n' — n) sm (w' — to) 


whence 
or, putting n'—n = v, 


sm Qi' — n) == sm c + «>) 

COS i (yf — w) 


sin ^(10'+ Ml) 
cos } (w' — to) 


(145) 


n = n' — V 

The angles w' and w here required are found by the equations 
^ tan 5 


tan m;' = - 


cos cos n' 


tan w = 


- (146) 


cos (A — cos n' 

m a negative value of tan mi', w' is to be taken 

in the 2d quadiant, but that for a negative value of tan w, w is 
to he taken numencally less than 90°, and with the negative sign- 
lo und TO, we have, by eliminating a from (78), 


whence 


sm m cos n cos <p -|- sm n sm j«i = sin 6 
sm m = — tan » tan <s -f. - ^ 


cos n cos ip 
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If then we take 


we have 


gm pL = — tan % tan <p 


cos n cos M cos 9 


ra — fi + P 


The constants being thus found, we proceed to find the cor- 
rection of the chronometer by the equatoiial star We must 
first reduce the transits over the several threads to the collima- 
ton C wtach nmy hero bo done by the formula ( 188 ), omrttmg 
the last term, which is insensible when the instmment is so neai 
the meridian as we heie suppose it to be If, therefore, we i 
find t by the formula 

sin t = — tan n tan 6 (14») 

and then put _ eos » cos 3 cos t 

we must apply to the observed time on each thread the correction 

T_1 ( 149 ) 

F 

(where * is the equatorial interval of a thread from 

thiead), and to the mean of the results we must apply also the 

correction y to reduce to the collimation axis Let the resulting 

time reduced for rate to the assumed epoch be denoted by ( T) 
Thei if 0 „ IS the true sidereal time at the same instant, we have 

0„ = (r) + a2; 

and, by Art. 167 , 
whence we derive* 

If we wish to take into account the diurnal aberration, we must 
add to the right ascension of each star the coriection 0* 021 cos f 

sec 8 cos r 


171 In the above, we have supposed c to be given To inves- 
tigate the eftect of an error in the assumed value of c, let c -H- n-e 

* It IS easily seen that^e general formula (150) reduces to H.nssk's formula (86) 
when the instrument is m the meridian 
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“““ «n^<*on of » oom,q,ontog to o. 

AW = — AC gni + w) 
cos ^(14/ — to) 

differentiating the expressions (147), (148), and (149), we 

nnd the corresponding corrections of m, <, and 7 to be ^ 

Sin i + to') tan g> 


A?W = — ^y\, 


tflD ^ 

= AC - 

cos* a cos m cos J («/ — «,) cos* a oos m 


A£ =: — - Aw 


tan b 


aZ = 


cos* w cos t 

AC 


_ SID i (w' ~|- w) tan 6 

cos i (w* — w) cos* n cos t 


cos 5 cos w cos t 


me oorre^on of the quantHy (?)-(+ m wiB be compoeed of 

Dmo^'iSi'”“e , (by'rUeh (T) u obtamed), of m, Ldof t 
denoting the whole correction hj at, we have 

= aZ — At -f Am 

Substituting the values of the corrections, we find 

= — F-i («>'+«’) tanw sin J(«/4.K,)tan® I 

cosnLcostfl cos 4 («/-«>) cos a cos J 

i(w'-«’) = J(7o' + a;)-w, the first two 
terms -within the parentheses become 


whence 

AT = 


cos 4 («/ — w) — sm 4 (io' -f- m) Bin w _ cos 4 (lo'-f w) 
008 4(20'— U7) cos 10 ~C08 4(a)'— 


AC 


COS n cos J (to' — w) 
finally, if we put 

tan 5?' = 

the expression becomes* 


I cos 4 («/ + w) + sin 4 (to' + w) 

cosncosjwJ 


tan ^ 


cos n cos m 


At==ac [4 (to' + Iff) — 9,'^ 
®os n cos COB 4 (in' — w) 


(161) 

( 162 ) 


* is giTen bj Ha.\ 


SE.N, Atir Xach , Vol XLVIII p 120 
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If we denote tlie coofficient of ac in this equation by C, and the 
true chronometer correction by a T, the first computed correction 
being (nT), we have 

aT=CaT) — Gag (15B) 

For another observation in the reversed position of the axis 
the coefdcient of ac computed by (162) being denoted by C', and 
the computed chronometer coirection by we have, since 

the sign of ac is changed, 

AT = (iAT') +<7'ac (154) 

and, combining the two results, we can determine both ATand 
AC If we have taken a number of stars in each position, we 
can treat all the equations of this kind by the method of least 
squares 

172 The designation equatoiial stai,” in the preceding ex^ 
planations, has been used to designate the star fiom which the 
chionometer coirection has been deduced, but it is by no means 
necessary that this star should be veiy near the equator A star 
which passes near the zenith will he preferable, since an eiror m 
the determination of n will then have little oi no eftect upon the 
computed time 

Example * — In 1843, August 17, at Cronstadt, latitude <f = 
59° 59' 5, the following observations were taken The value 
of one division of the level was 0M13 The correction for in- 
equality of pivots was = + 0* 14 for oxtcIg mst The equatorial 
intervals of the threads, numbeied from the circle end of the 
axis, weie 

*2 *4 h 

-h 34' 50 + 18* 74 — 16*.14 33' 33 

The assumed collimatioii constant was c = — 0® 38 for circle west 
The chronometer coirection was approximately a 7^= + 40®, 
its losing rate, 1® 72, or 8T= -f T 72 daily 


* Sawitsch, Pract Astron, Vol I p 343 
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Ist position of the instrument CireU Wett 



E 

w 

Level Direct 

Reversed 

— 120 

— 17 8 

+ 27 0 
+ 212 


Mean JB = -j- 4« 6 


^ = -f 0* 52 
= + 0 14 

5 = 4 - 0 66 


Transits observed with chronometer “ Haut No 19 ” 


Thread 

I 

II 

III 

IV 

V 

a TTts Mm 

P Draconis 

38*0 

3‘9 

17* 23“ 10* 0 

17 28 35 0 

1*4 

29' 3 



E 

w 

Level Direct 

Reversed 

— 18 0 

— 12 4 

+ 210 
+ 26 8 


Mean B = -|- 4>« 35 


5 = 4. 0' 49 
jp = + 0 14 

5 = + 0 63 


2d position Ctrele Eatt 



E 

j 

w 

Level Direct 

Reversed 

— 18 4 

— 174 

f 210 
+ 231 


Mean B = 2<» 08 


B= 4- 0*24 
^ = _ 0 14 

5 = + 0 10 


Thread 

V 

IV 

III 

II 

I 

0 Urs. Min 

Y I>raconis 

8*1 

35*8 

17* 52“ 45* 5 

17 55 1 4 

31*6 

57*1 



E 

w 

Level Direct 

Reversed 

— 162 
— 18 3 

+ 23 6 
+ 215 


Mean B = 4. 2<« 65 


For 46 g„.„ a»,e 


5= -f 0*30 
' = — 0 14 

5 = 4- 0 16 
Almanac, 
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a ” 

a Crs Mm 1* 3“ 46'.70 88“ 28' 24" 2 

(J DrojBonis, 17 26 56 .73 52 25 25 5 

Y Dtuconis, 17 58 0 S6 51 30 51 0 

Computation of the observations, circle west — "We shall reduce 
the observed times for the chi'ononieter late to the eonimou 
epoch 7;= 18* To allow foi the diurnal aheiration, we take 
for the approximate times of the observation of a Tlrses Mmoris and 
j9 Dracoms, 17* 24”' and 17* 29"‘, which, subtracted fiom the re- 
spective right ascensions, give for their eastern hour angles, oi 
the values of t, 7* dO”* and — 0* 2“, and hence the values of 
0’ 021 cos f seed COST for the two stars are — 0” 17 and -f 0” 02, 
which are to be added to the light ascensions. The corrected 


cj[iiaiitities ai e then : 

^UrsMin »' = 1* 3™ 45- 53 r=17*23™ 9‘96 88“ 28 ' 24" 2 

SLraconis, a = 17 26 55 75 T = 17 28 34 96 $= 52 25 25__5 
a.' — T'= 7 40 35 57 5 ' 4-3=140 53 49 7 

a —T = — 1 39 21 S' — d— 36 2 58 7 

2r== 7 42 14 78 = 115® 33' 41" 7 
57® 46' 50" 9 


Hence, hy the formulae (143) and (144), 


log sin 799833 

log cos 9 726857 
log X sin A 0 072976 
log tan A 0 280618 

k = 59® 32' 39" 2 

71 ' = + 1 ® 21 22 " 8 


log sin (5'— 5) 9 769736 
log sin y 9 927378 

log L cos A 9^42358 
log cos A 9 704899 

logZ 0 137459 
log 2 cos ^'coB d 8 51 1783 
log tanw' 8 374324 


log cos <5' 8 425554 
log cos ^ 9 785199 
log 2 0 301030 

8 511783 


By the formulae (145) and (146), 
X + 117® 20' 

log sec (A nO 3380 

log see n! 0 0001 
log tan d' 1 5743 
log tan nl 9124 

w' = 90® 42' 

i (t(/ + lu) = 71 35 


— 0-33 = ~4".95 
, = — 4 97 


A — ^ 

= 

1“ 46' 

log sec (A — 

r) 

0 0002 

log sec 


OOOOl 

log tan 

n 

01138 

log tan 

w 

01141 

w 

= 

52° 27' 

— 

w) 

19 8 

log sin i {xd -1- 

w) 

9 9772 

logsec i (w* — 

w') 

0 0247 


log c »0 6946 
log w nO 6965 


n'-^> = n= + V 21' 27" 8 
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By the formulse ( 147 ) : 

log (— tan «) 374769 


log tan <f 
log sin ix 


0.238415 


^ = + 0* 645 = -(- 9" 68 

1 •» ^ _ 


»8 613184 
/* = — 2 ° 21 ' 7"0 
+ 19 4 
»« = — rib 47 6 


log b 
log see n 
log sec IX 
log sec 
log/3 


0 9859 
0 0001 
0 0004 
0^0^ 
12873 




< = — I® 45^ 54« 0 


log tan a 8 374769 
log tan i 0 113823 
log sin t n8 488592 


logi 153782 

log 7176295 
I +66 62 


ir 

»1.20790 


V 

ral 52284 


II 

1.27277 

148790 ftl 42303 wl 73797 

+ 30*.76 _26*.49 -- 64- 70 


log cos n 9 99988 
log cos 8 9 78520 
log cos t 9 99979 
log P 9 78487 

c =—0*33 
log c a9 618 

log ^ a9 783 

|=-o-. 


SeX'“™’ 

eaa, and the chronometer correction by (150), 


P Dracoms 
17* 28'^ 34'.62 


€ 

-p 

Eel. for rate to 18* — 
(7-)=: 

a =: 

^~”* = + Oo 34' 53"0 = 
'-'nron. correction at 18* = ^ y _ 




34 

.65 



35 

.00 



34 

-91 



84 


17 

28 

34 

76 


— 

0 

64 


— 

0 

04 

w 

28 

84 

18 

1T_ 

26 

55 

15 

~ 

1 

38 

43 

+ 

2 

19 

53 

+ 


41 ' 

10 
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Computation of the observations, circle east . — This being in all 
respects similar to the above, we shall only put down the pnn 
cipal results The approximate hour angles (r) of a Ursa Minons 
and j-JDracoms are 7'* 10™ and — 0* 3™, whence the correction of 
the right ascensions for diurnal aberration are — 0* 12 and + 0* 02. 
Eeducing the times for rate to 18*, we find 


a Urs Min a'= 1* S'" 46* 58 T'= 17‘ 52- 45* 49 S'= 88° 28' 24' 2 
yBracoms a=Yl 0 87 T = 17 55 1.39 « = 51 30 61 .0 


whence 


r~ 

64° 7' 38" 3 

n' = -f- 

1 26 2 5 


110° 4' 

w' = 

90 31 

V 

+ 5"0 

n = + 

1° 25' 57" 5 

fX = 

2 28 54 7 

m = — 

2 28 50 8 

^ = 

1 48 9 6 


A= 55° 55' 54 "2 
c = + 0'33 = + 4"95 
k — r— 1“ 4:8' 
u>= 51 32 

6 = 4- 0*13 = + 1"95 
^ = 4- 3" 9 

log if = 9 79366 


Eor the reductions of the threads for xDraconts, we find 


V IV II I 

I + 63*60 + 25*96 — 30*14 — 55*48 4= + 0*53 


and hence 


7 Draconic 


Transit over middle thread = 17* 55*^ 

1*59 

II 

+ 

0 53 

Bed for rate to 18* = 

— 

0 01 

(T) = 17" 

55 

2 11 

0 = 17 

53 

0 37 

o - (T) = - 

2 

1 74 

t — m = + 

2 

42 75 


+ 

41 01 


The mean value derived from the observations in both positions 
of the instrument is, therefore, 

2 Ar(,= + 41*06 at 18* 

In general, however, unless the decimations of the two stars are 
nearly equal, the true value of aTJ, will not be the mean of the 
values found m the two positions, but we shall have to proceed 
as follows. 

VOL 11—15 
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To 6stiiaate the effect of an error in the asstmidd value of c in 
this computation, we might here put v>'= ys m (162), since n and 
m are here small , but, for the sake of illustration, we shall use 
the complete formulae We find 


<p = 

Circle Wat 
60® 1*2 


Circle Eatt 

60° 1'4 

i (to' + to) — p' = 

11 34 


11 0 

log cos («/+«))_ y*] 

99911 


9 9919 

log see J (t^ — to) 

00247 


0 0257 

seen 

OOOOl 


0 0001 

sec{E>‘ 

03013 


0 3013 

logC 

03172 

logC' 

0 3190 

^ C' = 

Hence 

+ 2 075 

C — 

+ 2 084 


(Circle west) aT, = + 41* 10 — 2 076 AC 
(Circle east) aT, = + 41 01 + 2 084 Ac 

whence 


(Circle west) A T, = + 41* 10 — 0‘ 04 = + 41* 06 
(Circle east) aT, = + 41 01 + 0 05 = + 41 06 

This result agrees with the mean value found before, because 
here the decimations of the stars were nearly equal, and the posi- 
tion of the instrument with respect to the meridian was nearly 
the same in both observations 

As the value of c is often but imperfectly known, it will bo 
best always to take a pair of stars m each position of the axis, 
and then to compute the two clock corrections upon the supposi- 
tion of c = 0. The true correction will then be found by com- 
puting C7ac as above, and the value of ac will be the true value 
of e Thus, in the preceding example, if we had first taken 
e = 0, we should have found from ^Dracoms (a7^ = + 40* 42, 
and from yDrcwoms (aT') = + 4T.70, and, eomputmg the coeflB- 
cients C and C' as above, we should have had 

(Circle west) A 2; = + 40* 42 — 2 076 c 
(Circle east) a 3; = + 41 70 + 2 084 c 


(CJircle west) 
(Circle east) 


c 


—1*28 

4169 


0*808 


a3;= + 40».42 + 0*64 = + 41*06 
aT, = + 41 70 — 0 64 = + 41 06 


whence 
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APPLICATION OP THE METHOD OF LEAST SQUARES TO THE DETBR- 

MINATIOir OP THE TIME WITH A PORTABLE TRANSIT INSTRUMEKI 

IN THE VERTICAL CIRCLE OP A CIRCUMPOLAR STAR 

173. We here suppose the observations to be made essentially 
as directed in Art 170, with this diffeience, however, that we 
shall not restrict the obseivation of the star near the pole to its 
transit over the middle thiead The instrument being hronglit 
near the vertical of a circumpolar star 1st, the transit of this star 
over my me of the threads is observed , 2d, the transits of a number 
of equatorial stars are observed , 3d, the axis of the mstrumeut is 
reversed, and the transit of the polar star again observed over 
one thread; and 4th, the transits of a number of equatorial stars 
are obseived The level is read for each star If, how^ever, tbe 
circumpolar star has passed all the threads by the time the axis has 
been reversed, the azimuth of the instrument must be changed, 
so as to hnng the star near a thread ; then, clamping the instru- 
ment in azimuth, the transit over this thread will he observed, 
and also the transits of a set of equatorial stars as before In 
this case the observations, being made in two different vertical 
circles, must he separately computed according to the following 
method It is hardly necessaiy to observe that the obseivations 
of the equatorial stars may either precede or follow that of the 
circumpolar star, as may happen to he most convenient In this 
method, we form an equation of condition from the observation 
of each star, and all those for which the azimuth of the instiu- 
inent is the same are combined by tbe method of least squares 
Let fi denote the collimation constant for the mean of the 
threads, and i the equatorial distance of a thread from the 
mean, then, r denoting the hour angle of the star when observed 
on the thread, i -f- c must be substituted for c in our fundamental 
equation (79) ; and, since this quantity is always sufficiently small, 
we shall put it in the place of its sine Thus, we have for each 
thread 

c 1 =. — sm n sin 5 4- cosn cos S sin. (t — m) 

Wh.en several threads are observed, the mean of the observed 
times corresponds to that point of the field which we call the 
mean of the threads only when the instrument is in the mendian. 
When the instrument is not m the meridian, two methods of 
procedure offer themselves The first is that which has been used 
111 the preceding articles, and consists in reducing each thread 
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either to the middle or the mean thread by means of the com- 
puted internals. Bat to compute these intervals we must, as 
has beeu seen, know the position of the instrument The second 
method, which we owe to Bessel, is not onlj more simple in 
practice, but is wholly independent of the position of the instru- 
ment , and, as it will be useful both in the present problem and 
in that of finding the latitude by transits over the prime veitical, 
I shall treat of it here 

If we denote the number of observed threads bj w^'e have q 
eq[iiatioiis of the above fomi, x and r being diflteient in each 
The mean of these equations is 

^ — Sinn sill ^ -f cos w eos 5 ^ 2* sin (t — wi) 

where S is the usual summation sign Now let 

^ = ^he mean of the observed times on the several 
threads, 

^ -? = the observed time on any thready 

then Jis the interval found by subtracting each observed time 
from the^ naean of all, and, consequently, the algebraic sum of 
all these intervals is zero* Also let 

^ ■= the clock correction, 

^ = a — (T4. 

then for each thread we have 


T = a — 

sin(r--m) = siii(< — m i) = sm(t — - w) cosi + cos - m) sin I 
- r sin (t _ »») = 8 in C« — m) i ^ COB / -1- cos (< - m) i r sin I 
l*«t * and X be determined by the conditions 


then we bare 


-^cosx= i^cosJ 

k q 

1 1 

= 8inJ 

* 3 


i2an(r _ m) = 1 ^ 
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Hence, putting 


T, = t — M = o— 


} 


( 155 ) 


oar e(j[uation "becomes 


. , cos » cos S sm (t, — m) 
c -\- ig — — sm n sm 5 -| — 


Thus, X and k being found, we find by using the corrected 
time TH- k instead of T, as in (155), and then this single equation 
represents the mean of the g equations AV^e may bring this 
equation still nearer in form to that for each thread, by substi- 
tuting 

y COS ^, = -r ^ 

K 


which give 


y sin 3, = Sin S 


_ 

r 


— sin n sm -f- cos n cos sin (tj — m) 


(156) 


where y is so nearly equal to unity (as will presently appear) that, 
as the divisor of the small term e •+ it may usually be omitted 
Thus, the mean equation is precisely of the form for one thread, 
when we use both a coirected mean time and a corrected decli- 
nation The quantities jc and or else x and log k, are re adily 
found by the aid of tables such as Tables VTII and VILL A at 
the end of this volume, the construction of which is as follows 
The equations which determine k and x may be written thus 


icos^ = l — -i?2 8inHi" 
k 2 

i sm = — 2! ( J — sm J) 

k q 


for, since 21= 0, this last equation is the same as the one before 
given But the quantity I— sin /is of the order /*, and theie- 
fore extremely small, so that we may put cosx = 1, and hence 


-i- = 1 — i. r 2 sm» i f 

k q 

H z=z — S {I — Sin T) 

2 
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and since 


■we have* 


tan tj^ = k tan S 


^ + 


Jc —1 B\n2d Ik — BmiS 

* + i 8inr + U+i) + 


or, substituting tbe value of k. 


\ = i + 


- S sin’ § 1 
g 

1 

g 


sin2i$ 
sin 1" 


+ &c 


Bessel givesf a table from -wbieb with the argument I we fina 
T~ am Jin seconds, and The means of the tabular 

jnantitiea taken for the several values of /are respectively it and 
the numerator of the coefficient of 25 A small subsidiary table 
coCTeets for the neglect of the denominator In the tables at the 
end of this volume I have adopted a different arrangement By 
the logarithmic formula 


l®g(l — «) = — Jf (ar -f 1 ar’ + Ac ) 
m which iJf = 0 4342945, we find 


logft = _log 1 =jf[i^28inHr-|- ’(12:2 ein’i/J + &c] 

inappreciable 

The approximate value of log k, neglecting this term, ^1 be 
logA = l22jlf8in’}J 

^e^'S^b^® ^ ^ complete 

log fc = i 2 2 Jf Bin’ } I + 

2 2M 


* PL Trig , Art 254 


t Aitron JSTath , Vol VI p 245 
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extreme precision is desired, tMs mean is to be increased by the 
small coriection given in Table Vm A, which contains the value 

of the term with the argument “ mean log k ” The 

column marked jc gives the value of I- sin I in seconds for each 
value of I, and the mean of the several values is likewise to be 
taken as the correction of the mean of the observed ^ 

The sign of Jis different for threads on opposite sides ^ the 
mean, and the sign of x must be the same as that of I Hence 
the mean x will be evanescent when the observed threads are 
svmmetncally disposed about the mean 

These tables, then, effect the reduction of the threads to a single 

instant in a remarkably simple maimer, without lequiri^ a pre- 
vious knowledge of the position of the instrument have 

only to add x to the mean of the observed times, and to find the 
corrected declination by the formula 

tan d^ = k tan S (15’^) 

Then taking the mean of the equatorial mtervals i of the ob- 
served threads, -we proceed to use equation (166), as representing 
the mean of all the threads The divisor r is found, from the 
equations which determine y 

^ cos (5, — S) 

where we may put cos (5, -S) = l Since i, is aero when ^ 
the threads are observed, we may put 7- = 1 in such cases with- 
out hesitation, since it is then the divisor only of the very small 
quantity c But in the method of observation here adopted we 
may in all cases put 7 = 1 , for we suppose the slow-inoving star 
to be observed on but, one thread, in which case we have ngor- 
1 q. and for the equatorial star (even if we extend this 
denomination to stars of the declination 50° or 60°) the intervals 
Jwill alwaj s be less than 2’”, and then the mean log k will always 
be less than 0 00001, and log 7 will be less than 0 00002 We 
take then, as complete, the equation 

c = — Bin w sin S, -h cos n cos iJ, sin (Tj ffi) 

for sin(ri— m) and then 


Substituting sinvi cosm — costi siirm 



i^obtable transit instrument 

substituting the values of sin n, cos n cos m, cos n sin m, from (781 
the equation becomes 5 v ^ 

^ + ^0 - ft (sin fp sin -f. cos tp cos \ cos r^) -f- cos a cos d sin r. 

+ sin a (cos p sm — sin ^ cos cos tJ 

satisfied when a is the true value of the 
instrument and has been found by employing 
♦ ,“'«’?“>■> « B"*. if » and ,> denL aiumed 

quantities, au and ai? their leqmred 
corrections, and if Tj is found by the formula 

= a — (T, + (158) 

we mmt enWlato m the above equation u + an for », and 

small nn^n-hfi* fc * (neglecting the products of the 

small quantities b, Aa, and a^) 

^ 6 (sin 9) sin cos y cos cos Tj) 

+ COB a cos a, sin t, + sm a (cos ? sm a, — sm 9 . cos a, cos r,) 
a sm ® cos a^ sinTj-j- aa cos a (cos y sm a — sm ^ cos a cos t ) 
- A« cos a, (cos a cos r, + sm a sm j. sm r,) 

Md“^b!,Sjf a and A be the zenith dtstanoe 

«d hTmZlfr T“‘ °l “P'-'™ ’'>>“» -i«>-nat.ou is d. 
ana nour angle r, • then we have (Vol I Art 14) 


cos 2 == 
Sin z cos A = 
sm z sin A = 


sm p sm -(- cos p cos cos Tj 
cos <P sm aj -f sm <p cos \ cos 
cos \ sin Tj 


and onr equation becomes 

° r/“ ~ ‘ - aa »«• (a - -<) “n a 

- a* ooe J, (eoe u eo. r, + „„„„„ p 

def ai^an » r + (, and there- 
in the “V be put = 1. 

•be equate., end 

we ehMi the equation of condition 

« + AA an 3 4- 4^ eos a (CCS a cos - -L n, 

b ™ “ cos , 4- sm « sm 


9'smr,)4.A = 0 (161) 


OUT OF THE MERIDIAIS". 


283 


in which the sign, of c must bo changed when the axis of the 
instrument is reversed- It must also he observed that, (as in 
meridian observations where z = f — 5), sin 2 must be negative 
when the star is north of the zenith this sign, however, will he 
given hy the equations (159) if attention is paid to the signs of 
the other quantities To compute z and A by logarithms, let^ 
and G be determined by the conditions 


then 


g &m G = sin 
g cos G = cos cos Tj 

cos z = gf cos — G) 
sin 2 cos A=g sin ( 9 ? — G) 
sin ^ sin = cos 5^ sin q 


or (observing that tan k tan 8) 


tan6r = 


k tan d 
cos q 


tan A = 


tan Tj cos Q 
sin (<p — G) 


tan z = 


tan — G) 
cos A 


(162) 


in -wliicli O and A are to be taken less than 90°, positive or 

negative according to the sign of their tangents, and the sign of 

tan z will be detennined by that of tan {(p Cr). ^ 

If we pat . 

tan F = tan r^sin ^ 

the coefficient of may be computed under the form 


P = 


cos S cos cos {a — F) 
cos F 


(164) 


The whole process of forming the equation of condition for 
each star is, therefore, as follows 
1st Pind )t and log k from Table YEH , and add y. to the mean 
of the observed times on the several threads Call the resulting 
time li, and find 

Tj = a — (Ti + i>) 

m which & is the assumed clock con'ection reduced to the time Tj 
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4 = 2^4- 6 COS 2 +(a— ^)sm2 

m whieli !„ IS the mean of the equatorial intervals of the observed 
threads from the mean thread, b is the inclination of the rotation 
axis and a is the assumed azimuth of the instrument. 

1 hen the equation of condition is 


±: c -f Aa sin ^ + P 4- A = 0 

m which the sign of c is to be determined by the position of the 
rotation axis of the instrument 

Irom all the equations thus formed, the most probable values 
^ found by the method of least squares 

fi. V ^ azimuth of the instrument has been changed during 
the observations these must be divided into two sets, and two 
^fferent assumed azimuths a, a', with the coneetions Aa and Aa', 
wih be used m the formation of the equations 
^18 hardly necessary to remark that all the qnantities z:, b, 

arc- 7 L’iT; iimt, either of time or 

arc. the latter will perhaps he most convenient 

Example —The following observations were taken by Bessel 
with a very small portable instrument, to detemnne the time 


Circle gast 

I 

1 

II 

III 

lY 

V 

Level 

^ 8eorpti 

s Ophmcihi 
^UrmMiTmn^ 

8“ 12* 2 
14 22.4 

7"52*.5 
14 2.6 

11* m s 

11 13 43 2 
11 

13**22* 7 
20 3 2 

IS”* 1*6 

— l" 080 

— 0 608 

— 0 079 

Circle Weat 
o,UrscB Xhwn^ 

&)b 

21»35'5 
26 11 4 

21’‘56*.2 
26 31 6 

13»19"*52*8 
13 22 16 2 
13 26 52 3 

22“ 37* 0 
27 12 8 

22”* 58* 8 
27 34 4 

+ !■■ 683 
+ 1 670 
+ 1 837 


The cWonx*., ™ 
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Kissel Its cori'ection to sideieal time at 12‘ (chronometer lime) 
was assumed to be «? = 5’^ I” 3* 00, and its rate on sidereal time 
was + 9' 19 per boui (losing). 

The equatorial intervals ot the threads from the mean threa 
were as follows for cxreU west • 

I II ^ 

+ 598" 08 + 303" 09 + 6" 19 - 294" 91 -612" 46 

The value of one division of the level was 4" 49 The pivots 
were of unequal thickness, the correction for vrhich had pie- 
viously been found to he - 1".89 for circle west 

The apparent places of the stars on the given date were as 

follows 



a 

6 

X Scorpii 
£ Ophiuchi 
a Ursce Minoris 
* a {Anon ) 

24 Scuti Sob 

16* 2"* 36* 71 
16 9 13 90 

0 59 5 .28 

18 18 8 49 

18 19 24 11 

_ 9° 36' 34" 2 
_ 4 16 8 9 
+ 88 23 2 5 
+ 14 52 36 7 
_ 14 39 56 0 


The reduction of the observations of % Scorpn and e Ophiuch on 
the several threads to a mean will serve to illustrate the mode 
of using our Table Till , although in this case the quantity x is 
quite msensible and log k nearly so We have, then, 


Circle East 


X Scorpii I 
11 

Means 
e Ophiuchl 


Means 


T 

I 


log h 

z 

11» 8"* 12* 2 

7 b2 b 

— 9*85 
+ 9 85 

0 00 

0 00 

0 OOOOOOl 

1 

— 598" 08 

— 303 09 

11 8 2 35 

0 00 

0 00 

0 OOOOOOl 

— 450 59 


11 14 

22 4 

— 39* 90 

0 00 

0 0000018 

— 598 "08 

14 

2 6 

— 20 10 


5 

— 303 09 

13 

43 2 

— 0 70 


0 

— 6 19 

13 

22 7 

+ 19 80 


5 

+ 294 .91 

13 

1 6 

+ 40 90 

ooo 

19 

+ 612 .46 

11 13 

42 50 

0 00 

ooo 

' 0 0000009 

0 00 
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cirde^Jf^^ ®q.Tiations of condition foi the three stars observed, 
circle east, we now find by the foimulse ( 158 , &c )* 


r+* = j>, 
Aaswiied ^ 
Bate to 12* 

a 

’’i 

(in arc) 
log sec Ti 
log tan 6 
log A: 
log tan O 

a 

log tan Tj 
log 008 G 
B>g ooseo (^ — 6 ?) 

log tan^ 

log 008 A 
leg tan (^— (?) 

log tan z 
1 <^ sin z 
kg cos z 

A 

AasviBieda 

a-^A 

i 

(® — A) sm z 
• ic 08 z 

V 

* 

*'W^»*^^=s=l tSB^ 

kgcoetf 

kgeoerj 

leg«e 8 (« — 

kgi> 


X Snorpii 

e OpJnuchi 

a UrsK }fin 

11* 8’“ 2* 35 
+ 61 8 00 
— 7 96 

11* 18»» 42* 50 
+61 3 00 

— 7 09 

11*20"* 8*20 
+ 6 1 3 00 

— 6 12 

16 8 67 80 

16 2 86 71 

16 14 88 41 
16 9 18 90 

16 21 0 08 

0 69 6 28 

— 6 20 68 
— 1“ 86' 10" 2 

0 000166 
»9 228677 

0 000000 

— 5 24 51 
— 1® 21' 7" 63 
0 000121 
n8 878022 

0 000001 

+ 8 88 6 20 
129° 81' 18" 0 
wO 196290 

1 649573 

0 000000 

n9 228848 
— 9“ 88' 47" 2 
67 46 27 2 
n8 442887 

9 998858 

0 072784 
«8 608929 

«8 878144 
— 4° 16' 18" 2 
62 24 68 2 
n8 872976 

9 998798 

0 101030 

«8 472798 

nl 746868 
— 88® 58' 17" 3 

187 6 67 3 

nO 088661 

8 264067 

0 167181 

w8 604789 

9 999774 

0 200180 

9 999808 ~ 

0118688 

9 999778 
«9 967894 

0 20086 , 011887 

9 92783 g 39904 

9 72697 1 9 78617 

n9 96812 
n9 88296 

9 86484 

1® 60' 66" 86 j — 10 42' 4" gg 

- 1 42 0 1 

— 1® 49' 52" 74 

+ 8' 55" 85 1 + 4" 86 

— 2 961 — 0 JU 

+ 7' 62" 74 

+ 1 54 

+ 468" 29 i 

~ 1 58 i 

— 460 69 

+ 8" 84 

— 0 51 

0 00 

821" 80 

+ 1 18 
+ 294 91 

+ 1"12 
•8 814894 

— 1“10'64'' 

— 81 6 
999886 

999^ 

9 99998 

000009 

999870 

+ 8" 88 
n8 245082 

— 1® O' 26" 

— 41 84 

9 99879 

9 99988 

9 99997 

000007 

9 99878 

— 26" 76 
ti9 966618 

— 42® 4' 89" 

40 22 39 

8 46026 
»9 80871 

9 88184 

012946 

•8 26626 




^sensible quantity m ohserT^ 
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Hence tlve equations of condition, circle east, are 


Scoipu — c ^ 8459 -1' 
e Ophiucln — c 4- 0 7926 -f 
a Urs Min — c — 9 6807 c^a 


0 9857 A# 4- 1" 12 = 0 
09971 4- 3 38 = 0 

0 0184 — 25 76 = 0 


In the same manner, we find for the stais observed, circle west, 



a Urs£6 Mm 


24 Scuii Sob 1 

r. 

18*21* 8*03 

18* 23” 32* 34 

18* 28* 8* 81 

99° 29' 18" 75 

_ I® 20' 57" 76 

_ 2° IT 10" 5 

1 

log k 
log tan A 
log sin 2 
log cos^; 

A 

0000000 

«8 617903 
«9 82674 

9 87007 

_ 2° 22' 32" 22 ' 

0 000001 
ft8 618105 

9 73943 
, 9 92217 

2° 22' 36" 20 

0 OOOOOl 
n8 618199 

9 94926 

9 65941 

_ 2° 22' 38" 05 

Assumed a' 
a' - A 

— 2 22 40 
_ 7 78 

_ 3 80 

_ 1 95 

b 

4- 5 22 

4- 5 61 

4- 6 36 

(a'— A) sin^f 

4- 5 22 

_ 2 09 

_ 1 74 

b cos 2 

4. 3 87 

4- 4 69 

4- 2 90 


4- 6 19 

0 00 

0 00 

h 

4- 15 28 

4- 2 60 

4- 1 16 

logP 

riT 74071 

'j 9 98501 

9 98544 


and hence the equations foi these stars are 

a Urs Mm 4- c - 0 ® = $ 

JK a ^ c 4- 0 5488 £^a' 4- 0 9661 4- 2 60 — 0 

24 8cunSob +c4-0 8897/ia'4-0 9670 ^#4- 1 16 = 0 

The SIX equations involve fonr uiiknowm quantities, which 
miffht be determined from the four normal equations formed in 
the usual manner But, wheie the numbei of equations is so 
little gieatei than that of the unknown quantities, it is not 
worth while to employ this method. 'We can here obtain the 
same result by eliminating i.a from the first set and cm from 
the second, and then combining the resulting equations for the 
determination of c and a( 9 Thus, substituting the values of 
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fora JKin m the egM- 
hare the “ ** raepeotively, we 

X ^orpu _ 2.2427 c -f- 0 9629 — 30" 89 == 0 

sOphiuch — 2 1642 e -|- 0 9757 a>J — 26 66 = 0 

‘ o? S ^ 8179c 4- 0 9616 a»> -J- 16 10 = 0 

^ 24 Scuti tSbft -j- 2 3259 c -(- 0 9597 ai> -j- 21 42 = 0 

from whiek we derive tlie normal equations 


wlnoli give 


18 4281 c — 0 2908 Ai> 204" 25 z= 0 
— 0 2908 c -f 3 7249 a.? — 20 68 = 0 

At? = 4- 4" 69 = + 0*31 
c = — 11 " 01 = — 0'.73 


Hence we have, finally, 

4 = + 5 * 1 ** 3*31 

%he rnSvin?^ severally, we have 8‘ 43, 3* 18, 3* 34, 3' 29 

tune wiS f^ ^ for fiadmg the 

for the use of ™Eient out of the meridian, are intended 

Sust ^’Tt little time to 
^seml/Shr <iata possible, 

of greater labor 

hons is often -m ^“^I*®red with those of meridian observa- 
le fieW compensated by the saving of time in 


EtBnMISAriOT OP THE GEOaRAPHICAL LATITUDE BY A TKANSIT 

iestkument m tee prime vertical 

when the I® piime vertical 

Pnme ver^ The w colhmation axis is in the 

plnne of Sfprime Ti Perpendicular to the 

plMes of the mendian and ^ intersection of the 

plication of -- to Bessel the ap- 

Of ttr ^hrod May he bnefly 
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stated as follows * Let PZ, Fig 45, be tbe meridiaa, SZS' 
thepncae vertical of tbe observer; 8M8^ 
the diuinal circle of a star wMcb crosses 
the meridiau between tbe zeiiitb and tbe 
equator Such a star crosses the prime 
vertical above the horizon at two points 
8 and 8' on opposite sides of the zenith 
and at equal distances from the meridian 
If then we observe the transits at these 

two points with an instrument perfectly adjusted in the prime 
vertical, and note the times by a clock whose rate is well known, 
we determine the hour angle ZP8' = t, which is equal to one- 
half the elapsed sidereal time between the two observations , 
and, therefore, in the right triangle PZS' we know this angle 
and the hypotheiiuse 90° - d, from which we find the 

aide PZ = Q0° —f, whence the formula 

tan <p = tan d sect 


in which 55 IS the latitude It is evident that only those stars 
can be observed on the prime vertical whose declinations are 
between 0 and The nearei the observations to the zemth, that 
18 , the less the difference between the declination and the latitude, 
the less the effect of errors in the observed times upon the value 
of sec i, and, consequently, upon the computed latitude 

The advantage of this method of finding the latitude lies 
ehiefiy in the facility with which all the instrumental errors may 
be eliminated by using the instrument alternately in opposite 
positions of the rotation axis, reversing it either between, the 
observations on two - different stars or between observations of 
the same star, or using it in one position on one night and in 
the reverse position on the same stars on another night. Lif- 
ferent methods of reduction apply to these several methods of 
observation, which will be hereafter investigated We must first 
show how to place the instrument in or near the prime vertical 

175. Approximate adjustment in the prime vertical The middle 
thread must be carefully adjusted in the collimation axis, or as 
nearly so as possible Then compute the sidereal time^of pass- 
ing the prune vertical for some star whose declination is small. 


* See also Tol I irts 192 and 193 
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that is, a star which passes the prime vertical at a low altitude 
^ hour angle in the prime vertical, d — the deohnation, 
and 59 = ihe assamed latitude, we have 


cost = tan d cot^ 

and,^ if a = the star’s nght ascension, © = the sidereal time of 
passing the prune vertical, 


0 = tt rp if 


{ 


- lur easL miDSix 

‘cxrAo-f (( 


+ “ west 


I 


t this time, therefore, “by the clock (allowing for the correction 
ot me clock), bring the middle thread upon the star, observing 
to eep the rotation axis as nearly horizontal as possible. The 
zenim distance at which the star will be observed may also he 

previously computed, to facihtate the finding Por this purpose^ 
w-e have 


C0Si? = 


siu d 
sm^E) 


^^h^ves the true zenith distance, from which we should sub- 
tract the refraction m the ease of very low stars. 

^er instrument has thus been brought near the prime 
ve^^l by one star, the rotation axis should be carefully levelled, 
mA verrBed ly another star In the first adjust- 

ment frame of the instrument would be moved , but m the 

“ provided with a smaU motiou in 
bonwi * 1 instrament is provided with a graduated 

h^n^ circle the most safisfectoiy method is to adjust it 
fiisfc*iii the m«ndian and then revolve it m azimuth 90 °. 

ott the extreme threads, we 
newly interval J, near the prime vertical, will be 


I== 


€Ui ^ COB i sin t fliT) ^ gijj jjf 

is Otod to reilnoA r * ± 15 J cosy, where the factor : 

Bide thread atthe ewt observation on 

wanat will, therefore, be expected about 
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econds before the time of transit already computed, and at a 
rxeater zenith distance by about 15 1 cos f , while the first ob- 
^rvation at the west transit will also be expected I seconds 
► efore the time of transit computed, but nearer the zenith by 
liont 15 J cos (p These simple calculations are accurate enougli 
or the piupose ot preparing foi the observation When the 
xitervals of the threads are not hnowii at first, they will be 
obtained acciiiately enough from the early observations foi sub- 
sequent use in finding stars 

Yoi stars whose decimation ib very neaily equal to the lati- 
cude, the zenith distance and houi angle on the piime vertical 
oiay be moie accurately computed by the foimiilse 


i/sm — 5) sin (<p -|- d) 

sin z = 

sin <p 


sin t = 


sin^ 
cos <5 


176. Correction for inclination of the axi ^ — When the lotation 
51 X 1 S is in the meridian, hut is inclined to the horizon, the gieat 
circle described by the collimation axis is still peipendiciilar to 
the meiidian, but mtei'sects it in a point whose angular distance 
from the zenith of the observer is piecisely equal to the inelina- 
tion of the lotatioii axis This poiut may be called the zenith of 
the instrwneni , and the gieat ciicle described by the collimation 
axis, ike jmme vertical of the instninient If we put * 


<p' =1 latitude of the zenith of the instrument, 

(p = ‘ obseiver, 

b = inclination of the rotation axis, positive when north 
end IS elevated, 


we have 


^ / 4 - & 


and the only consideration of the level coi recti on required in 
this case is to apply it directly to the latitude found from the 
instrument hy the same methods that aie used when the axis is 
tiuly horizontal 

But if the rotation axis is not in the meiidian, nor the middle 
thread in the collimation axis, the simple solution given in Ait 
174 requires some modification. I proceed now to consider 
the instrument in the most general manner, with deviations in 
azimuth, level, and collimation, and to show how to ehmmate 
the effects of these deviations 

VoT IT— 16 
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177 aT) find the latitude from the observed tones of transit of a 
{pven star oves a gwen thread ea^t and west of the mendum, the rota- 

turn axis being in the same position at both 
observations — ^Let the rotation axis he 
in the vertical eiicle ZA, Fig 46, and 
suppose the noith end elevated, so 
that the gieat circle of the instiument 
is E'Z'’W', and a thread at the dis- 
tance c south of the coUimation axis 
descnbes the small circle SS' Let A 
be the point in which the rotation axis 
produced meets the celestial sphere, 
and through A and the pole P draw 
the great circle APZ". This great circle is perpendicular to 
E'Z*' W', and the observations of the star on the thread at S and 
S are equally distant from it We may call PZ" the meiidian, 
E'Z"W' the prime vertical, and Z'^ the zenith of the vnstiiment 
Isow, the equations (78) and (79) of Ait 123, being entirely 
general, apply to the instiument in this position, but it is con- 
^nient to make some modifications of the notation The point A 
eing now near the north point of the horizon, its azimuth is 
nearly zero and its hour angle nearly 180° If we put 

•Ae ^mnth of A = 90° (a) = — a, or (a) = — (90° -j- a) 

the hour angle of A = 90° — m = 180° -f A, or m = — (90° 

distmguish the a of the equations (78) by enclosing it 
*** w» ^ small azimuth of the rotation axis 

TSf” towards the east, and 1 is the hour angle 

iQstrument (or, as we might call it, the 
- ® instrument) : and the substitution of these 

m equations (78) ^ves 


COB % COB X gin J QQg ^ ^ ^ flTn a 

^06 n BIB X =: cog J gjn ^ 

^ ^ 9 + cos b cos a cos 




(165) 


liie hour angle east of the mendian, while it 

*“(*■-**) iSteoome ^ 


«*»(-r + i0°-t-A)==eo8(r_A) 
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and the ec[aation (79) wiU become 

Bin c = — Bin n Bin 5 + cob ft cos S cos (t — A) (166) 

For the eonvemence of future reference, I shall here recapitulate 
the notation used m these our fundamental ec[uation8 namely, 

f = the latitude of the place of observation, positive -when 
north; 

d = the declination of the star, positive when north, 

T = the hour angle of the star, 

a = the azimuth of the rotation axis, jiositirc when east of 

north, T t 

b = the inclination of the rotation positive when the north 

end IS elevated , 

e — the eollimation constant of a thread, positive when the 
thread is north* of the eollimation axis, 

A = the longitude of the meridian of the instrument, positive 

when west, 

n = the declination of the north end of the axis 

If, further, when the star is observed at both the east and west 
transits, we put 

hour angles of the east and west observations, 
respectively , 

ijt^ jtf __ the clock times of observation, 

= the corresponding clock corrections, 
a = the right ascension of the star, 

2^= the elapsed sidereal time between the east and 
west observations on the same thread. 


have 

r=T+Ar— a r' = T' + h.T’ — 0. 

= r— aT) 

A = + r+AT)— a 

whence S = ■f — A = A t 

We see that i9 will be well determined when the clock rate, or 

A T*, is known , but to find A we must also know the clock 

con ection and the star s right ascension. 

* When the thread is north of the prime yertical, the small cuole of the sphere 
which corresponds to it is south of the pniae vertical, and vice versa 



TRAJs^blT 

-iToTv, let h aad ^ be assumed so as to satisfy the conditions 

^ sm ^ = sm b 
h cos =z cos b cos a 

ttcn th.6 ©(juations (165) bccoine 

eos ?i cos A = 7i sib — /S) 
cos n sin ? = cos b sin a 
sin k = h cos — /5) 

Substituting m (166) the values of cos ??, sin 7 i, given by these 
eiuatioas, and also cos (r - /) = cos(i - t') = eos^, we have 



Sin 


^ h cos(^ — fi) bin o -f 7i sin ( c — cos fJ 


cos 
cos ) 


to reduce which we assume h’ and f' to satisfy the conditions 
^'sin f'=r sin 0 "V 


^'cos ip’ z=. cos d 


cos 
cos ) 


( 168 ) 


which transform the preceding equation into 
whence sin c = ^iA'smf^ - 


sin(y — p' — ,S) = 


hh' 


But, as c is never more than 15', and h' = ^, wall nevei he less 

«“ty only h/ a quantity depending 

m V' - P' - ^ will never exceed 30' so thal 

we may write, without sensible error, 


To find we have 


sin 5 

tan /J = tan h sec a 


or, since b is only a few seconds and a but a few minutes, 

? = b 

and f 18 determined by (168), which give 


tan y' = tan 5 sec i> cos A 


(169) 
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and then we have 


9 = + 


c sin 
sin d 


fl 70 j 


It IS evident that the factor cos/ in (169) corrects for azimuth 
dcMation, the term b in (170) foi inclination of the lotation axi>, 

<iud the term ^ foi the distance of the thiead fiom the col- 
, ^ sm tJ 

Imiatioii axis 

In these equations, (? and X aie obtained from the observed 
times on the same thread, the rotation axis being in the same 
position at the two obsei rations The constant c has then the 
same sign at both obt.ei rations, -r foi north threads, for south 
threads , and its value must be known foi each thread "We 
deduce then, by (169) and (170), fiom each thread separately, a 
value of the latitude, and take the mean of all the results as the 
latitude eiveii by the instrument m f/u'f iwsttion of ike axis But 
]f the pivots are unequal the stnding lei el does not gne ^ 
true value ef t directly (See Alt 137 ) Moreover, the cou^ut 
<• IS composed of the equatoiial niteii al of the given t ireat 
the middle thread combined with the colhniation constant of the 
middle thiead, and will, therefoie, mroh e both the error in 
determination of the interval and m the adjustment foi colli- 

'""nou^ to eliminate all the.e iiistiumental eiiors, lepeat the 
observations on the same stai on a subsequent night in th 
t-Le portion of me ..IB Le.p be the «— r 

foi inequality of pivots, q the (unknown) 

in the inteival of thread on ditent 

be the latitudes given j ( ) inchnations 

nights and in leveise po-tm- of ax^ ^ 
of the rotation axis given bj the colhmation 

tions are 6 + and h P’ » a. « so that in the first posi- 
constant foi the given thread is c + ? -o that in i- 

tion of the axis we have 

sm 9[ 

<p 9' b j? ^ 


and in the second position, 

, .sinsp 

f = ?>"+ b'-p -(.e + «) 
and the mean of these is 
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y = y'- emy" 1 

2 L sm 5 J 

so that the inequality of pivots is wholly eliminated, and the 
error of thread and colhmation is reduced to the term 

q f sin y — sin y'H q sm (y' — y") cos y 
2 1 Bind J~ 2smd (nearly) 

^ ~ ^ ~ ~ ^ cosec 6, and that 

^ o^ this small quantity which depends on the colhmation of 
tte nuddle thread will have different signs for north and south 
threads, and will also wholly disappeai from the mean There 

^ 1 . ^ the result only that part of this term 

w 1 C epends on the errors of the thread intervals As the 
tme^ intervals can easily be determined in the meridian withm 
, IS remaining error in the latitude will be insensible in 
prac ce, an we may assume the mean of two nights’ observa- 
tions to be wholly free from the instrumental errors 

of observation and of the clock 
angles and ^ As A is always small, their 
hTt! « n t f iierally be appreciable in cos^ and their effect 
^ -L Clearer tlie star is to the zenith , for the 

thp appear in ^ are only the vaiiations of rate, and 

la error m <p resulting from an error in 

18 found by differentiating (169); whence 

ily tan d sec « tan d cos 1 tany' tan # 

w aeasty 

- d» 

= Y 2y tan d 


■ 45 , in which case we have 


and ^2pi8 gwartest for q> 

T ^ ^ , XAA wxucn case we nave 

t~ll !L X 0.18 ; or aa error m » of 

the Bieui of the latitadee obtaj ^thin 1*, we ought to expect 
thread and with the same star** eights from the same 

t» “S”* wft that found m the 
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W.J fiom .nj other 2 ^he„ 

letire expenence ot f m tie tehukted 

Tioallj, the khtade the latitude 

aeclmaiiou ot tie sto j declmatlou. but rrhen 

is always gi-eater j i,, lees than the error m 

^ > 45" the "Xse deohnatione fell betweeu 

t l"l^ SO? ~ a. will be seen at ones iy examuiing 

the eq^uation ^^^ 2 ^ 

t= d$ n a 

^ Bin 25 

Wtach 1. found by differ^tiatiag (169) mth 

obtained by it even m latitude, not g, eater than 80 . 

178 hiBtead of deduemg a *duc”fd!etb^™ttOT^» 

thread, it i. and then to ind the 

on the several threads to tlie m ^ course, 

ualue of *"“*XirrerS ualues found ftom the 

he the same M *^4, therefore, to investigate the 

forLl 'for "S the ohse^ahon. on the side thread, to fte 
middle tTiread 

^r= the e 4 «.ton.l interval ot any given thread norli of the 
nuddle thread, 

1= the corresponding star interval, ,,„,,:i,qie 

then,Tl>euig the hour angle g^^^^read: so that 

thread, r - Iis its hour angle when *e gmn 

r now denoting flie ““Tfor e w (IM), we have 

and, conse(iuently, c + ^ being noiv put for c m j, 

+ c) = - « n '1 sm 5 + cos n cos 5 cos (r - A - I) 
while for the middle thread we have 


Sin c 


, _ 81 U n sm 5 + cos n cos S cos (v ■ 


The difference of these equations gives 

2 cos ii I + c)8iii ii = ieos a cos 5 smC^ - A • 


A) 


iJOsmiJ 



TBAXSIT IXSTBUiklENT 

^ tT ]3 first member, since i and c are both small, we may put 
2 cos J t sin i i, or am i, and hence 


2 sini 2 = 

cos n cos S sin (t — a — i /) 

If the ajzimnth a of the instrnment is even as great as 20 ' (and 
It will always be much less), it is easily shown that log h in (167) 
Jill not be less than 9 999993, that is, it will not change the 
itth decimal place by a unit in the computation of log cos n, 
nn , as this degree of accuracy is evidently even more than suf- 
hen^^ computing/, we shall heietake cosn = sia(^!> — b), and 


2 Sin i 7 = 


WlJLl U 


Sin (p — b) cos J sm (t — A — i J) 


(171) 


This very exact formula will be required, however, only where 
6 s ar IS veiy near the zenith In most eases we can employ 
~ P""* K instead of its sine 

When the star has been observed on the middle thread, both 
eart and west of the meridian, we may find r - / = witli 
su&cient accuracy for computing the rediictioufe of the threads, 
by taking the half difference of the observ-ed times on tlub 
thread, and hence the formula will be 


2 sin il= 




or, in most eases, 


sin(p — b) cos ^ sm (^ — i J) 


1 = 


Bin p cos $ sin (.> — } J) 


(172) 


(172*) 


car^fidW ^ T & must be 

^reMy observed Thus, z will be positive for north and 

» positive for a star west, and 
negafave for a star eaat of the meridian The value of I re- 

. j i.- r f It is to he observed that the oh- 

nr &om 

Hajng reduced the several observations to the middle thread 
by adding the values of J thus found, the means rthe n 



IN THE PRIME VERTICAl 


249 


for tlie east and west traasits, respectively, will now lie denoted 
Toy T and T', after wliicli & and A will lie accurately fouad, an 
the latitude computed precisely as in the preceding article i e 
quantity e in equation (170) will now denote the eollimation con- 
stant of the middle thiead , , , i j? a ofta. 

The level constant should he determined both before andattei 
each transit east and west, and the mean of the fo’ii values 

employed foi 6, paiticulai care being required m the determina- 
tion of this quaitity, since any error in it affects the resulting 
latitude hy itB %\rliole amount 

Example —The following observations were taken hyHAXSEN 
in Heligoland with a transit instrument m the pnme verticah 
The hours are given onlv for the middle thiead, and t e o 
tions on threads VH , YI , and V are placed immediateh belo 
those on I , II., and IH , respectively 


y D) acorns 

I and VII 

'i 1 1 

II. and VI III andV j TV | 

' ) 

Lewel 

East tiansit | 
West “ 1 

Clock coirection (s 

14”‘ 28* 8 

9 26 

27 35 

32 37 ) 

uleieal) at 

1 

13>“36‘8 
10 18 

28 26 8 1 
Jl 50 j 

[fe jjm — J_ 1” 

12">46' !i6»11”o4' 
11 3 8' 

29 17 5 19 30 9 S 

-)1 0 i 

>47* 4U Daily 1 ate, -rl’ 12 

|_0*'40 

i— 1 S7 
} 

1 — 

1824, August 3 — Circle South 


1 y Dracoms 

I and VII jll and VI 

i 

1 HI andV 1 

IV 

i LcTel 1 

I East transit | 
West “ 1 

Clock coTi ect: 

-j 1 

1 8“ 57' 9“ 47' 

13 59 ,13 9 5 

32 15 31 26 

27 14 128 3 

ion at 14* 8”* = - 1”* 

1 lO” 36' 1 16* 11”* 27* 5 1 1* 50 

,12 17 5 1 ; J 

30 36 6 .19 29 44 o 03 

[28 65 1 \) 

' 98 Daily rate, -t- i' 27 


1 1 -Ti I'll p piucle end of the axis, so 

The thieads aie numbered fioni th ohsened fir.t 

that for circle north ’ stais a ^ ‘ ^ ^ fonai. by observa- 

on thread Til Their equatorial inters aL, a. y 

tions in the meridian, were— ^ te 

^ ^1^963 -lo-esa - 21 « 42 « -n-m 

.Cirolenorth) -f 32' 882 -|-21»557 +10'963 ^ _ 


■Jc Asiron yach , Tol VT p 


117. 
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rixe value of one division of th.e level was 2". 5 (of arc). 

The collimation constant was e = -\- 2" 18 (m arc), arcle north 
The assumed latitude was f = 64° 10' 8. 

F or the ^ven dates, the apparent places of the star were — 

7 Draconis a d 

1824, July 31, 17» 52’» 84* 42 + 51® 30' 57" 64 

» Aug 8, « 84 37 58 04 

We shall ftrst reduce the ohservations of July 31 To compute 
the thread intervals, we find an approximate value of & from the 
observed times on the middle thread, the diflerence of which is 
3^ 18*” 15* 8, and, since in this time the clock rate is •+ 0* 6, we 
take = 3^ 18“ 16*4, and hence 

(Approx ) ^ = 1* 39“ 8* 2 

Taking the differences between the observed times on each side 
thread and that on the middle thread for both the east and west 
transits, the mean of the two values for each thread may be used 
as a sufficiently exact value of I to be used in the second member 
of (172), namely . 

I n m V VI VII 

( Ajprox ) 7, 4- 2'" 84» 8 + !« 42* 9 + 0“ 62* 2 — 60* 2 — 1«» 40* 6 — 2^ 27* 8 

— ii, I'^S? 60 8 1* 88 16 7 1* 38 42 1 P 39 33 3 39 58 6 1* 40 22 1 

whence the reductions to the middle thread are, for the west 
transit, 

r, 4- 2»“ 84'.97 4- 1»»*42* 74 + O’" 52» 04— 0“60* 16—1“ 40* 49 — 2“ 28* 01 
and the same values, with their signs changed, are used for the 
east transit These being applied to the observed times, we have — ■ 


I 

East 

16* ll’-SS'SS 

West 

19* 30” 9* 97 

n 


64 06 

9 54 

in 


58 96 

9 54 

IT 


54 00 

9 80 

T 


53 96 

9 84 

VI 


53 49 

9 51 

vn 


54.01 

9 49 

T= 

16 

11 53 90 

T’ = 19 30 9 67 

aT= 

±_ 

1 47 71 

A r = -f- 1 48 28 

r+ a2’= 

16 

13 41 61 

T'-l- Ar'= 19 31 57 95 


19 

31 67 95 

16 13 41 61 

i sum = 

17 

52 49 J*’ 

n diff = 1 39 8 17 

a = 

17 

52 34 42 

\ = ^ = 24° 47' 2" 55 

;i = 

15 Sb 

r 0 ° a' 5 j" 
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Hence, hy (169) and (170), 
log tan 6 0 0996440 
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log see ^ 0 0419648 
log cos X 9 9999997 

log tan ^ 0 1416085 

/ = 54“ 10' 47" 41 

osmy' _ 2 26 - 

- 2 21 

^ = 54 10 47 46 


c== + 2"18 

log c 0 3385 
log sin f ' 9 9089 
log eoseo S 0 106'^ 
0 8538 


For the observations of Angust 3, we find, from the observed 
times on the middle thread, 

(Approx ) 39"* 8* 5 

and from tha ob.emd tunea on <ho a.d. tWda oomparod «th 
the middle thread, yji 

wluok wo 4.d tho tmo vatao. of Ito be as follow.^ 

r, _2"-3V28_l'»41.10-0™a.61+0«50.56+l”'42.10 + 2- ' 

Applying these to the observed times, and taking the means, we 
•Uove 

East 29- 44* 81 

T = 16* 11” 27* 61 -4- 2 0 94 

^T=±_ 2 0 35 Ar-± 


ji I ^ y — 16 13 27 96 
A= 0“ 0' 37" 


-T' 4- Ar'=io SI 

^ = 24“4riS".5 


o// 1 g 

"With these we find, takmg now e — 

^' = 54» 10'50"25 

c Sin f ^ 2 26 


sin ^ 


i= - 1 

,„64 1» *» »* 


PHe .ea. of ^e " 
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179 To find the latitude when the iHStriinient leieiscd between the 
east and west transits of the sawc star on the same wght — Reduce the 
observations to the middle thready and let T and T' be the mean 
of the resulting clock times at the eaist and Avest tiaiisits, lespeet- 
ively. If the middle thread was north of the collimation axis at 
the east transit, it wil] be south of that axis at the west transit, 
and the interval — Twill be sensibly the same as the interval 
between the two transits ovei the collimation axis itself We 
may, therefore, compute the latitude precisely as in the pi’eceding 
method, and regard c as zei o. Thtis, our formulae will be 

= aT')-(T+ aT)] \ 

T'-f aT' -h T+ aT] — ou / 

tan = tan B sec cos X / 

<P = b j 

in which b is the mean of the level determinations in the bvo 
positions of the axis, and is, tlierefoie, fiee from the eiroi of 
inequality of pivots This method, then, enables ns to obtain 
from the observations of a single night a value of the latitude 
free fiom all the lustrum ental errors * TTe may lemaik here that 
the result by this method, as well as the mean of the lesults of 
two observations ni reverse positions of the axis by the piecediiig 

method, is free from eirois arising fiomflexuie of the rotation 
axis 


Example The following observations weie taken at Cion- 
stadt with a transit instrument in the piime vertical, the axis ot 
which was reversed betw^een the east and ivest transits 


1843, August 9 Cionstadt Assumed ^ == 69° 69' 6 



(Hrclo South 

r 

II j III 

T 

IV 

V 

Lerel 

E 

y Casnop^se 

13*” 23* 

17*” 46* i 0* 24»« b' 

31*” 32' 


+ 6" 36 


d Oatsiopese 

20 32 

23 8 1 0 26 il 

29 19 

32»” 44' 

+ 5 56 


Oirole Neath 

1 

1 




W 

y Casnopess 


1*” 2* ' 55' 

15*” 2G' 

20”' 21' 

r— 2" 10 


. 


1 



1—2 08 


d C(M9topm 

57*” 3b' 

0 45 l2 4 11 

7 0 

9 50 

r — 1 60 

" 

1 

— ^ — 

1 



1 — 1 10 


Z acy m hnding ? , since tins quantity ^11 be affected 

L smln ™ error , Hut theeiTor will ha.e no sensible effect upon the cosine of 

ir . I* mdeed, be alwa, s mappre- 

LddleThrLd ^ ^ bestowed ordmaiy eaie upon the adjustment of the 



258 


IN’ TUi: I’lUiiE 

The level was observed before the east transit of r Cassioj) and 
after that of dCassiop. so that the mean 5 = 4-5" 4:6 he 
used for both stars at the east transit But at the west transi 
the level was observed before and after each stai : so that foi 
■f Cassiop. at this transit we shall use b — — -09, an oi 

S Casslop 5 & = — 1" 30 T i? 0.1 

The threads are nnmbeied from the circle end of the axi , 

and thread I was first observed at both the east aaid wes 
transits The equatorial intervals from the middle thread weie- 


II 

+ 18 * 74 


IV 

— 16 * 14 


V 

33*33 


the 


(^Circle North) i, + 

The eollimation constant, as found fi-om obseivations m 
meridian, was c = 4- 4:".50 (in aie) for ‘‘ciicle soiit 

The chronometer correction (sidereal) was 4- ‘ ’ 

its daily rate, 4- O’- 96 , . t , 

The apparent places of the stars for tins date weie 

a ^ 

r Cassiopece, 0“ 47“ 21*49 4- 59“ 52' 2" 3 
$ Cassiopece, 1 15 40 38 -f- 59“ 25 6 2 

To reduce the obsen-ations of j-Cbssio/iece, we first find the 
approximate value of & from the difierence of the obsen ed times 
on the middle thread to be 

= 0 * 22 “ 54 * 5 

from which we find, by (172), the reductions of the side threads 
to the middle thread to be as follows 

I II IV V 

4-10“43*2 4-6”*19*7 — 7“23*9 

_ ^8 55 6 - 6 32 2 -10**26*4 


y’ Cassiop. E 
‘ W 


A-pplymg these, and proceeding by (ITS), we find,- 
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$ 


Bast West 


I 

0* 

24" 6* 

2 



II 



5 

.7 


1 9 67 

6 

ni 



6 

0 


65 

0 

IT 



8 

1 


63 

8 

T 



- 



64 

6 

T = 

o' 

24 

6 

"s 

T' 

= 1 965 

"s 

aT = 



30 

2 

aT' 

= -t- 30 

2 

T + aT = 


24 

36 

7 

T'+aT' 

= 1 10 25 

5 


1 

10 

25 

5 

0 24 36 

7 

} sum = 


47 

31 

1 

f idiff 

= 0 22 54 

4 

a = 

0 

47 

21 

5 

\ 

= 5° 43' 36 


X = 



9 

6 





= 0® 2' 24" 


log tan S 0 2362409 

log sec -> 0 0021729 

log cos A 9 9999999 

log tan jc' 0 2384137 

y' = 59° 59' 29" 78 

6 = ^ (5" 46 — 2" 09) = 4- 1 69 

f = 59 59 31 47 

The observations of yCassiopece, reduced in the same manner, 
g*v6 y = 69° 59' 30" 98, and the mean is ^ = 59° 59' 31".23 
The preceding methods of reduction leave nothing to be 
desired when the intervals of the threads are known When, 
however, these are unknown, we may resort to one or the other 
of the folio wmg methods, according to the nature of the obser- 
vation 

180 To find ih& latitude from the observed transits of a star over the 
prime vertical, east and west of the meridian, when the instrument is 
reversed ordy between the observations of different nights, the intervcds 
of the threads being unknown 
Put 

c — the distance of any thread from the oollimation azis, 

= i the elapsed sidereal time between the east and 
west transits over the same thread when the circle 
or finder is north, 

= ditto for the same star when the axis is reversed, 

Ki K — the level constants in the two positions , 

then, by (169) aud (170), we shall have 
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tan = tan S sec cos A 

tan p. = tan i sec cos A 

csinj^ 

?> = ^»„ 4- ^’» + 


-h 


sm S 
c sin y, 
sm S 


The last tv^o equations involve hut two unknown quantities, 
f and c, both of which may, therefoie, be determined Pu 

= 3 (?”» + + <". + *•) 

r = i 


then our equations become 


Vo= r + 


c sm 


y — 9 o = — T' 


9 — ' 


■=-T; 


sm ^ 
c sm 
sm ^ 

Multiplying the first by sin^., the second by siny)„, and adding 
them together, we find 

r sm y, — sm y.1 ^ ^ tan i — ?>.) cot i (?„ + ?.) 

Lsm ¥>„ + sin <pjl 

Since r IS very nearly equal to second member of 

this e^tion involves the square of r, and 

exceedingly small quantity, in computing which we may, e\u- 
den% p5t" = « - ^.) -d substitute , for i 4 whereby 

we obtain ^ ^ sm 1" cot 

This method may, therefore, be expressed by the following 

equations ^an = tan a sec cos A 

tan = tan S sec cos A 

ft =j(». +».+<•.+».) 1 

A? =i 
9 = fa — 

m which the assumed value of may be used in computing 

181 In this form of the method, only fairs of observations 
of the same star made on different nights in reverse positions of 
tL ^is can be reduced But it often happens that the observa- 
tion on a thread is lost, and the corresponding observation on 
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the same thiead in the reverse position of the axis becomes useless 
In order to avail ourselves of eveiy observation, we may, after a 
sufficient number of observations have been made on the same 
star, deteimiiie for this star the mean diffeience between <p and 
between y and <p^ + 6^, and these differences may be 
Used to reduce the obseiwations on the seveial nights independ- 
ently of each other Thus, if we put 

\<P = <P— (v, + K) i —^,+ K — O — 

^ K)= + 1 (.^n — + K — K) — 

each complete pan* of obsen ations on two nights furnishes a 
value of and L/p, and, the mean of all being taken, any indi- 
vidual obser\atioii maj be i educed by the formiilse 

tan tan d sec iJ^,^eos X ^ 

01 , tan <p^ z= tan <? sec cos X ^ ~ j_ ^ 

This method of i eduction is given by Professoi Peirce * 

182 The quantity A, which is the difference between the light 
ascension of the star and the mean of the sideieal times of obser- 
vation on the same thread east and west of the meiidian, should 
have the same oi nearly the same value thioughoiit the series of 
observations, since any change of sufficient magnitude to affect 
the value of cos^ sensibly will give different values of oi <p^, 
and, consequently also of ^^jp oi \(p^ which are here supposed to 
be constant To secnie this condition, the stability of the instru- 
ment in azimuth must he secured, oi it must he verified and 
corrected from time to time by means of a terrestrial mark to 
which the middle thiead is referred 

183. The factor cos X may be omitted (not only in this, but in 
all other methods) thioughout the leduction of a series of obsei- 
vations where it can be legarded as constant, and a small coi- 
rection for the azimuth of the uistiument can he applied to the 
final mean latitude If we denote this mean by (^), found by 
neglecting the factor cos A, the true latitude will be found by the 
formula - 

tan f = tan f^) cos X 


* In. a memoir on the latitude of Camhiidge, Mass , Memoirs cf Am Academy cj 
Seiefnces, Vol II p 183 
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^ _ (y) _ ^ A» sin 1" Bin 2 <f C175) 

Tf the azimuth deviation a is required, it may be found by the 
second equation of (167), which gives, very nearly, 

sill a = em A sin <p (176) 

If the azimuth of the instrument is known independently of 

the ob8ervation8forlatitade,wehave,bysubstitutiug « for Asin^^, 

y _ (y) _ 1 a’ sm r cot <p (17C*) 

184 The thread intervals may also he found , for the difference 
of the equations for Art 180, gives 




2 sin I + ¥>,) cos ^ (?>„ 
for which we may take 

_ ^ 

Sin (p cos 

or, in most cases, , . ^ ;s 

^ _ (a-«p + ^< f ) " 


•?.) 


(177) 


Sin ip 


This will give the distance of each thread (the 
included) from the colhmation axis, whence we can 
distance of each from the middle thread 

Example —Let us apply this metlmd to the 
owatlons taken at Migolandby M 

indTfor thread by takmg half the 

obBerved timee on to thread, ^'l^'^rlCvaL 

the cloek rate in the mterval, which .e here + 0-28 TOe^ 
of J maybe found accurately enough from the middle thread 

alone Tims we have 


Mean of times on middle thread — 17* 51* 
Clock eorr = ^ 


1*9 
48 0 


Sid time = 17 52 
Star’s a. = 17 52 
A = 


49 9 
34 4 


15 6 = 0® 3' 52" 


V n i/htr tan S gobX = 0 0996437, which will be used 
Hence we have log to d thread being 

for all the threads, the value of log cos tf tor e 

subtracted from it to find log to f „ as 


Voi. n.— 1? 



s 


25f^ 
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'Chiead 

K 

log COS 

log Ian (j,^ 


I 

1“ 36“ 83* 38 

9 9602592 

0 1393845 

54° 2' 25" 7ft 

11 

1 87 26 28 

9 9595210 

0 1401227 

5 12 36 

III 

1 38 16 03 

9 9587918 

0 1408519 

7 56 84 

IV 

1 39 8 18 

9 9580351 

0 1416086 

10 47 43 

V 

1 39 58 38 

9 9572996 

0 1423441 

13 S3 16 

VI 

1 40 48 78 

9 9665540 

0 1430897 

16 21 07 

VII 

1 41 36 03 

9 9558485 

0 1437952 

18 59 87 


From tlie observations of August 8, “ eiicle south,” we find 

Mean of times on middle thiead = 17“ 50”* 35* 7 
Clock coil = -|- 2 0 6 

Sid time = 17 52 36 3 
a = 17 52 34 4 

log tan 3 cos 1 = 0 0996457 ) — 1 9 = 0' 29" 


Thi ead 


log COS 

log tan <f>t 


I 

1* 41“ 39* 29 

9 9557996 

0 1438461 

54° 19' 11" 32 

II 

40 49 79 

9 9565389 

0 1431068 

16 24 93 

III 

40 0 54 

9 9572678 

0 1423779 

13 40 80 

IV 

39 8 54 

9 9580299 

0 1416158 

10 49 07 

V 

38 19 04 

9 9587483 

0 1408974 

8 7 11 

VI 

37 27 04 

9 9594968 

0 1401499 

5 18 50 

VII 

36 37 79 

9 9601968 

0 1394489 

2 40 30 


With the assumed latitude f = 64° 10' 8, we find log J sml" 
cot ^ = 3 9419, and the computation of Af for each thread is as 
follows* 


Thread 


log 

log 

1 

Ad 

I 

— 16' 45" 56 

6 0046 

9 9465 

0" 88 

II 

— 11 12 57 

1 5 6556 

9 5975 

0 40 

m 

— 5 43 96 

6 0730 

9 0149 

0 10 

IV 

— 0 1 64 

0 4296 

4 3715 

0 00 

V 

+ 5 26 05 

5 0264 

8 9683 

0 09 

VI 

+ 11 2 57 

5 6426 

9 5845 

0 38 

vn 

+ 16 19 .57 

5 9820 

9 9239 

00 

o 
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Wts have b = — 2" 21, 6 = — 1" ^1, == “T 

and hence the several values of the latitude given by the different 

threads are found as follows 


1 

Thread 

1 (0n + 0t) 

^0 

<p 

I 

54® 10' 48" 64 

46" 48 

45 60 

II 

48 65 

46 59 

4619 

ni 

48 82 

1 46 76 

46 66 

rv 

48 25 

46 19 

4619 

Y 

50 14 

48 08 

47 99 

VI 

49 79 

47 78 

47 35 

vn 

50 09 

48 03 



47 19 

yifi Tyi 


Hence 0 = 54° 10' 46" 74, which agrees within 0".03 with the 

SXfLn/onp 25X sl^h. ^ ^ 

small errors in the thread intervals employed m the t 

“^Th^values of and A.<p for each thread maybe found as 
follows 


Thread 

i(^ 


.) 

i(0n— 


-i.) 

j 


I 

— 8' 

22" 

78 

— 8' 

22" 

93 

+ 

8' 

22" 

05 

— 

8' 

28" 

81 

II 

— 5 

36 

29 

— 5 

36 

44 

+ 

5 

36 

04 

— 

5 

36 

84 

III 

1 — 2 

51 

98 

1 

52 

13 

+ 

2 

52 

03 

— 

2 

52 

23 

lY 

0 

0 

82 

— 0 

0 

97 

+ 

0 

0 

97 

— 

0 

0 

97 

Y 

+ 2 

43 

03 

+ 2 

42 

88 

— 

2 

42 

97 

+ 

2 

42 

.79 

YI 

YII 

+ 5 
+ ^ 

31 

9 

29 

79 

+ 5 
+ 8 

31 

9 

14 

64 

— 

5 

8 

31 

10 

52 

48 

+ 

+ 

5 

8 

30 

8 

76 

80 


formula (177), which gives 

,, +32.n +2?65 +iv\s +oi^06 -10^48 -21*31 -31*51 
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tonal intervals of the side threads from the middle thread are, 
therefore, 

I II III T VI VII 

j, 4- 82* 31 + 21* 69 + ll* 02 — 10* 54 — 21* 37 — 31* 57 

which agree with those given on p 249 as well as can he expected 
when but four observations on each thread have been taken 

185 To find the laMude from the observed transits of a star over the 
•prime vertwal when the instrument is reversed between the east and west 
transits, the intervals of the threads bang unknown — Let 

T,-d = the hour angles of the star on the same thread at the 
east and west transits, 

then, e denoting the distance of the thread from the coUimation 
axis, we have 

— sin c = sm n sin 5 — cos n cos 8 cos (r — A) 
sin c 5= Bin n sin d — cos w cos S cos (t' — A) 

the sum of which gives 

cot n = tan 8 sec — t) sec Q (/ + t) — A] 

But by (167) we have 

cot n cos A = tan (?> — /S) 

and therefore 

tan (jf = tan 8 sec — ■^) sec [} (r' -|- t) — A] cos A 

in which ^ = mclination of the rotation axis , and in this case, 
if b and ¥ are the inclinations m the two positions, we take 

If now, to avoid all further consideration of the clock rate, we 
suppose all the observed times to be reduced to some assumed 
epoch [T) at which the clock correction is aT", and put 

T, T' = the clock times on the given thread at the east and 
west transits, respectively, reduced for rate to the 
assumed epoch (T), 

^ 0 — the same for the middle thread, 

we have 


r = T-k aT— a 


t'= !r'+ aT— a 
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andj since the middle thread le very near the collimation axis, 

A = 2 ;)+ Ar-a 

i(t' — T) = ^(r'— T) = \ elapsed sid time, 

=\{r+ r)-U^^o'+ n) 

Hoiicb, if w 6 adopt tli© following moro simple notation, 

2^ = the elapsed sidereal time between the east and west 
observations on the same thread = T, 

mean of the observed times on that thread 

= -|- 2^5 

= the mean of the observed times on the middle thread 

= 1(2;'+ 2 ;), 


and put 


Y = t — % 




we shall have ^ 

tan = tan d sec ^ sec y cos a I fl78'i 

^ == ^' -j- i (^ + ^0 ^ 

This method of observation and reduction has the same 
advantage as that of Professor Peirce, in not requmng a know- 
ledge of the thread intervals , and it further enables the observer 
to reduce each observation independently of all others, and thus 
to obtain a definite result from one night’s work 

Example —Let us apply this method to the observations taken 
at Cionstadt, given on p 252 

Eor the star y Casmpeee we have but three threads to reduce, 
since thread I was omitted at the west and thread V at the east 
transit Eor the others, we proceed as follows ; 

^ = 0* 4Ym 0* 5 ^ ^ 2362409 

^ y — 30 ,2 log cos X 9 9999999 

Sid time = 0 47 30 7 log tan J cos A 0 2362408 

» = 0 47 21 5 
;i^0 0 92=2' 18" 

Neglecting the chronometer rate, which is insensible m these 
intervals, we have 
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II 

III 

IV 

t 

0* 39“ 24* 

0*47“ 0*5 

0* 53" 29* 

K = r 

0 7 36 5 

0 0 0 

0 6 28 5 


0 21 38 

0 22 54 5 

0 21 67 

log sec y 

0 0002393 

0 OOOOOOO 

0 0001733 

log sec ^ 

0 0019377 

0 0021732 

0 0019949 

log tan 

0 2384178 

0 2384140 

0 2384090 

9' 

59° 59' 30" 6 

59° 59' 29" 8 

59° 59' 28" 8 


Mean / =z= 59° 69' 29" 73 
“ b= + 1 69 
= 59 59 81 42 


For d Gassic/pem we find, m like mannei, A = 1' 27" loff 
= 0.2284381 ; and from the several tkieads, 


tan d cos A 


I 

> 0 * 6 »» 12 ' 
a 48 32 
f 59« 69' 28".8 


II 

0* S”* 20' 5 
0 48 49 5 
59® 59' 80".l 


III 

()A Qw Qf 

0 48 65 
59° 59' 28" 3 


n 

0 * 2 »« 63-5 
0 48 50 5 
69® 69' 29" 1 


V 

0 * 6 "* 1 * 

0 48 33 
69® 69' 28" 2 


Mean <f< = 59° 59' 28" 90 
“ J = + 2 08 

f = 59 59 30 98 


The mean result by the two stars is, then, a = 59° 59'’ 31" 20 
which difters only 0" 03 from the result tound on p 254, wheie 
tne thread intervals were used 


186. Tojit)d the latitude Ji om ih£ observed tmnsiU of a star over the 
pnmevert^ east and west of the meridian, when the instrument is 
r^ersed ctt eaeh transit, between the obseivations of the stai on opposite 
sides ofilie prime leriieal (Struve’s metliod ) 

men the star passes near the zenith, the intervals between 
Its transits over the threads become snfiiciently great to allow 
re’^rse the instiument between the observations 

?i' ^tai at the east 

nn nf side of the middle tliiead or 

In the Observe the star 

then, allowing the axis to remain m the last position, thirdly 
observe the star At the west transit on the same threads, and thei^ 
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xeversiag tiie axis, olieei-ve the star on the same threads 
on the same side of the prime vertical as at first By this moue 
of observation the same thread is alternately a noith an a sou 
thread at precisely tlie same distance fiom the colhmation axis 
at each of the four observations made upon it ow^ m 
equation (166) we have r — A - i elapsed sidereal time between 
the east and west transits ovei the same thread m the same 
position of the axis so that, if we put 

t = I elapsed time between the two observations on a thread 
in one position of the axis, 

t' = ditto for the same thread in the reverse position of the 
axis, 

we have, c hemg the distance of this tln-ead from the axis, 

Sin c = sin n sin ^ — cos ii cos ^ cos^^ 

sin c = sm n sin ^ — cos n cos 5 cos<' 

the sum of which gives 

cot n = tan 5 sec i (^ + ^ ^ 

But by (167) we have 

cot n cos A = tan {<p — 

m wiioi for must hers emploj 

determinations in the tivo positions, or /3 J ( + ) ’ 

denoting (p — hy we find 


tan <p' =- tan S sec K‘ + <0 se® ^ 

<P = 


I (179) 


where x will be the same for all the threads, 
with sufidcieiit accuracy from any single J ^ 

difference between the ught ascension of 
of the two sideieal times of ^fservafron^ that 

Dach thread to ^ have nearlj the 

'"rx"'rmh."::to me^, 


. 0,™ a.g« ‘ 

latitude, as la Alt 18^ 
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once as a nor^ thread and once as a south thread, and the lati- 
tude will be found from it, accoiding to the method of the pre- 
ceding article, by the formula 

tan 50' = tan d sec t cos X 

where i will be one-half the elapsed sidereal time between the 
obserrations on the middle thread In taking the mean, the 
value of the latitude found from the middle thread should have 
but one-half the weight of the value on any other thread, since 
It aepends on tvvo observations instead of four. 

This method is not much used in the field, as portable instru- 
ments, usually not very firmly mounted, and never provided with 
reversing apparatus, cannot he quickly reversed without risk of 
disturbing the azimutb. 


Example In the following observation, the axis was re- 
versed immediately after the star had crossed the middle thread 
transit, and was then left in the same position until 
after the star had crossed the middle thread at the west transit, 

&st polfion consequently, restored to its 


Cronstadt, August 16, 1843 


<J Ccum^esB 

Hast transit 

West transit 

II 

+ 

j = -h 1 " 2 

Circles 

Circle N 

Thread 

Chronometer 

Chronometer 

I 

II 

III 

III 

II 

I 

0 * 20 “ 18' 6 

0 22 56 

0 26 9 

0 29 S 8 

0 32 45 

2" 9“ 50* 5 

2 7 16 

2 4 0 

2 0 32 

1 57 24. 


b = — 2".7 

1 

II 


The chronometer correction at 1* 15”* was + 40' 1 
+ 1* T4 on sidereal time. The star’s place was ' ’ 


its daily rate, 


« = 1»15-»40'71 d = 69»25'7"75 

*S4.TOacH, /’raet Aaron, Vol i p 37 - 
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Ve find from the middle tliiead X = 3'.9, cos X = 1 The com- 
putation for the several threads may be arranged as follows 


Diff obs’d times >Si 
Cbron Rate 
Dilf obs’d times if- 
Chron Rate 

i(t + O 
i(t-n 
log see i (t -h t') 
log seci(t — t') 
log tan S cos 1 
log tan v' 


1* 49”* 32* 0 
-(-0 1 
1 24 39 0 
+ 0 1 
1 49 32 1 
1 24 39 1 
0 48 32 8 
0 6 13 3 

0 0098171 
0.0001600 
0 2284455 
0 2384226 
59® 59' 31" 61 
_ 0 35 


!» 44 »» 20 * 0 

1* 37“ 51* 0 

+ 01 

+ 01 

1 30 54 0 


+ 01 


1 44 20 1 

1 37 51 1 

1 30 54 1 


0 48 48 .55 

0 48 55 55 

0 3 21 5 


9243 

9722 

0466 


4455 

4455 


4164 
30" 83 
-0 35 
29 98 


30" 60 
— 0 35 
30 25 


y, 1 59 59 31 26 1 29 98 ( 

Giving the value found from the middle thread 

weight of either of the other two, the mean IB = 59 69 30 

187 To find the htiivde from stars observed at only one of 

transits over ike prime iier<ica?.-irotwithstandiiig the simphci^ ot 
the preceding methods, it is not always possible ^ 
in the field If the observer has but a 
a station, he may fail to find a sufficient number ^ 
which pass near his zenith, and, if 

greater zenith distances, much time is ^(>maviii 

he can use stars observed at only one 

two or three hours obtain sufficient data ^ is t,as6d 

of W. 

upon that originally given by bBSSEi, 

which appear to me to facilitate ite ^ the distance 

If in the general equation (166> ^rBitbatitute i + c for this 

of a thread from the °o^™^“^^4ice of *e thread from the 
distance, den oting now by i the distance oi 

TZtron VI So. 131 wd 183. 
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^anlliread, and by c the distance of the mean thiead from the 
we nave 

^ » sm ^ cos % cos b cos (t — A) 

mined by the conditions (167). 

Each thread gives an equation of this form The mean of 
equations may be found by the aid of our Tables VIH and 
T>.n=* method already explained in Art. 173. 

observed times on the several 
frnm iU ^ Obtained by subtracting each observed time 

fTiAfflA ^ *1 * iiiean of the several values of 

wTLre argument /, 

and, smee here t is the west hour angle, 

“f- A T — a 

^ equatorial distances of tlie 

threads from the mean thread, we have 

c + *0 = — sm n Sin d -j- tips $ cos Cr, — i) 
or, putting ^ 

r eos 3, = 7 COS d 
k 


i+io. 


al, y sin d, = sin (j 

the mean, equation is 

sin n sin cos n oos <5^ cos (t^ A) 

Developing eos(Tj--A), and suhstituting the values of sm 71 
cos 71 cos cos 71 sm ;i, from (16T), ^ 

-:t-=_Aco8(^_^)ana,+4sm(p_^)co8i,co8r,+sinaco8icosi,8mr. 

m wHch h and ^ are determined by the conditions 

A sin (? = sin b 
h COB ji = cos b eos a 

■But, since we eaai alwavs nut oos h i i-i i 

“ put cos 6 — 1, these conditions give 
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^ We shall here assume that the ^ mly s^ely 

brought within 20' of the pnme vertical, and the 

take A = cos a = 1. and substitute a for its sme Hence 

V _ _ ^jog Bia 5j + sin — b) cos cos t, + a cos 5j sin t, 

r 

let <pi and z he determined by the conditions 


then 


cos 2 f sm <pi = sm 
cos 2? cos <Pi= d^COB 
sin 2 ==■ cos sm 

Liia= Sin(f — Vi — 2 + fl sin « 


where <p - <p,-b 

therefore may be substituted foi its sine g , regarded 
method of finding the latitude no f ^e^de ^ the 

as having any value unless 

mean thread have been observe , o „„_i* Our equation 

no error vnll arise in practice by putting 7 

is, therefore, , i_ „ sin ^ 

<;+,,= (y-«.,- 6 )C 082 + «Sin« 

I70W let 

io = tlic assumed latitud©, 

r^eqaTed cre« of these quantities, 

A ^ -i- Aff for <p and a, dividing the 
then, suhstitntmg ^’o + [erms by/, i e. puttmg 

equation by cos z, and denoting 

/ = ,, + &-^,-«.tan. + »«sec. ( 180 ) 

which IS the eluahon of ^^protSle rallies of e, an, 

readiiyEe found ly the eiinationsj cos , ^ 
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} ( 182 ) 


tan = tan «, sec t, = A tan d sec r^ 
tau z = tan Tj cos 

iTlL* negative when tan t, 

Bie-ii Sr^r’ meridian The 

tlST f term c see 2 must also he changed when the axis of 
the instrument is reversed 

following observations (among othera) were 
^ portable transit instrument, 

metS^d PH^ose of demonstrating the advantages of this 


Municli, 1827, June 27 


Circle North 

I 

II 

III 

lY 

V 

level 

Ts Lyres E. 
tfSereiiltsW 
r Oygm E 

48” 6*4 
9 36 4 
29 38 0 

46“ 54* 4 
11 38 4 
28 47 2 

11*46»43* 2 
12 13 86 8 
12 27 65 2 

44” 31* 2 
16 84 8 
27 2 6 

43“ 16' 8 
17 85 6 

I 26 8 0 

+40 875 
+ 0 408 
+ 0 117 

Circle South 

^pSerculis TV 
66 Gygm B 

44 4r 2 
48 40 8 

43 19 2 
50 6 6 

12 41 49 2 
12 51 31 2 

40 17 2 
62 59 6 

88 37 6 
54 32 8 

— 1 966 

— 1 876 


hons^e ^ Stedthbil's 

6, where the assamed latitude was 48® 8' 40" 

<iroioni«M of 

Si + 5. t ot 12* (»J clroB ) was 

per ionr '*® ™*® o*'lo'^flal time Tras + 9* 19 

The equatorial interraU of the threads ftom the mean of «11 
erpretsea m aeeondaotar^ ,er. as follows, &r^2r« ’ 


II 

+ a08" 09 


III 

+ 6" 19 


IV 

— 294" 91 


V 

— 612" 46 


■+ 598" 08 

The value of one division of the level was 4 " 40 TVno. vn + 


*■ 4ttron Sack , Vol II p 415 


t See the example on p 234, 
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Tke apparent places of the stars on the given date were as 
follows : 

1 

i 


a 

6 

18* 

50* 

7* 

74 

43“ 

48' 

27" 

72 

15 

57 

27 

55 

46 

31 

28 

21 

20 

16 

4 

59 

39 

42 

32 

96 

16 

3 

21 

85 

45 

23 

40 

03 

19 

35 

33 

81 

45 

7 

14 

89 


TiLyxje 
u HercuJis 
r Oygm 
(pHei culls 
66 Gygni 

We shall illustrate the use of oui foimulae ^ gwing the 
reduction of tlie observations of Lyrcc ^ ’ 

ploying the mean time columns of Table Tm , 


TT Lyrse 

T ' 

I 

11*48“ 6*4 

II 

1 46 54 4 

III 

1 45 43 2 

IV 

1 44 31 2 

V 

43 16 8 

Means 

11 45 42 40 


I 

X 

log h 

2 “ 24 * 0 

_ 0*04 

0 00002 B 9 

_ 1 12 0 

0 00 

60 

_ 0.8 

0 00 

0 

+ 1 11 2 

0 00 

59 

4-2 25 .6 

4-0 04 

244 


0 oo 

0.0000120 


Hence we hare 

= T + -« = 
aT = 

Tj + A r = 


11*45“ 42*40 
5 1 1 12 

16 46 43 M 
18 50 7 74 


log sec Tj 
log tan 5 
log A 


__2 

1 

0 0662574 
9 9806553 
0 0000120 


24 22 = — ® 


log tan 'Tj 
log cos 
log tan 2 
log sec 2 


»9 77621 
9.824T6 
»9 60027 
0 03208 


log tan jOj 0 0469247 

„ 480 8' 40 ", an = ™ eompu- 

We shall assume %=" 48 » » o , 

-• 




270 


TEANSIT INSTUUMENT 


jo, = 48° 5' 21" 64 
b = + 20 00 

— tan 2 = -f- 8 8 33 

48 8 49 97 
/= + 9" 97 

The equation of condition from itLyioe. is, theiefore, 

1 0767 c + 0 3990 aa — 9" 97 = 0 

In the same manner, the equations for the other stai 
to be 


1 0269c — 0 2336 Aa — + 10" 83 = 0 

1 1645 c -f“ 0 6967 A<z — a^ -)- 15 93 = 0 

— 1 0468 c — 0 3094 Aa — a^ — 17 01 = 0 

— 1 0504 c -f 0 3214 — a^ — 12 62 = 0 

From these five equations we find the noimal equa 
5 7688 c + 0 8708 a^^ — 1 1709 a^z> -)- 71" 46 ~ 

0 8708c + 0 7688 Aa — 0 7741 A^^ -f 12 16 = 

1 1709 c — 0 7741 Acf -|- 5 0000 a^ 7 10 = 

whence 


^ 12" 19 Aa = — 4" 09 

A^ = 2" 06 with the weight 4 203 


Substituting these values 
find the residuals as follows 


in the equations of con 


V 

vv 

— 2" 72 

7 40 

+ 1 33 

177 

+ 1 36 

185 

— 0 92 

0 85 

+ 0 93 

0 86 

M : 

= 12 73 


me number of 
unknown quantities p. 
tion is 


the mean error e of a sing 
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And the mean error of L<p is 


g == 1 '' 23 

“ |/4 203 

Hence we have, finally, 

^ _ 4go g/ 37^^ 94 ^yith mean error zb 1 " 23 


The true latitude, found by I'efeiring the position of the in- 
strument to the Observatory of Munich, was 48° 8' 39" 50 Thas, 
five observations, taken within about one houi with a very small 
mBtruineiit, sufficed to determine thehititu.de within 1" 5 From 
the observations of two other evenings combined with the above, 
the latitude found by Bessel was 48° 8' 40" 08, which was only 
0" 58 in error 


BETERMINATION OP THE DECLIHATIONS OE STARS BY THEIR 
TRANSITS OVER THE PRIME VERTICAL 

188 The transit of a star over the piime vertical has been 
used in the preceding articles to determine the latitude of the 
place of observation wdien the stai s declination is known 
Conveisely, if the latitude is otherwise known, the observation 
may be used to determine the star’s declination The modifica- 
tions of the formulse given in Aibs 177, &c., necessary for this 
purpose, aie obvious 

When the star passes very near to the zenith, the errors m the 
time of transit have conIparatI^ elf small effect upon the com- 
puted declination , for, by differentiating the equation 

tan 5 = tan cos t 

we find 

dd=i — i sm 2fnan t dt 


so tiat tlie elFect of a given error dt la the hoar angle upon the 
computed decimation dimmishee with the hour angle itself 
Bnt an error in the assumed latitnde ^ is not eliminated, 
though in certain cases it will have less effect than in others , 


for we have 


dd = 


sin 2d 
sin 2^9 


The several values of the declination of the same star deter- 
mined on different dates will, therefore, be affected by the con- 
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dliFerencea latitude, but the 

Hence th! nevertheless be accuratelj found 

muT’t. impoitant use of such observations is not so 

ehanees absolute declination of a star as the 

and parallax ^ declination resulting from abeuatioii, nutation, 

comnlete^ insti'umental errors in the most 

S in L S observation 

unc e7h n, ® .^^® ^ instrument constructed 

Ls nee i?r r Obsen^atorj,-a form which 

Has since been adopted in other obseiwatories 

ver^ifal featnies of the Pulkowa pnme 

mrl tW by Repsold The telescope 

VV ThA ^^® ^is '^Mch rests in Vs at 

for reversiiiff^^rt ^ single piece of stone The apparatus 

nier as shnS "J^rament is permanently secured within the 
beiuff raiserl R ^ u ^ ^'^® '"®‘bcal rod M and its arms aa 

and fhirSfr «ank/by means of the bevelled wheels e, 

15 li£ snt-^ ^ ® ^ben the tekscop^ 

semwevS'^ f 180° (the exact 

lowered into tte V^^ determined by a stop d), and is then again 

16 seconds a Z+i, lequired in this operation is but 

tioii with tW + astronomei has commenced an observa- 

the instruTtiA ^ noi’tb? lie can continue the observation with 
seconds r« T* ’ *"^® ^ 20 

rclamnJ T *be observei to rise, 

Te oZ^tir Tr ’ b,s position fo^ 

sinna +>. an instrument of large dime i- 

out. ’ ^ observ'ation given in Art 186 is easily earned 

poIL"* wiTbrafiv/ ' '' removed by the counter- 

The during reversal 

ihe hnder 2? is similar to that desenhed in Art 120 

^^bcule at the focus m contains 15 vertical threads and 


1846)! pTe?" * <‘*trmomzgue central * Pculkova (St Petersburg. 
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two komontal threads, as shown in !Fig 2 All the transits over 
the yertical threads should he made to occur exactly mid’W ay 
between these two horizontal threads, the telescope being made 
to follow the star’s change of altitude by a fine motion screw 
(not shown in the plate), the handle of which is within reach o 
the observer’s hand The equatorial interval between the ex- 
treme vertical threads is 16' 15" or 61* of time 

Theie is also a movable micrometer thread parallel to the 

transit threads 

The field is illuminated by light throwm through the horizontal 
axis and reflected by a mirroi at E towards the reticule. 

190 Example — The following observation was taken by 
Struve with the instrument above described 


1842 January 16 

East Vertical — 5® -6 U 
Tube S 

Level 4- 40“ 35 — 35“ 8 

40 4 35 8 

40 4 35 8 

40 4 35 8 

Tkreade. 


I 

17» 54» 

30*7 

II 

55 

8 65 

III 

55 

44 4 

IT 

56 

22 25 

T 

57 

0 6 

TI 

57 

40 9 

TII 

17 58 

19 5 


Tube W. 

vn 

18“ 1" 

‘ 4*0 

VI 

1 

45 5 

T 

2 

29 8. 

IT 

3 

12 7 

in 

3 

57 6 

n 

4 

39 8 

I 

18 5 

26 35 


Level +37“ 2 -39“0 

S7 2 39 0 

37 2 39 0 

37 15 39 1 


oDraconii 

West Vertical — 5° 4R. 
Tube S 

+ 40 5 — 35 35 

40 55 35 35 

40 5 35 4 

40 45 35 4 

19* 42* 51*4 
42 13 65 


19 


41 

40 

40 

39 

39 


38 0 
59 85 

21 r 

41 4 
2 7 


Ftibe S 

19» 36-17*85 


19 

+ 87“ 25 
37 26 
37 3 
37 25 


37 0 
52 35 

9 3 
24 7 
42 1 
55 6 

— 38“.T 

38 7 
38 T 
38 7 


35 

84 

34 

33 

32 

31 


♦ AUrotumueheJSTaehncbim, Vol XX p 209. 


Voi. n— 18 
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The yalue ol one divieion of the level vras 1" 002. Th.e lati- 
tude, <p = 50° 46' 18".00. The coirecton of the inteival between 
the east and west transits for the late of the clock was -f- 0.09. 
The temperatore of the aii is recorded at the time of the ohser- 
vation (in degrees of R^aumui), as the value of a division of the 
level depends m some degree upon it 
According to formula (179), the decimation will bo found 
from these ohservations by the formula 

tan ^ = tan <p' cos Kt + O f ) 

where, j9 being the mean inclination of tibe axis, we have f ' = p — ^9, 
I = i elapsed time between the observations on the same thread 
for “tube south,” <' =the same for “ tube north ” We omit the 
factor cos 1, because a fixed instrument can always be adjusted 
so accurately that we can put cos A = 1 
But, instead of computing 8 directly by this formula, we may 
find an approximate value by using &e constant value of ^ in 
the second member, and then apply a correction for the incli- 
nation jS. Thus, we find* 

tan = tan y cos i(t -f- t') cos i (t — t') 
sin2p 

«= a'-t- 

in which we make Ad additive by supposing ^ to be positive 
when the south end of the axis is too high. 

The distance c of any thread from the collimation axis may be 
found from the two equations 

— Bin c = cos sin 5 — sin f cos S cost 
sm c = cos 9 sin i — sm ^ cos 9 cost' 

the difference of which gives 

SIP e = — sm y cos 8 sin i(t + t') sm i (t — t') (184) 

' * Wm. ^ ^ 

* ™ * timT ~ tim'J’ vhenoe we readily deduce 

sin (d _ <!')=: sin (f _d) + i') 

sin -1- ^') 

Stm ** ****’ *** for the 


(183) 
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The computation of the preceding observation may be arranged 
in the following form 



I 

IT 

III 

IV 

V 

VI 

vn 

f2t 

log cos i <«' + 0 
log cos i (P — 0 
log tan 0 
log tan £ ' 
£' 

1A48«‘20«79 

1 26 29 34 

0 48 42 53 

0 6 27 86 

9 9901167 

0 9998765 

0 2345728 
0.2246660 

590 11' 39" 00 

47 m 5«09 
28 2 39 

48 46 87 

4 46 67 
0871 
9063 
5728 
5662 

39" 04 

46i»53*69 
29 27 19 
48 50 22 
4 6 62 

0642 
9301 
5728 
6671 

39" 23 

44’»37«69 
30 56 69 
48 63 60 
8 25 25 
0411 
9616 
6728 
5655 

38" 90 

43«‘21»19 
32 22 64 
48 55 96 
2 44 64 
0249 
9689 
6728 
5666 

39" 12 

42»» 0'59 
33 51 59 
48 58 05 
2 2J25 

0106 
9828 
5728 
5662 

39" 04 

4U»n'43«29 
36 "3 94 
48 59 31 

1 22 34 
0020 
9922 

6728 

5670 

39" 21 


Mean 5'=59» 11' 39" 077 
^ _ 1 0" 806 — -I- 0 815 

d = 59 11 39 892 

By comparing the mean value of d' with the several valims 
found from the different threads, we find the probable error of a 
single determination by one thread in the foui positions is in 
this case only 0" 08. This observation, however, was taken 
when the atmosphere was unusually steady From a iscussion 
of the observations of 29 days on this star, Stbtjve n s e 
probable error of a single determination by one thread to be 
0" 125, and that of the mean of seven threads, consequently, only 
0" 047. To this 18 to be added the piobable error of the level 
determination, which, from the above example, is evidently ex- 
ceedingly small Struve concludes that, under the most favorable 
conditoi of the atmoephete, the declmahoi. i. by 

this method with a probable error of not more than 0 ^.05, a 
average circumstances with a probable error un er ^ 

191 If we wish to compute the time of the transit of the star 
ovei the meridian of the instrument from 

with the utmost rigor, we must take mto , 

of level at the east and west transits over the 
The effect of a difference of level is the same as that of a diffe - 
ence of latitude: hence, differentiating the equation 

COS T = tan d cot ^ 

in which r is the hour angle atthe west transit, we have 

A? tan d 

= sm^slTt " sin 9 
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The mean of the times of transit ovei the east and west vertical, 
or 7],, will be increased by Putting then ^9' — ^ for the 
correction of the time will be expressed by the formula 


(^3 — /S') sin d 

30 sin (f |/[8in (jcp + f5) sin {w — ^5)] 


Thus, in the preceding observations, we have at the east transit 
^ = -j- 0" 689, and at the west transit ^9' = + 0" 924, and 


(7;) = 18^ 48’« 41*09 
/9 — /3'= — 0"235 0 OB 

Coirected T^=18 48 41 01 

We can now find the exact azimuth of the mstiument The 
clock correction at 18^ 48’^^ was + 8® 31, and the apparent light 
ascension of o Dracoyxis was 18* 48”" 50* 17 hence 


Sid time = 18* 48’” 49* 32 
a = 18 48 50 17 

A = _ 0 85 = — 12" 75 in arc, 

where A is the angle which the meridian of the instrument makes 
with the true meridian Hence, a being the azimuth of the 
rotation axis, we have, by the formula a = A sm 

a == — 11" 0 


Finally, if we wish to determine the effect of the azimuth upon 
the observed declination, we have the foimula 


tan d = 


tan 
cos A 


in which 8^ is the declination deduced by assuming cos A = 1, 
and 8 is the true declination. From this we leadily deduce 

^ = {iky sin 1" sin 2 d (1861 

and hence, m the above example, 

^ — 5^ = 0" 00017 
which IS altogether insignificant 

192 The extreme precision of the method is evident from the 
above example Nevertheless, there remains yet a doubt as to 
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the perfect accuracy of the declination deduced arising from the 
rossSty of a chLge of azimuth between the east and west 
transits It is evident from the foimula 

si,i c = _ sm n sm S + cos n cos S cos (- — X) 

that an increase of ^ by the quantity aA has 
equal decrease of the hour angle r, and a change o 
produces a change of- J aA m the hour angles used m com 
piiting 3 To find the effect of this upon the computed 3, wc 
have, by difterentiating the equation 

COS T = tan d cot ^ 

wxtli reference to r and 5, 

= — AT cos* d tan ^ sm t 

or, putting ^aA for - Ar, and eliminating r. 


cos S i/Fsin (?> + 5) si n (y — ^)] 
^ 


(187) 


cos d i/rsin (¥> + S) 8m (y ^)] 

= 

The following table, computed by this foimula, is £ven by 
Struve to exhibit the effect of a change o azimn > 

diffeient values of ^£> — ^ 


(jt — 6 


o 

o 

o 

0" 000 

0 20 

0 042 

0 40 

0 060 

1 0 

0 074 

2 0 

0 108 

3 0 

0 136 

4 0 

0 162 


The values of ao^ here increase very nearly as For 
P, the correction would be a5 = 0" 055. SiRUVB inves- 

tigated the probabilitj' of a change of hV^^^ 

instillment He found that the fluctuations of the azimuth duriii. 
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a whole year had not prohahl^ exceeded one second of arc on 
either side of its moan value, and that eien the extreme chans-et, 
of temperature from winter to summer had not piodueed anv 
sensible effect upon it lienee he concludes that since the tern 
peratures at the east and west tiansits of a star on the same dav 
nevei differed by more than 2° E or Fahr , and generally but 
a fraction of a degree, the vauatious of the azimuth could not 
have produced any error which amounted to even 0" 01 it is 
impoitant to observe that, during the period referred to the 
screws for adjusting the azimuth ivci e not touched 


193 Jficromcter observations m the prime vcs'tical —When a star 
passes within a few minutes of the zenith, its lateral motion 
(across the threads) becomes so slow that the observation of the 
transit over the side threads would oceiiiiy too much time The 
star may indeed be within the limits of the extreme threads 
dunng the whole time from its east to its west transit In such 
cases, the movable micrometer thread takes the place of the 
^ed threads This may be used in two ways eitliei by setting 
the micrometer successively upon round numbers, identical 
after reversing, in which case the obsei'vations are 
ledueed precisely as those made on fixed threads , or by setting 
a p easure and as often as the time permits, in which case the 
Observations are reduced as follows 

1 = reading for the case when the movable thiead 

T approximately let its assumed 

uoirtb!+*^r°?5 by J/ + c Let us sup- 

thp ttiro A south” the micrometer leadings increase as 

at an nh ^t^® noith, then, if m is the reading 

nwtk oftbr^n**'^T*’ *^® distance m —{M+ c) 

for e in mi distance is to be substituted 

r 

azimutK i ’ ^ ^ on the supposition that the 

SriTill, eJh zero, emoe the 

eipltun^ 'We'weS'" ** »bove 

ait(m — el— • . 

) cos y 8m s -j- 8in <p cos 3 cos t 

= sm (j» — _ 2 Bin y cos b sm» i r 

«, 1.0, ta the e^o her. «,«.aer.d , - . „ hut a few nrinutea. 
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2 S in <g cos 8 sin’* i t 

m — M-c = <p — ^ sinl" 


2r9 


For convenience in computation, let us put 


6 =M 
z =9 — 

B = 


m 


sin 9 cos « 


sin 1" 

2 sin*ij uq 

in which sin cos 5 will he constant, and og sin 1" 
taken directly fiom our Table VI , then the equation becomes 

z^c = B-e 

in which e IS given by the ^ rfouM^from the^ob- 

to he computed for the f 

served sidereal times and the stai s iig i -When v\ © 

This equation applies to the case of tube soutn 
have « tube north,” the equation becomes 

2 s m <p cos d SlU^ a 

-m + c = ^ " 

so that, puttmg m this case 

e' = m — ^ 

we have z — c—B — e^ 

i-.,i+ once The first series of oh- 

declination is then a = ^ ^ 

i;“srs'rr=irri.:rs 

■!> e.d»t th.. 

whose declinations are somewhat greater man 

'TVio fnllowiuc observations are given by Stkttvb 
fc„^“g”w tak^i. with th» Pulkow» , 


* A^tr Niick , Vol XX p 


217 
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1842, January 15 v Urm Majorvs 


East Vertioal 

(- 

6® 6R ) West Vertical 

Tubes 


TuheN 

Level + 4{H 26 

— 37*3 

4- 38*0 

— 89*7 

40 3 

37 36 

88 0 

89 7 

40 8 

37 36 

38 0 

89 7 

40 3 

37 35 

38 0 

89 7 

Transits 

Microm 

Transits 

Miorom 

9* 30“ 29* 

9>-316 

9» 48* 42* 5 

i4'-7ri 

30 56 5 

9 550 

48 14 

14 527 

81 24 5 

9 775 

47 46 

14 276 

82 0 

10 083 

47 17 

14 068 

82 28 

10 298 

46 44 

13 825 

32 54 

10 470 

46 9 

13 597 

33 29 

10 691 

45 35 

13 361 

34 4 

10 879 

45 11 

13 232 

34 37 

11 062 

44 40 

13 077 

9 35 11 

11 226 

9 44 12 

12 942 

Level + 40* 3 

-37*26 

+ 88*0 

— 89*7 

40 35 

37 3 

38 0 

39 7 

40 35 

37 25 

88 0 

89 7 

40 25 

37 3 

38 0 

39 7 


= + 0*323 

= + 0" 324 



In these observations, in order to avoid any possible error of 
38t motion in the micrometer screw, the thread is always set in 
dvwce of the star by a final posi^ve motion of the screw, that is, 
y that motion which increases the readings 

The value of a revolution of the micrometer screw was found 
y the formula 


r = 28" 682 + 0" 000292 (9 6 — T) 

1 which r IS the temperature indicated by the Reaumur ther- 
lometer, and, smee in this example T= — 6° 5, we employ 


r — 28" 6867 log r = 1 45768 


■he apparent position of the star 
cscordmg to AneBLAin>EK’s Catalogu 


on January 16, 1842, was, 
e, 


a = 9» 39» 46* 1 


d = 69® 46' 24" 


^ of the star’ s 

3 AHif for ^inipUmty! 

38 , since a small error in this quantity will not affeci 
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the final value of ^ when the hour angles on the opposite sides 
of the meridian are so nearly equal as in the present cas 

Withthe value ® = 59° 46' 18", we find log sin cos 5= 9 68846 
The assumed valle of ilf = 12' 000 , and hence the ohseivations 
may Td 6 reduced as follows 

Tube S 


, 2 8in*iT 

Bmi“ 


-9»” 9* 
8 41 


18 

88 

10 

44 

9 

84 

1 

27 


2 21581 
2 17118 
2 12325 
2 05842 
2 00363 
1 94946 
1 87075 
1 78420 
1 69385 
1 58974 


1 m—M 


71" 49 
64 61 
67 77 
49 76 
43 86 
88 72 
82 80 
26 46 
21 49 
16 91 


2»’685 


logCw — -10 


450 
226 
917 
702 
680 
809 
121 
0 988 
0 774 


0 42894 
0 88917 
0 84738 
0 28262 
0 23096 
0 18469 
0 11694 
0 04961 
9 97220 
9 88874 



B — e — « + c 

Diff from mean 

02 

_ 6" 63 

_ 0" 09 

28 

5 77 

_0 38 

83 

6 06 

— 0 62 

99 

6 23 1 


82 

4 96 

+ 0 48 

89 

6 17 


56 

6 26 

+ 0 19 

16 

6 70 

_ 0 26 

91 

6 42 

+ 2 ?! 

20 

5 29 

+ 0 15 


Mean — 6 438 




-f4«‘34» 

1 61222 

^6 2 

1 69673 

5 38 

1 78160 

6 57 

1 84204 

6 31 

1 92105 

7 6 

1 99551 

7 39 

2 06081 

8 8 

2 11362 

8 36 

2 16198 

19 4 5 

2 20867 


Tube N 



if— w 


17" 81 

0*-942 

9 97406 

21 64 

1 077 

0 08222 

26 31 

1 282 

0 09061 

so 23 

1 361 

0 18886 

86 27 

1 597 

0 20880 

43 06 

1 826 

0 26126 

49 98 

2 068 

0 81555 

56 49 

2 276 

0 85717 

63 16 

2 527 

0 40261 

1 70 33 

2 771 

0 44264 



» — c 

27" 02 

^ 9" 21 

80 90 

9 26 

85 34 

9 03 

89 04 

8 81 

46 81 

9 54 

62 36 

9 30 

59 82 

9 84 

66 29 

8 80 

72 49 

9 33 

79 49 

9 16 


Mean — 9 178 


— 0" 03 
-.0 08 
4*0 16 
4-0 87 
^0 36 

— 0 12 
— 0 16 
4-0 88 
1.0 16 
- 1-0 02 


Hence we have 


Tube S 
u i\r 


^ + c = - 5''438 
178 


308 0 = + 1" 870 

« = 59° 46' 18" 000 
3 = « _ a = 59 46 25 308 

Corr for incl of the axis = + ^ 

3 = 59 46 25 632 

of observotiol oJid error of to rolerc 
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The probable erroi of foiu obseivatious of o U)sm Majons is 
0" 194 — 2 = 0" 097, which is somewhat greatex than 0" 08, 
apparently because it involves the additional eiioi of the niicio- 
meter. 

The probable erroi of the mean value of i oi of the value of d 
found by the preceding niicrometei observations is 0".194 — 

= 0" 043 The results obtained by the micrometer have, there- 
fore, very nearly the same degiee of piecision as those obtained 
by the fixed threads, when each method is skilfully applied 

The extreme precision of the obsei vations with this instrument 
in the hands of Struve is stiikingly exhibited in the accordance 
of the values of the aberration constant deteraiined fiom the 
changes of declination of seven stars, which have already been 
cited in Vol I Art 440 


CHAPTER VI 

THE MERIDIAN CIRCLE 

194 The Meridvin Circle, or Tiansii Code, is a combination ol a 
transit instrument and a graduated veitical circle This circle 
18 firmly attached at right angles to the hoiizontal axis, and is 
read by verniers or microscopes (see Arts 18 and 21), which aie 
in some cases attached to the pieis, and in others to a frame 
which rests upon the axis itself 

By means of this combination, the instrument serves to‘detei- 
mine both co-ordinates of a star’s position, — the right ascension 
from the time of its transit, and the declination from the zenith 
distance measuied with the circle , or, if the star’s place is given, 
It serves to determine either the local time oi the latitude of the 
place of observation 

For the measurement of declinations, it takes the place of the 
MmtclI Circle, which consists of a circle mounted upon one side 
of a pier, the circle being secured to the end of a horizontal axis 
which enters the pier As the lattei instrument cannot be re- 
versed, and its axis is not symmetrically supported, it is not suited 
to the accurate determination of right ascensions, and is to be 
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legavded as (lesignsd solely for flie 

TtL toi ttas ourpose tie mendiaii onole is pteferalle, as it 

— ai=:;4riiarte“eS^^^^ 

It IB not proUble that any more instrument. 
hereafter he eonstmeted, and the method “f 
emst will readily be undeiBtood hy any one who has mimte 

the meridian circle 

195 Plates YU , YHI , and IX represent a meridian circle of 

Itrnt'Kl” coiisliactedhythe same aitist for Sr.fvn and 
B.BSnn at the only one 

feides of the frame carry two spirit lei els j, I, y J 

of inclination of the fiame ^vlth respect to the horizon m y 

:=XiSr.'=;==--'-“ 

between prevents the poseibility of any approoiable 

Te “fC holLta" ams, a. the same toe that the prepare 

“The tatolSi'5 to reSonaisTmetoredwith a tey.., 

a «irew. the head of wUoh is at ff, to tele- 
axis By tiun g ^ t^e 

scope is clampe ^ -„x it- ^gar ff gives fine motion to the 
drawing) acting horizontally near ^ gives 



284 


MERIDIAN CIRCLE 


Another arm fg^ nearly similar in its form and arrangement to 
receives a vertical arm attached to the microscope frame 
Screws acting horizontally at g upon the vertical arm serve to 
adjust the frame 

These arms are shown in Plate VIH as they appear when 
thrown down and out of use while the instrument is heing 
reversed In this plate is also seen the arrangement of the 
vertical arms and the friction rollers hy which the countei- 
poises act upon the horizontal axis, together with the form of 
the Vs 

The field is illuminated by light thrown into the interior of the 
telescope through tubes at AA and reflected towards the reticule 
by a mirror in the central cube The quantity of light is regu- 
lated by revolving discs with eccentric apertures lat the extiemi- 
ties of the tubes nearest to the Vs These discs are revolved by 
means of a cord to which hangs a small weight S 

The reticule at m contains seven transit threads and three 
micrometer threads at right angles to the transit threads These 
three threads have a common motion, their distance from each 
other being constant This distance being known, an observa- 
tion on eithei of the extreme threads can be i educed to the 
middle thread The micrometer thus arranged is intended for 
the measurement of small differences of declination, and also for 
the measurement of absolute declinations when used in con- 
junction with the graduated circle, as will be fully explained 
hereafter 

The graduated circle of this instrument is nearly 30 inches m 
diameter, and reads directly to 2" by the graduations on the 
micrometer heads of the reading microscopes , and by estimating 
the fraction of a graduation of the micrometer head, the reading 
IS carried down to 0".2 This is a suficiently great degree of 
accuracy of reading to correspond to the dimensions and optical 
power of this instrument, but in larger instruments the reading 
IB sometimes carried down to 0" 05, or even less 

The discussion of the errors of the circle of this instrument is 
given in Arts 28, 32, and 33.* 


* The errors of the circle msiy not he constant, since they may fluctuate with the 
temperature of its various parts We may, however, assume that the errors at 
different temperatures will be the same, provided the expansion of the circle for an 
increase of temperature is uniform throughout all its parts For the greatest pre- 
cision, therefore, we should endeavoi to secuie this condition of untforyti te/iij^erctiure^ 
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A mercury collimator should he placed permanently beneath 
the floor dirLtly under the centre of the instrument, covered hy 

a movable trap-door , 

I proceed to consider the methods of observing f ^ 
dian circle Its application as a transit instiunien wi 
ciently cleai fiom the pieceding chapter It is ^ ^ ‘ 

heie onlv of the use of the circle and micrometei in the m 
surement of nadii distance, zenith distance, polar d"®, m 
altitude of a star, from which either the dechnation of the star 
or tlie latitude is found. 

196 Nadir powi —The first of the methods of using the instru- 
.Ml feat of .a that .11 

the crole are .efe.red to the nadtr Let ae tot Buppo»e fte 
mBf-ument to he perfectly a(}]ti8ted m the 
observation of a star to be m ade at the instant o 
nadii point is obtained by directing the telescope vertica ly 

tt,e mercury colhruator To take f XStoro- 
ue suppoee the eight hue to he deterrnmed hy a 
thread (at right angles to 

be brought into coincidence With its leflected imag 

hue re Lu verfcal. and the reading of the circle 

always uuderetand the mean of all the micrcecope. “ 

degiees and mmutee under the tot ” “XX 

Al renresents the nadir point of the circle Let this reading 
denoted by q, The telescope being then directed towar s a 
star and the fixed hoiizontal thread being made to isee 

star at the instant ot thefan.lt over fte “"i®* ''Xr dttoc^ 
let the circle reading he O' Then to ap^ent nadir distance 

of the star, which I shall denote hy N , will be 

]Sf' = G'— 


^ ,.r .1 “^.n «« 

protect the whole circle, for, since ehem will tend to produce unequal tem- 

Lm that of the circle, the radiation ,q,,ally exposed to 

this radiation throughout But eve an._.fo.e they must be protected against 

temperature of thepiers IS not uniform, and^ea^^^^ 

fluctuations of temperature as muo as p ’ then wrapping them in cloth, 

with oil or some other preparation ° ^ Dr. Gould for the meridian circle 

and finally encasing them in wood, as proposed by ur. or 

of the Dudley Ohservatory 
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and this distance is usually reckoned from 0° to 360“ from the 
nadir, through either the south point or the north point, accord- 
ing to the direction in which the graduations increase This 
direction is different in the two positions of the lotatioii axis 
Supposing the position of the axis to be indicated by that of 
the circle itself, let us assume that the nadu’ distance is reckoned 
tlirough the south pomt for circle east, and through the north 
pomt for circle west If we denote the appaient zenith distance 
of the star south of the zenith by z', we shall then have 

± n 80 ° -N') / + \ 

^ \ — for circle west / 

In obtaining the circle readings Cq and 6^', the correction for 
error of i uns^ when such error exists, must be applied as explained 
in Art 22. But, with the aid of the telescope micrometer, we 
can avoid the ^^rror of runs, as follows In observing the nadir 
point, set the circle so that an exact division is under or nearly 
under the zeio of one of the reading microscopes, that is, so 
that all the microscopes will read nearly 0" their mean will not 
require any sensible correction for runs But the fixed thread 
will then not be in coincidence wath its image Measure the 
distance of the fixed thread from its image by the micrometei 
One-half this distance, bemg applied to the circle leading, will 
give the reading for absolute coincidence In like manner, in 
observing the star, set the circle again upon an exact division, 
and bisect the star with the micrometer thread , the distance of 
the micrometer thread from the fixed thiead, being applied to 
the circle reading, will give the required reading C" 

But, when the micrometer is employed, it is altogether prefer- 
able to dispense with the fixed thread and to depend solely upon 
the movable one Thus, to determine the nadir point, having 
brought the circle division which is nearest to the nadir point 
reading under microscope A, let the mean reading obtained 
from all the microscopes be called CJ, Bung the micrometer 
thread into coincidence with its image, and let the micrometer 
reading be which we shall suppose to be converted into arc 
by multiplying by the value of a revolution found accoiding to 
Art. 46 or 47 It is now evident that when the telescope is 
directed upon a star, if the miciometer reading remains while 
the thread bisects the star and the ciicle leading is C', the nadir 
distance is C Q, precisely as if the micrometer thiead were 



0Q7 

meiudian circle 

fixed But the reading C' will, m geneial, involve an error of 

rune, to avoid which, set the circle as before upon a 

exact division, and let the reading ® ® ^ readme be M' , 

the star with the micrometer thread, and let the lead g 

the nadir distance of the star will he 

^ (O' - c.) + (M' - M,) C190^ 

rr :r 

T.Tthe toder to the same exact 

the star, we compute its approximate nadir dietauce to the n 

Ti*o::^"w:rpp«^ 

increase with the circle readings 

the circle reading 

CL = 359° 59' 54" 70 (or — 0° 0' 5" 30) 


The micrometer thread was then brought ea^time 

I-:: a. m .. 


Image AT 

s 

Means 

5'-33<'4 

40^8 

5*- 37“ 10 

32 9 

40 4 

36 65 

33 0 

40 3 

36 65 

33 5 

40 5 1 

37 00 


M^= 5' 36'* 85 

«, that K. waa the leadihg when the micrometer thread wae in 

'°The^teliOTe ™ thm directed to Poluru j® ”5?®' 
nation hj ee A the inder at 2SS« 82' (the latitude being 88 . 
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the declination 88° 32', and the refraction 1', approximately), 
and at the time of the star’s transit, the micrometer thread 
bisecting the star, there were found 

Circle reading G' = 229° 32' 7" 47 
Microm ‘ = 5*“ 50** 6 

The value of one division of the micrometer was 0" 927. Hence 

— Cq = 229° 32' 12" 77 
M^-M,= + 13** 75 ^ +12 75 

(iV') = 229 32 25 52 

This IS the apparent nadir distance upon the supposition that the 
position of the reading micioscopes (which rest on the axis of 
the telescope*) remained absolutely fixed while the instrument 
revolved fiom the nadir to the star To determine this, the 
spirit level was applied to the microscope fiame At the nadir 
leading, the inclination of the fiame was 2 ^ = — 1" 23, and at the 
observation of the star it was = — 1" 54 , and hence we have 

(A') = 229° 32' 25" 52 
2' — 2o = — 0 31 

A' = 229 32 25 21 

In this observation, the ciicle was east, and the nadir distance 
was reckoned through the south point 

197. Since CJ, and Mq will be applied m reducing all the obser- 
vations made on the same day, or so long as these quantities are 
regarded as constant, it will be convenient to combine them once 
for all We may either convert the micrometer reading into 
seconds of arc and add it to the ciicle reading, which will give 
the circle reading when Jfo = 0, or convex t the seconds of the 
circle reading into divisions of the micrometer and add it to the 
micrometer reading, which will give the micrometer reading 
when CJ, = 0 Thus, if we take the latter method in the pre- 
ceding example, we have C^= — 5" 30 = — 5** 72 of the micro- 
meter We then take {M) = Cq + -afo= 5^ 36^ 85 — 5^.72 = 

* As this construction involves the necessity of an additional ohservation, and 

thus introduces another source of error, it appears to be preferable to attach the 
reading microscopes peimanently to the piers, provided the piers are well guarded 
against changes of temperature which might alter the relative positions of the 
microscopes 
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5’'31‘'13, which, we may call the rnwrofnekr zero, and in any 
otaervstion of a star wian the oitele readmg ia C 
meter readmg M', the nadir distance will he "imply (fV ) - C 
-{■ M'— iM) Id this example, therefore, we should have 

O' = 229° 32' 7" 47 
jf' _ (ilf) =. + IG" 47 = +18 05 

(JV') = 229 32 25 52 

198 Instead of a single micrometei thread, Bessel used a 
double one, consisting of two very close parallel ^ 

sight line 18 then a line which bisects the 
threads, and a star is always observed when fvL 

midway between them. It was the opinion of Bessel that even 
greater^ accuracy was attainable m this way than in J 

ftai by a single thread Although there may be some doubt of 
this bLg true for all observers, still the method has advantages 

in determining the nadir point The sight 
the middle potat between the threads will be vertical when each 
thread is in coincidence with the image of the other thread But, 
as we cannot depend upon such directly 

the micrometer reading for coincidence is found by taking the 
mean of two observations, at one of which the 
image of one of the threads is placed midway 
between the threads, and at the other the image 
of the other thread is so placed Thus, at one 
observation we make the observation a, Jig 47, 
and at the other the observation 6, and take the mean of the 

corresponding readings 

199 10 tho -In the above ^ 

vation, the deteimmation of the nadir point is m ^ P 
^repeating the reading, of the circle 
rLding for *e star depends npon a single ^ 

to give both measnrea at least eqnal precision, w 
?ev?ral bisection, of the star by the 
the nassaee of the star across the field But, smc 
^;.^7Jcribe. a smaU circle in the held, all 
Ither side of the meridian will require a correction 
ti~tmg this correction, I shall .oppose that ** 
pLieely m the mendmn, in order to see what effect its errors 

have upon the observed declination 
VoL 11—19 




290 


MERIDIAN CIRCLE 


Eig 48 


In Fig 48, constructed as in Art 123, let 0 be the position of* 

the star The great circle describeti 
by the telescope is N'Z'S', and Z' is 
the zenith of the instrument The 
arc AO drawn from the pole of the 
great circle N'Z'S' to the stai inter- 
sects this circle in O', and GO' re- 
presents the micrometer thread whieli 
bisects the star, since this thread is 
also perpendicular to the plane of the 
instrument, and 0'0 = c is the dis- 
tance of the star from the collimation 
RYiH If the telescope weie directed to the pole, the threat! 
would coincide with PP', P' being the point in which the great 
circle AP intersects N'Z'S' Hence, P' is the apparent pole of 
the instrument, and the apparent polar distance of the star, as 
given by the instrument, is P'0'= 90° — 5' (denoting the in.- 
strumental dechnation by 8') But, since the triangle P'A.0' is 
nght angled at P' and O', the angle P'AO' is measured hy 
P'O' We have, therefore, in the tiiangle PA 0 (with the nota- 
tion of Art 123), the sides PA = 90° — n, AO = 90° + c, PO 
= 90° — 8, witli the angle APO = 90° + r — m, and the angle 
PAO = 90° — 8' Hence, by Sph Trig , 



sin 3 = 
cos 5 Bin (t — m) = 
cos S cos (t — m) = 


sin n sin c -|- cos n cos c sin 3' 
cos n sin c -j- sin n cos c sin 3' 
cos c cos <5' 


(191) 


in which 8 is the corrected declination,* r is the east hour angle 
of the star, and m and n are the instrumental constants as detei*- 
mined by transit observations (Art 161) But, since ?? is exceed- 
ingly small (seldom more than 0* 5 = 7" 5) and c not more than 
16' even when the star is observed neai one of the extreme 
transit threads, the product smc smn will be insensible, and we 
may always put cos n = 1 The first and third of these equa,- 
tions, therefore, become 


whence 


sin S = cos c Bin 3' 
cos 3 cos (t — m) = cos c cos S' 

tan S = cos (t — m) tan S' 


(192) 


* That IS, 6 IS the apparent declination (affected by refraction and paiallax) as it 
ironldbe given by an observation m the meridian with a perfectly adjusted mstiumont- 
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from which It appears that the only correction for the euoi of 
the instrument with respect to the meridian is the subtiaction 
of the constant m from the hour angle The value of 5 will be 
found more conveniently by developing it in senes by PI Trig 
Art 254, we find 

^ + Tin 1" ^ 2 sm 1" ^ 

in whicli 

sin» i(T — in)_ ^ } (r — »i) 

1 — sin” J (r — m) 

As it IS more convenient to employ sin®J(T 


q = - 


m) instead of 

ULUX'C v;\jA± V j: •/ — ' * 

_ m), because tables of the former quantity are in com- 
mon use (see Tables Y and VI ), we develop q m the form 


2 = — sm”K”- - m) [1 — sin”K^ 

aiTiS K-r — m) — sin‘ t (t — 


■«)]■ 


:= — sin” l(r — m) 
and, substituting this value, we find 


i‘ ^ (t — m) — &c 


d = i' 


2 5' _ 2Bin4(r-w) g 5' sin* d' (19B) 


sin 1" 


sm 1" 


Bin* i (r — m) 

where the last term is usually insensible, and the teim y, 

sm 2d' IS called the reduction to the meridian * In computing 
this teim, we may use d for d' The coirection is always sub- 
tractive from the instrumental declination If, however, we wish 
to apply It to the observed nadir distance N', we must observe 
the sign of N' in (190) For circle east, the reduction will he 
additive to N', and for circle west, subtractive from N' 

Example —In the obseivation of Pohns on May 4, 1856, p 
287, the star was not only observed at the time of its transit, but 
It was bisected by the micrometer thread a number of times 
dunng Its passage over the field, the clock being noted at each 
bisechon, as in the following table, which contains also the re- 
duction of the observations . 

* The last term of the senes heoomes o maximum ^ T 

when 6 = 60°, in which case the value of the term is ^ ^ 

amounts to 0' 01 only when r - ». = 6- 23- For 3 = 88» 80', the term amounts 
to 0' 01 only when 
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17 
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11 
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70 

7 

24 

51 

2 

14 

86 

IS 

30 

2 

41 

0 

30 

12 

94 

+ 

0 

60 

7 

55 

60 

9 

14 

06 

13 

02 

—3 

12 

— 0 

51 

+ 12 

51 

+ 

0 
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Mean -)- 12 44 


The column T contains the observed clock times If the micro- 
metei reading at each bisection of the stai , M' — is tonnd 
fioin the observation of the nadir, which gave Jf, = S' 36“' 85, 
and 31" is the I’nliie of 31' — 31^ in aic, the value of a division 
being 0'^ 927 To find r ■— we observe tliRt the hour angle t 
18 found by the formula 


T = a — (TH- aT) 


a being the right 
tion, and hence 

or, putting 

we have 


ascension of the star and a T the clock correc- 
T — ??i = a--Ar— m — T 

a'=a — £^T — m 


T — m = a! — T 


In the present example, the value of m was + 0* 42, and a 7^ was 
+ 1"^ 2® 85 The apparent place of the star, from the American 
Ephemeris, was 


a = P 46* 29 ^ = 88° 32' 26" 00 


Hence, a' = 4*" 43*.0, the difference between which and each 

T IS given in the column t — m 
The reduction to the meridian, here denoted by J2, is conve- 
niently computed by the aid of Table YI , under the form 


Jb 


2 Bin^ ^ (t — m) 
sin 1" 


cos d sin d 


(194) 


This reduction is here to be applied to the observed nadir dis- 
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tance with the same sign as to the decimation, for the federwas 
^^est, and the nadir distance, heiug reckoned through the south 
point over the zenith, increases with the decimation The two 
quantities M" and B being applied to the difieieiice of the circle 
readings for the nadir point and tlie stai, we have the apparei^ 
nadir distance of the stai m the mendian The sum ^ ^ 

should then he the same for each ohseivation, and we have hei e 
found Its value for each in order to determine the prohahle erroi 
of observation. From the “difteiences from the mean in the 
last column, we find that the prohahle eiror of a single ohseiva- 
tion was 0" 28, which includes the eiTor in bisecting the star hy 
s error ansmg from uoteadmes. of to rtar, aod 

totoce o, to star ftom to me., of 
the observations is then found as follows 

(From page 288) O' -0. = 2290 32' 12"^ 

^ ® + +12 44 

Corr for ,nd of m.oro«»p.. = •' -^= 

The observation was taken to determine the latitude, and, m 
ider to find the refraction, the barometer and 
wl observed boih before and after the observation, as follows . 


At 1‘ 0“ 

At 1‘ 12™ 

Means 

30‘» 176 

30'“ 210 

30*“ 193 

56° 

500 5 

56° 3 

54 9 

54 .6 

54 75 


Barometer 
Attached Therm 
External 

Hence, using Bessel’s Eefraction Table, we find 

_ 2 ' = 490 32' 24" 90 
Eefraction = 1 8 05 

_z = 49 33 32 95 
^ = 88 32 26 00 
y = 38 58 53 05 

200 E<ynzo7ital pomt -Observatmi 

second method of using the instrument is that in whi^ the 
apparent altitude of a star is determined by ^ 

angular distance between the star and its image re 
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basin of mercury. The direct observation of the stai is usually 
made before the meridian transit, and that of the reflected image 
after the transit, or vice versa, and each is reduced to the meridian 
The difference of the two reduced circle readings (jolus the dif- 
ference of the micrometer readings if the observations are made 
on the movable thread) is twice the meridian altitude The half 
sum of these readings is the reading when the sight line is hori- 
zontal, and represents the honzontal point of the circle.* 

In observing equatorial stars by this method, the circle is set 
approximately for the direct observation, and the microscopes 
read off before the star comes into the field Then one or more 
bisections of the star are made, with the micrometer thread, 
before the star arrives at the middle transit thread The teles- 
cope is then quickly turned towards the mercuiy and clamped at 
the approximate position of the reflected image, several bisec- 
tions are made with the micrometer, and finally the ciicle is 
again read off That no time may be lost in setting the circle 
upon the reflected image, a spirit-level finder attached to the 
tube of the telescope is previously set to the approximate depres- 
sion of the image , the telescope is then revolved until the bubble 
plays 

In the case of stars near the pole, the circle may be read off a 
number of times during the transit, as m the following example 
from Bessel 


Example —The following observations of a Ursce Minons were 
taken by Bessel with the Repsold mendian circle of the Konigs- 
berg Observatoiy in 1842, April 22 The star, oi its reflected 
image, was brought in the middle between the two close threads 
of the micrometer by moving the telescope by the tangent screw, 
the micrometer thread being used as fixed, and the circle was 
read off after each observation Eive direct observations are 
preceded and followed by three reflection observations. 


* The deteminfttion of the horizontal point by reflection observations should be 
used, in conjunction with the other methods given in the text, foi the sake of verifi- 
cation Indeed, it is desirable that all the instiumental constants should be found 
by at least two independent methods The construction of the instrument so that 
this shall always be possible presents difficulties, which, however, have been success- 
fully overcome by Dr B A Gould in the large meridian circle constructed unde, 
Ais direction for the Dudley Observatory 
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a Urtm Minoru — Upper Culmination 


Clock 

r - 

- m 

Circle 

E 

Meridian 

0^ 45^ 

54* 

17’" 

20* 

146° 15' 

11" 

0 

-t-15" 

8 

146° 

15' 

26" 

8 

49 

1 

14 

13 



16 

9 

-j-10 

6 



27 

5 

51 

6 

12 

8 



20 

2 

+ 7 

7 


44 

27 

9 

54 

9 

9 

.5 

33 

44 

44 

0 

- 4 

3 

33 

39 

7 

58 

53 

4 

21 



41 

5 

- 1 

0 



40 

5 

1 2 

54 

0 

20 



40 

5 

0 

0 



40 

5 

7 

28 

4 

14 



42 

8 

— 0 

9 



41 

9 

12 

6 

8 

52 



45 

6 

— 4 

1 

146 

15 

41 

5 

18 

25 

15 

11 

146 

15 

15 

4 

+ 12 

1 

27 

5 

21 

27 

18 

13 



10 

4 

+ 17 

4 



27 

8 

23 

46 

20 

82 



5 

4 

+ 22 

1 



27 

5 








Mean Diiect 

”3? 

44 

40 

82 


« Eeflect 146 15 27 50 
App mend zen dist 38 44 36 66 
Barom 29‘» 808 Att Therm ^7° 1 F | Refraction + 38 76 

Correction of the circle giaduation + 0" 470 
Corr for distance of mercury + 0 + 0 49 

Star’s polai distance 1 31 53 58 

Complement of latitude 35 17 9 44 

y = 54 42 50 56 

In computing r — m by the form a' — T, we have assumed 
3 >» The circle readings are the means obtained from 

the readings of four microscopes 

The reduction to the meiidian B is computed for the i ettection 
observations by the same formulae as for direct ones, only 
changing its sign 

The correction of the circle graduation was demed by Bessel 
from a special investigation of the errors of those divisions which 
come into use in the observation of PoUns by direct and reflection 
observations at its upper culmination Bor a given zenith dis- 
tance z, the four divisions that come into use in the direct obser- 
vation by the use of the four microscopes are z, 90^ -f 2, 
180° -f z 270° + z , and in the reflection observation, 360° — 2, 
900 _ 180° — 2 , and 270° — z The coirechon 0" 470 is here 

the me^ of the corrections of these eight divisions for z = 33° 44', 
the sign of the correction for the reflection observations hemg 
changed.* 


♦ See Bessei, >u Astron Maeh , Nos 481 and 482 
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The correction for the distance of the mercury from the 
instrument is simply the diflferenee of the latitude of the mercuiy 
basin and the centre of the telescope Por in this method we 
really measure the angle between the direct and reflected i-ays 
which 18 formed at the surface of the mercuiy, and, consequently 
the latitude determined is that of the mercury The basin wi 
here north of tbe instrument, and the deduced latitude would 
require a subtractive correction, or the zemth distance an additive 
one 

To find the horizontal point of the circle corrected for the 
division errors, we have, accordmg to Bessel, foi z = 38° 44' m 
the direct observation, the correction + 0" 156, and for the sup- 
plement of this the correction — 0" 784, the half difiference of 
which 18 the correction + 0" 470 used above, and the half sum 
— 0"314 IS the correction of the horizontal point found by 
ttog the mean of the circle readings m the direct and reflected 
observations Thus, we have 


Mean of circle readings = 90° 0' 4" 16 
Corr of graduations = _ 0 31 
Horizontal pomt =90 0 3 85 


The zmikpomt of the circle is, theiefore, 0° 0' 3" 85 So lone 
as the state of Ae insti-ument is unchanged, this is the constant 
correction of all zenith distances obsei-ved, additive oi subtiact- 
ive, aecoidmg as the object is south or noith of the zenith 


201 The nadii^ horizontal, and zenith points of the circle are 
all determined when any one of them is determined, and there- 

obtained by the 

SrSi reflection obsen^ations of Li-s 

betwe^*tt^’+f^®®^T sometimes found disci epancies 

than 

sources nf ^ ee^bed to errors of observation Among tlie 
here meni- ^ pioduce such discrepancies, we maj 

existence nf ^ ^ CoppiRf has demonstrated the 

S^nToWe between 

different observers, by companng the declinations of the same 


* ^roTidftd the errors of dinsiou 
■)■ Aatronoiiucal Journal, Vol I TT 


ftud of flexure bote been duly eliminated 
p 121 
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star obtained by tlie different observers using the mural circle of 
the Washington Observatory during the years 1845 to 1849 
inclusive, the declinations having all been reduced to the same 
epoch He also found a constant difference betvreen the decli- 
nations of zenith stars observed by himself v^hen they weie 
observed as southern stars — i e with the body fronting south — 
and when they were observed as northern stars, and this under 
conditions which excluded the hjpothesis of a paiallax resulting 
fiom a maladjustment of focus This difference amounted to 
nearly 6"-5 

A really constant error in bisecting a star will affect the zenith 
distances of all stais alike, but will have opposite effects upon 
the deduced declinations of stars north and south of the zenith 
It will also have opposite effects upon the declination of the 
same star deduced from direct observations and by reflection , 
and hence the discoi dance between the lesults of these two 
kinds of observations will be twice that erroi It will also cause 
the zenith points determined from north and south stars to differ 
by twice the error of hiaection 

Piofessoi Oorrrx also suggests that the disci epancies refeired 
to may possibly be produced, in part at least, by a habit of 
making the bisection constantly before or constantly after the 
instant for which it is recorded, m which case the error will vary 
with the declination Thus, if the observation is lecorded as 
made at the time the stai passes the middle thread, and the 
observer always makes the bisection at a constant time before oi 
after the transit, the erroi will be simply the reduction to the 
meridian for this time, and, conseqLuently, proportional to sin 2o, 
but if he observes at the co7ista7it distance e ff*oni the middle 
thread, the error in the time being c sec the corresponding 
error in the declination will be proportional to sec* J sin 2 5, 
that IB, proportional to tan d 

Incliifiation of the microTrieter thread is another source of error, 
which should always he attended to and removed J>y adjustment 
if possible, or by computing the correction for it. It is evident 
that the error in the observed declination will be proportional 
to the distance of the point at which the observation is made 
from the middle thread The inclination will he determined by 
bisecting a star at two extreme points on the right and left of 
the field The difference of the two observations, when both 
have been reduced to the meridian, will give the required correc- 
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■tion for inclinatioii A star neai the pole will be preferable for 
this purpose, as a number of bisections may be made at each 
■eKtreimty of the field 

202 Example — ^As an example mvolvmg all the vanous cor- 
rections, I extract the following from the Greenwich Observa- 
tions 


Zenith digtanoes obaerred with the Transit Circle — Greenwich, April 16, 1862 


Olyect 

Pointei 

Microscopes of Circle 

Telescope 

micrometer 

jsr 

A 

B 

C 

D 

E 

F 

Bootts (Reflected) 

147° 2(y 

2»*173 

2»’130 

2»*^0 

l*-802 

2»-085 

2»-160 

19»-110 

1 

7} Boatis (Direct) 

32 0 

0 942 

0 901 

1 038 

0 612 

0 820 

0 903 

20 163 

7 

Isadir point 

179 40 

0 753 

0 712 

0 818 

0 420 

0 636 

0 743 

21 364 



At the observation of yj Boots there were also obseived 
Barom 29*» 86, Att Therm 83“ 2, Ext Therm 36“ 8 

The pomter, which is used in setting the circle for an observa^ 

tion, gives the degrees and next preceding 5' of the circle 
reading 

One revolution of a circle microscope is called a “ nominal 
nainute,” and the mean value of 4^ 902 corresponds to 5', so that 
the nominal minutes are reduced to tiue minutes of aic by in- 
ei easing them by their part Smce the mean of the micro- 
scopes IS to be found by dividing then sum by 6, and the deci- 
mal part of the quotient is then to be converted into nominal 
secon^ by multiplying by 60, the nominal seconds in the mean 
are obtained at once by simply adding the decimals of the 
several microscope readings (making the integers the same in 
a ) and removing the decimal point one place Thus, in the 
rst observation, making 2 the common integer, the sum of the 
decimals is 610, and hence the mean is 2' 6" 10 (nominal), 
which increased by its or part is 2' 8" 62 of arc This 
requires a further correction for variation of the value of a 
microscope revolution from its mean value, that is, for error of 
correction for runs on the given date was 
* , nominal seconds, and, therefore, the correction 

oi tne tn-st ooservation is + 0".576 X 1 261 — -f 0",73, 
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There is next to be applied the correction for error of gradua 
tion and of flexure These are combined in a table given m 
the introduction to the observations, from which their values, as 
used in the following reduction, are taken with the argument 
“ Pointer reading.” 

The value of one revolution of the telescope micrometer was 
29" 626, and the reading multiphed by this number is always 
additive to the circle i eadmg 

The distance of the star from the meridian is expiessed by 
the number in the last column o ' the above table, here denoted 
by N, which is the number of the tiansit thiead at which the 
bisection is made The middle thread is assumed to be in the 
inendian ,* and, since the average distance of two adjacent 
thieads was 207" 31, the numbei of the middle thread being 4, 
the distance of the star from the meridian is represented by 

c = 207" 31 (N — 4) 

The formula for i eduction to the meridian is put under the ap* 
proximate foim 

22 = ^ T* win 1" sin 2 5 = } t’ sm 1" sm d cos d 

and T is also found approximately by the formula r = c sec 3 ' 
hence, according to this (rather inaccurate) method, we have 

22 = ^ c' sin 1" tan d 

which for the Greenwich instiument gives 

22 = 0" 1042 tan d X (.N — 4)» 

as given in the explanations of the observations 

The micrometer thread was inclined so that an observation at 
one of the side threads required the correction — 0" 776 X 
(iV-4). 

The complete reduction of the above observations is, there- 
fore, as follows In computing the reduction 22 we have as- 
sumed S = 19° 8' 


* I am here stating the method employed at the Greenwich Ohserratory, not re- 
commending it For stars near the pole it is not sufficiently accurate, as will he 
found by reducing some of the observations of a and /t Urste Mvnont by our com- 
plete formula (193) A difference of 0" 2 or 0" 3 occuis in some oases 
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Tj Bootm (R) 

7j Booths (D) 

^adir Pt 

Mean of microscopes 

+ 

2' 6" 

10 

+ 

0 

52" 

16 

+ 

0' 40' 

'82 

Eedaction to arc = ^ 

4- 

2 

62 

+ 


1 

04 

4- 

0 

82 

Correction for runs 

+ 

0 

73 

+ 


0 

30 

4- 

0 

24 

Division error 

+ 

1 

51 

+ 


1 

24 

4 

0 

86 

Telescope micrometer 

+ 

9 26 

16 

+ 

9 

57 

35 

+ 

10 32 

93 

Beduction to meridian 

— 

0 

32 

+ 


0 

32 




Corr for inclmation of thread 

+ 

2 

33 

— 


2 

33 




Pomter 

147° 

20' 


32° 

0' 



179° 

40' 


Corrected mend circle reading 

147 

31 39 


32 

10 

50 


179 

51 15 



Hence, by Booiis, we have 


App zenith dist (E) 32® 28' 20 98 


t( u 


32 

10 

50 

08 

Mean app 

zen dist 

32 

19 

35 

63 

Eefraction 



+ 

38 

01 


^ = 

32 

20 

13 

54 


^ = 

51 

28 

38 

20 


d = 

19 

8 

24 

66 


The half difference of the apparent zenith distances (R) and 
(D) 18 evidently the zenith point correction, and is here + 8' 45" 45 
additive to all circle leading. Aeeoidmg to the nadir point 
oWahon, It 18 + 8' 44" 33 The piactice at the areouvnch 
Observatory, howevei, is to eiaploi foi a iiuniboi of consecutive 
days a mean value of the zenith point coriectioii obtained fioni 
^1 the values d^ermiiied duinig the period Thus, the mean 
jlue employed from Apiil 12 to April 24, 1852, a peiiod in- 
die above observations, was + 8' 45" IG The piacticc 

point leadings 

termined at the time of the ohseivation is preferable 

rVT' aete, mined bv 

^ i-eM on the ajde and, coii 

^n%, are reversed m,l, ,t Let a oeUimatm. teleecoU be 

with a cm.. S to .U t‘r 

wnimator.andbnngthemieiomete?, ,,?., “““V' "P"“ 

of the e.e» .l.re.d® m e T T *''' 

^ tijc cade leading coriectecl foi 
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the inclination of the microscope frame, micrometer leading, &c. 
ITow reverse the rotation axis, and make a similai observation 
upon the collimatoi Let be the eoriected reading Then it 
is e\nLdent that J((7 — C^) is the true zenith distance of the colli- 
mator (supposing the readings to commence at the zenith), while 
J ((7 + C") IS the tiue reading when the telescope is vertical, and 
lepreseiits the zenith 'pomt Tins method may occasionally be 
used foi the purpose of comparison with the methods already 
given, but it is too tioublesome foi constant use Moieovei, 
observations depending on the spiiit level are not so reliable as 
those made from the siiiface of mercury, which, when at rest, 
must be perfectly horizontal 

Anothei method, suggested In the ever-inventive BesseJj 
( before the iiiti eduction of the nieicuiy collimator, howevei), is 
also dependent on the spiiit level, but admits of greater accuracy 
than the above, because a level of laigei dimensions may be used 
The level is applied to the collimating telescope, which is placed 
in the horizontal plane of the axis of the meiidian circle Wlien 
the bubble is in any given position, the sight line of the colli- 
mator makes a given angle with the vertical If, then, the colli- 
mator with its level is fiist placed south and then north of the 
circle, and the bubble of the level brought to the same leading 
in each case, the zenith distance of the cioss thiead obseiwed by 
the ciicle must be the same, but on opposite sides of the zenith 
The mean of the two ciicle leadings will theiefore be the zenith 
point reading Instead of bunging the level of the collimator 
to the same reading, it will be pieferablo to observe the inclina- 
tion in each position north and south, by reveising the level in 
the usual maiinei , then the diiference of the inclinations will 
be applied as a coirection to the mean of the circle leadings to 
obtain the tiue zenith point This method has the advantage 
of not requiring a leversal of the axis of the meridian circle. 
Plate ni Pig, 2 repiesents a collimator with its spii it level, as 
requiied in this method Two piers, one north and one south 
of the ciicle, aie each provided with Ys, which leceive the col- 
limating telescope alternately 

Finally, to complete the enumeration of methods depending 
on the spirit level, the collimating telescope may be placed ver- 
tically over or under the telescope of the meridian circle The 
level IS then attached to the collimator at right angles to its 
optical axis Two observations are made upon the cross thread 
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of Uie coUimator as before, (be oolhmahog lelesoope bemg 
bewn (he (wo obecrvadone) levolved ISO” abou( the vertioa! 

.e the 1 ° readmgB, corrected foi difference 

m fte mchnation of (be collimator aa shown by the level, wdl 

be the zenith or nadir point leading 

eomeal form which is 
° elescope tubes of large instruments, their weight 

the f +iv change the position of 

optical axis of the telescope with respect to the zero points 

+ 1 ^ j important, therefore, to imfestigate the 
un o t iis flexui e The following is Bessel’s method 
Iwo collimators, such as that represented in Plate III Pm 2 
honzontal plane of the axis of the circle, one 

admit threads of the collimators 

dmit of ajustment (by a micrometer screw, foi example), so that 

^ ey may e rought to coincide with each other, the meridian 

!dni!tm®'? reversing apparatus during this 

adjustment The two intersections of the cross threads of the 

represent two infinitely distant points whose 
angular distance is exactly 180°. The meiidian ciicle being 
eplaced observe this angular distance in the usual manner It 
s evident that the errors of division of the circle will not enter, 
ince e same ^o divisions come under the opposite reading 
microscopes m the two observations in reverse positions. The 

readings will, therefoie, be exactly 
180 If there is no flexure But if the difference is less than 
180_ by a quantity a:, then is the correction for flexure in tlie 

?hTrr r'S’” tele,cop,. in this way, Airy found 

^at when the Greenwich transit circle was directed upon the 
outh collimator, the circle reading was 89° 46' 15" 52 and 
collimator, 269° 46' 16" 35, the diffe’rence 

ml a i distance of the two opposite points 

measur^ and hence one-half of 0" 83, or 0" 41 

1 in increasing apparent nadn distances or 

in diminishing apparent zenith distances 

* positions of the telescope, the mechanical efiTect of 
each particle ot metal, supposing it to act simply as a weight 

so that If/ IS the horizontal flexure,/smz expresses the flexure 
in general. It is not quite certain, however, that the flexure 
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always follows this simple law , and to determine the law experi* 
mentally, we should have the means of mounting a pair of col- 
limators in a line making any angle with the vertical 

The flexure detei mined by the above method is properly 
called the astronomical flexure, as it gives the deviation of the 
optical axis, which becomes a direct coirection of oui astro- 
nomical measures It is evident, however, that it docs not 
express the absolute flexuic of the tube If when the tube is 
hoiizontal both ends drop the same distance, the optical line 
detei mined by the centre of the objective and the micrometer 
thread will merely be moved parallel to itself, and no flexure 
will appear from the ciicle leadings, for the collimators do not 
determine ineiely a single fixed line in space, but rather a 
system of parallel lines, or simply a fixed direction 

The effect of the flexuie upon an obseivation is, then, zero 
if the absolute flexures of the two halves of the telescope aie 
equal , and when these aie unecj[ual, the effect is pioportional to 
then difference This leads diiectly to the method of elimi- 
nating flexuie, fiist suggestedhy the eldei Repsolb m 1823 or ’24, 
by mteicdiaiiging the objective and ocular of the telescope Let 
us suppose that at any given zenith distance the centre of the 
objective drops the linear distance a, and the horizontal thread 
ill the focus drops the distance so that a and a' represent the 
absolute flexuies of the tw’o halves of the tube Thea, if the 

whole length of the tube is denoted by 2r, the angles of depres- 

a 

Sion of the two portions may be expressed by ~ and — respect- 
ively If then Y is the angle which the sight line now makes 
with the dll action it would have had if no flexure had taken 

place, we have t = — — , that is, the astronomical flexuie is 

proportional to the absolute flexure How let the objective and 
ocular be interchanged, and the telescope i evolved 180°, so as to 
be again directed upon a point at the same zenith distance as 
before The absolute flexures being the same as before^ that of the 
object end is now a', and that of the eye end is a so that the 

astronomical flexure is now — —= — r Hence the mean of 

2r ' 

two observations of the same star made wuth the objective and 
ocular reversed will be free from the effect of flexure More- 
over, the half difference of the measured zenith distances will 
be the astronomical flexure. It is here assumed that the abso- 
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lute flexures of the two halves remain the same when the ob- 
jective and ocular are interchanged For a discussion by Hansen 
of the conditions necessary in the construction of the telescope in 
order to satisfy this condition (if possible), see Astr Nach , Vol 

xvn p. 70 * 

As to the effect of gravity upon the form of the ciicle, see 
Bessel’s paper, Nach.Yol XXV. 

205 Obseivaiions of the dechnation of the moon xoiih the meridian 
circle. ^In these observations, the micrometer thread is usually 
brought into contact with the full limb, and a correction is 
the deduced dechnation of the limb for the moon’s 
parallax and semidiameter When the observation is not made 
in the meridian, the reduction to the meridian (194) is also to bo 
applied, together with a correction for the moon’s proper motion 
The most precise formula for making these reductions is that 
given by Bessel, which is deduced as follows 

In Fig 46, p 290, let 0 now repiesent the apparent position 
of the moon s centime, and suppose the observed point of the 
moon s limb to be designated by M (not given in the figure) 
Conceive an arc to be drawn from A tangent to the moon’s limb 
The point of contact and the points A and 0, form a triangle, 
right angled at of which the side MO is the moon’s apparent 
semidiameter = 6', the side AO = 90° + c, and the angle at A 
may be denoted by d We have then 

sin 5 ' = sin c? cos c 
Let 

observed declination of the limb, ecrrected for re- 
fraction, 

d* = the apparent declination of the moon's centre, 

then in the triangle AOP we have the sides AO = 90° + e, 
PA = 90° PO = 90° ~ d', and the angles FAO = 8^:^ d^ 
APO = 90° — whence, as in Art 199 

^ sm = — sin 71 sm c -f- cos w cos c sm zp d) 
cos 5 sin (t m) = cos ti sin c -f sin n cos c sm (p =p d') 
cos d cos (t m) = (jOg c cos =}z d ) 


See also Dr Oould’s remarks on the meridian circle of the Dudley Ohserratory, 
Proceedings of the Am Association for the Adv of Science, 10th meeting, p 116 
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But, as before, we shall neglect the insensible term sin n sin r, 
and put cos == 1, and then the first and third of these equa- 
tions will suffice to determine 5' Moreover, since in the case 
of the moon r will not exceed 1”^, the neglect of m will cause 
no sensible error in cos(r — m) Hence we take 

sin d' = cos c sin ^ d) 
cos d' cos T = cos C cos d) 

or, developing the second members, 

sin = cos c cos d sin sin s' cos 
cos cos r = cos € COS d COS ± sm s' sin 


whence, by eliminating cos e cos d, we find 

sin 5' = sm cos — cos 5' sm cos t (195) 


If now we put 

d = the moon’s geocentric declination, 
s = “ « semidiameter, 

TT = eq hor parallax, 

= the geocentric or reduced latitude of the place of 
observation, 

p = the earth’s radius for the latitude 
J, A' = the moon’s distance from the centre of the earth 
and from the place of observation, respectively, the 
equatorial radius of the eaith being unity, 

we have, by the formulae of Art 98, Yol I , 

A' sin d' = A smd — p sin 

A' cos d' z= A cos (J — p cos (p' cos T 


this last being equivalent to the more rigorous one in (133) of 
Yol I , when the moon is near the meridian, and by Art 128, 
Yol I , we also have 

J' sin = A sin s 

Substituting these expressions in (195), after multiplying it by 
J', we find 

qi J sm 5 = J sin (5 — ^i) + 2 J cos d sin sm* } r 
— p sin (/ — p cos <p' sin 3^ sm* r 


VoL. II —20 
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Dividing: by J this becomes 

° Bin TT 

sin 5 = sin (S — <5^) + 2 cos d sm sm^ 5 r 

— fi 8in TT sm — «5j) — p sin tt cos sin (\ sin^ ’■ 

where the last term is evidently insensible If then we put 

sm p = ;o sin TT sm (<p' — (196; 

we have 

sin (5 — = sm q= sin s — 2 cos <5 sin <\ sin® i r 

The last term (which is the reduction to the meridian) will 
seldom exceed 1", and may be put under the form 

sin JR = I ^ j sm® 1" sin 2 r® 

The quantity t is here the true hour angle of the moon, to 
find which, let 

fjL^ = the sidereal time of the observation, 
fi = moon’s transit, 

A = the increase of the moon’s right ascension in one 
sidereal second , 

then 

T = (1 — A) (^ — 

and hence 

90;; 

B = ^ sm 1" sm 2 5 (1 — A)® (p — /xj^ (197) 

The first two terms of the value of sin (d — d^) differ but little 
from sm {p zp To find their exact value, we have 

sin p zp sin s = sm (_p zp 5) -|- sin p (1 — cos s) zp sm 5(1— cos p) 
= sm (p zp s) 2 sinjp sm® is zp 2 sm 5 sm® ip 

The last two terms of this will seldom amount to a tenth of a 
second, and therefore the formula may be regarded as peifectly 
accurate under the form 

sm zp sm 5 = Bin zp 5) qi i (jp 5) sm 1" sin p sin 5 

TSTow, since 8 — and p zp 5 differ by so small a quantity, the 
ratio of the sine to the arc will be the same for both of them • 
hence we shall have, with the utmost precision, 

a = 5, + zp 5 qz i (;? qz 5) sin 2? sm 5 — 


(19S) 
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as given by Bessel * The upper or lower sign is to be used 
according as the north or the south limb is observed. 

The declination thus found is reduced to the time of the 
observation But if we wish its value at the time of the meri- 
dian passage, we must add to it the correction 0“ — jUi) A', in 
which A' is the increase of the declination in one sidereal 
second^ or 


60 1643 


where = the increase of declination in one minute of mean 
time, as now given in the American Ephemeris The value of 
1 — A IS found as in Art 154 namely, taking Aa = the increase 
of the moon^s right ascension in one minute of mean tijne, we 
have - 


60 1643 


so that, putting 



we shall have 


log (1 — A) = ar co log B 


and log B may be taken from the table on page 179. 

In practice, it will generally be most convenient to apply the 
several reductions directly to the observed zenith distance, as in 
the following example 


Example. — The declination of the moon was observed with the 
meridian circle of the Washington Observatory, 1860, September 
17 The nadir point was first observed as follows • 


Nadir point 
at 20* 5 

Circle Microscopes 

Micrometer thread in co- 
incidence with its image 
mean of 10 readings = 
38’*934 

A 

B 

C 

D 

Means 

0"9 

0 7 

r'9 

1 4 

2" 2 

2 0 

r'4 

1 6 

1"60 

1 42 

Means 

0 80 

1 65 

2 10 

1 50 

1 51 


The value of one revolution of the micrometer = 34" 356, or 


* Tabuls& Regiomontanm, Introd p LV 
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1" = O'* 0291 , and hence, by the method of Art 197, the micron- 
meter zero (or leading of the micrometer when the circle reading 
was 0° 0' 0") was 

{M) = 38»‘934 + O’* 0291 X 1 51 = SS** 978 

The observation of the moon was as follows, S L denoting 
south limb 


Moon, S L 

Circle Microscopes 

Clock = 

Micro- 

meter 

= iV 

A 

B 

c 

D 

Mean 

55 ° 52' 45" 7 

Barom 80“ 114 

42" 8 

Att The 

45" 2 

srm 64® 

• 

46"! 

£xt TI 

44" 95 

lerm 62° 8 

21*17“ 21* 

32 

43 

39''956 

39 904 

39 875 


The circle was west^ in which position the readings are zenith 
distances towards the south The coriection for runs was 
— 0" 75 for 3', and since the excess of the reading over a multiple 
of 3' IS V 44" 95, the proportional correction for runs is — 0" 43. 

The clock time of transit of the moon’s centre over the meridian 
was [x == 21^ 17’”^ 16® 80 

The latitude of the observatory is p = 38° 53' 39" 25, and 
therefore p — = 11' 14" 54, log = 9 9994302 The longitude 

IS 5'‘ 8”‘ 12® west of Greenwich 

For the date of the observation, we take from the Nautical 
Almanac 

5 = — 16° r 7 

= *-|- 6" 377 in 1®* mean time, t: = 54' 9" 64 
- Aa = 2' 0150 “ « s = 14' 45" 49 

whence log (1 — A) = 9 98521 and A' = 4 * 6" 1060 

The correction for the micrometer, or M — ( ), converted into 
seconds, is additive to the circle reading The reduction to the 
meridian, or iJ, found by (197), is also algebraically additive to 
the ciicle reading, attention being paid to the sign of 5, and the 
coirection for change of declination to be added to the circle read- 
ing wnll be [fi — fx^)y Since the sum of these three coii ections 
should be the same for each miciometer observation, the pi ecision 
of the obseivations will be shown by computing this sum for 
each Thus, we find 
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^ — //j 

Jf— (If) 

R 1 

— — 

Sums 

— 4*2 

33" 60 

— 0" 00 

+ 0" 44 

34" 04 

— 15 2 

31 82 

- 03 

+ 1 61 

33 40 

— 26 2 

30 82 

— 09 

+ 2 78 

33 51 


Mean = 33 65 


Hence we have 

Circle reading = 
CoiT foi luns = 
Mean con foi micioni , &c = 
Apparent zenith distance = 
By Table II Eefi action = 

r — = — <P — K = 

=55° 43' 29" [ — (i> + s) = 

[By (196), i) = 44' 41" 75 j — i (> + s ) si n j? sm s = 

<p — d == 
9 = 


55° 

52' 

44" 

95 


— 

0 

43 


+ 

33 

65; 

55 

53 

18 

17 

+ 

1 

25 

60 

55 

54 

43 

77 

— 

59 

27 

24 

— 


0 

10 

54 

55 

16 

43 

38 

53 

39 

25 


^= — 16 1 37 18 


206 Obse'ivations of the declination of ajplanei^ or the The 
larger planets aie observed in the banie manner as the moon, 
that IS, by making the micrometei tliiead tangent to the hmb, 
and when the planet is treated as a spherical body the observa- 
tion IS also reduced in the bauie maimei 

In the case of the sun, both limbs may be observed The 
reduction to the meridian may be facilitated by a table giving 
the logarithm of the factor 

j sin 1" (1 _ xysm 28 

4 

for each day of the fictitious year (Yol I Ait 406), such as 
Bessel’s Table XII of the Tabidm Regioniontanw This table 
also gives for each day of the year the value of 

a — increase of the sun’s declination in 100 sidereal seconds, 

so that the reduction of the observed declination to the meridian, 
including the correction foi the change of decimation m the 
interval r, is 
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The correction for parallax may be put under the form 
p = ^sm 

m which r = sun’s distance from the earth, the mean distance 
being unity, and m each observatory this quantity may be com- 
puted for the latitude, and for each day of the year, and also 
inserted m the table In order to embrace every thing necessary 
for the complete reduction of the observed declination, the table 
contains also the sun’s semidiameter for each day of the fictitious 
year. 


207 Gorreciion of the observed declination of a planets or the moon's 
limb for spheroyM figure and defective illumination — ^Let us con- 
sider the most general case of a spheroidal planet partially 
illuminated The correction to reduce the observed declination 
of the limb to that of the centre is equal to the perpendicular 
distance jfrom the centre to the micrometer thread, which is 
tangent to the limb and perpendicular to the meridian The 
formulae for computing this perpendicular in general are (Vol I 
p 580) 


tan = 


tan ^ 
c 


Bin X == siu sin V 


s" = 


s sin cos X 
sin 1 ^' 


in which 5 " is the required perpendicular, 'd the angle which it 
makes with the axis of the planet (reckoning from the north 
point of the disc towards the east), c is a constant depending upon 
the eccentricity of the planet’s meridian, V the angular distance 
of the earth and sun as seen from the planet, and 5 is the equa- 
torial radius of the disc, or greatest apparent semidiameter at the 
time of the observation The perpendicular here coincides 
with the declination circle, and consequently we have at once 
"d = — p^ or 180^ — p, according as the north or the south limb 
IS observed , p denoting, as in the article referred to, the position 
angle of the axis of the planet !From the discussion in Vol I 
Art 364, it follows that (puttmg — p for ??) the north limb will 
be full (and, consequently, the south limb gibbous) when sin p 
and sin Vhave the same sign We shall, therefore, here change 
the sign of sm and take 
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sm X = sin p' sin V 1 

(199) 

s. sin p I 

r* sin p I 

in which s„=the greatest apparent semidiameter at the mean 
distance of the sun from the earth, and r' = the planet’s geocen- 
tric distance We then have the mle tJi£ mrth or the south Imb 
IS the full Imib according as sin %is positive or negative The foimulee 
for computing p,V, and c aie given inVol I Arts 348 et seq , 
and So IS given on p 578 

The gibbosity of Saturn, however, is wholly msensible, and 
even that of Jupiter at the north and south points of the limb 
cannot exceed 0" 05, which is so much less than the usual erroi’s 
of declination observations that it may be disregarded Hence, 
for Saturn and Jupiter the correction will depend only upon the 
figure of the planet, and will be computed by the equations 

, tanp Sq sin p _ 

tanp— cos/ 

in which for Jupiter we take log c = 9 9672, and foi Saturn 
c = ^ (1 _ ee eo8“ A = ^"(1 - [9 2706] cos* 1), I and p being taken 
diiectly from the tables foi Saturn’s Ring given in theEphemens 
A further simplification may be peimitted in the case^o^ 

Satuin, foi, on account of the small values of p, the^ratio 
will be very nearly unity, and if we take s" = -^ we shall 
have the true value of s" within less than 0" 05 , , , v 

It is hardly necessaiy to remark that when we neglect the 
gibbosity of Jupiter or Satuin, the mean of the observed decli- 
nations of the nortli and south limbs gives at once the declination 

of the centre „ 

Eor Mars, Yenus, and Meicury the correction will be only lor 

defective illumination, but in this case we can avoid the separate 
computation of p and F, as follows Substituting in the equ^ 
tioii for sin V (199) the values of sinp and sin V given in Vol 1 
p 577, and moreover observing that, since these bodies are 
regarded as spherical, we have c = 1, and, consequently, p =p, 
there results 

[cos S’ sm D — sm S' cos D cos (a' — ul)] (200) 
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in wTiich 


a!j tV = the planet^s right ascension and declination, 

A, D = the sun's “ 

jB, J?'== the earth's and the planet's distances fiom the sun, 


and a positive value of sin will here also indicate that the north 
limb is full and the south limb gibbous, and a negative value 
the reverse. Adapting this formula for logarithms, we have, 
therefore, 


tan F = tan D sec {oI — A) 



sin (F — 8') sinZ) 
sm F 


( 201 ) 


or, more convemeatly, perliapB, 


tan = tan d' cos (a' — A") 


sin;if 


B sm (D — B) COB d' 
B cos B 


( 201 *) 


JE bemg taken less than 90°, with the sign of its tangent 
Then we find the reduction to the centre of the planet by the 
formula 

s" =. ^ cos / (202) 


If the dechnation of a cusp of Venus or Mercury has been 
observed, we must find p by the foimula (Vol I p 577) 

tan p = cot (a — A) sin {F — S') sec F (203) 

m which J’has the same value as above, and then the reduction 
to the centre of the planet will be 

s" = — cosp 
r 

For the moon, when the gibbous limb has been observed, the 
formulae (201) may be used for computing ^ , but on account of 
the small dififerenee of R and R', we may put their quotient = 1 
Since the declination of the gibbous limb will not be observed 
except when the moon is nearly full, it will be best to reduce 
the observations as if the observed limb were full, according to 
Art 205, and then to apply a small correction for gibbosity 
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This correction will be as = s — s cos % — s versin i Hence the 
formulae for the moon will be 

tan B — tan 5' cos (»' — -4) 

sin (jD — i?) cos S' 

sin y = = 

^ oosU 

AS = s versin x 

Example 1 — The apparent declination of the southern cusp 
of Venus, at its transit ovei the meridian of Greenwich, July 16, 
1852, observed with the transit circle, was 

3' = 15° 0' 45" 60 

Erom the Nautical Almanac, we have 

tt' = 8* 11”* !• 46 log r' = 9 4675 

A=7 43 42 80 D = 21° 19' 8" 



and fiom Vol I p 578, 

s„ = 8" 55 

Hence, by (203), we find log tan p = 0 0031, and, consequently 
s" = — cos p = 20" 58 


and the apparent 
fore. 


decimation of the planet’s 
d = 15° r 6" 13 


centre was, tnere- 


Example 2 — The apparent declinations of Jupiter s north and 
south limbs, observed at Greenwich, March 18, 1852, were — 

NL S'= — 17° 21' 57"36 
S L S'= — 17 22 37 61 


To illustrate the complete formulae, let us take the gibbosity 
of the planet into account For this pui-pose, we take from the 
Nautic^ Almanac 

a' = 230° 56' 4 A — 224° 25' 0 

gr — 17 22 2 e = 23 27 5 log >^ = 0 6783 

and from VoL I p 574, 


n = 357° 56' 5 i = 25° 25' 8 
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Hence, by the formulae (619), Vol I , 

F= 201° 23' 5 X = 234° 52' 3 
F=^— 1= — 10° 27' 7 
J?"= — 20°47'5 log tan p = 9 4281 

Then, by (199), taking log e = 9 9672, we have 

log sin ;^ = n8 7025 ^ 

from which it follows that the south limb was full Hence, 
taking 99" 70, we find 

For full limb (s") = — = 19" 50 

r' sin^ 

For gibbous limb s" = (s") cos x =19 47 

The decimation of the centre was, therefore, according to 
these observations. 

From 17 1 « = — 17'^ 22' 16" 83 

" SL « « 18 11 

Consideiing the difference of these results, which is by no 
means as great as often occurs in the Greenwich observations of 
Jupitei, it appears that the practice there followed of always 
applying the polar semidiameter (which is the one given m the 
17autical Almanac) is quite accurate enough /or these observations 
Our more exact method will not be without application, however, 
in eases where greater refinement both m observation and 
leduction are attained. 

Example 3 — ^At Greenwich, Eeb 6, 1852, the declination of 
the moon’s centre deduced from an observation of the north 
limb, on the assumption that this limb was full, was 

«'= + 13° 17' 0"58 

For the time of the moon’s transit on this date, we have 

tt' = 158° 18' 6 A= 319° 56' 1 

s = 16' 31" D = — 15 36 3 

whence, by (204), 

/ -== — 2° 58' 
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which shows that the noith limb was gibbous. The oorrectioii 
was 


AS = 6 versin / = 1" 33 


and the true declination was, therefore, 

5 = + 13^ ir 1" 91 


# 


CHAPTER VII 


THE ALTITUDE AND AZIMUTH INSTEUMENT 

208 This instrument maybe legarded as a tiansit instrument 
combined with both a vertical and a hoiizontal circle, by means 
of which both the altitude and the azimuth of a star may 
be observed at the instant of its tiansit through the verhcal 
plane described by the telescope This combination is not often 
used for the higher purposes of astronomical reseaich, as every 
additional movement introduced into an instrument diminishes 
Its stability and increases the iisk of erroi However at Green- 
wich, a regular series of extra-meridian observations of the moon 
18 earned on with such an instrument, for the sake of comparison 
with meridian observations The instrument has there received 
the name of the altazimuth In other places, it has been called 
the astronomical theodolite, and, in fact, the genera t eoiy o e 
mstrument, whioh will be given herenftei, will be found to be 
diieetly applicable to the common theodolite employed m geo- 
detic measurement 

Still anotlier name is the umversal mstrumeni, so called on 
account of its numerous applications, 

given only to the portable mstruments of this class The small 
universal instruments of Betel are well known 

209 Sometimes the horizontal circle is reduced to small 
dimensions, and designed simply as a finder, or to set the instru- 
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nient approximately at a given azimuth , while the vertical circle 
IS made of unusually large dimensions, and is intended for the 
most refined astronomical measurement The lUbtrument is 
then known simply as a lerttcal circle Such is the Ertel Vertical 
Circle of the Pulkowa Ohseivatoiy, the telescope of which has 
a focal length of 77 inches, and its veitical circle a diameter of 
43 inches * 

This instrument is permanently mountejJ upon a solid granite 
pier Plates X and XI , ^vhich is insulated from the walls and 
floor of the building It stands upon a tiipoci which is adjusted 
by foot screws The three feet are so placed that two of them are 
in the east and west line hence, but one of these two is seen in 
Plate X , which is a projection of the instrument upon the plane 
of the meiidian, while all three aie seen in Plate XI , which is 
a projection upon the plane of the prime vertical The meiidional 
foot screw co carries a small circle y graduated into 360®, the index 
of which IS attached to the foot One revolution of this circle 
changes the inclination of the instrument in the plane of the 
meridian 318" consequently, one division corresponds to 0" 88 

The centre of the instrument is held in place hy the support 
a attached to the pier 

The vertical stand consists of a hollow cone of brass, in which 
turns the steel axis b The lower extremity of this axis is convex 
and smoothly finished, and is supported by a system of thiee 
counterpoises c, suspended upon levers which relieve the pressuie 
upon the bearing points of the vertical axis, and thus diminish 
the friction At the top of the conical stand is a 13 inch azimuth 
circle, the verniers of which are attached to the axis This is 
provided with a clamp and tangent screw which is moved bj the 
rod d in giving the upper portion of the instrument a small 
motion in azimuth 

The uppei extremity of the vertical steel axis cairies the strong 
oblong bar e, which may be called the bed of the instrument 
On this bed rests the adjustable frame ifgv^ which supports the 
horizontal axis i in the Vs at t’i? This axis should be perpen- 
dicular to the vertical axis, and its adjustment in this respect is 
effected by means of two opposing screws at h 

The axis i has two equal cylindrical pivots of steel at vv It is 
hollow, to admit light from the lamp x, which is reflected upon 


* See DeBcnjption de Vobse) cent , Ac , p 180 
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the threads of the reticule of the telescope by a mirror in the 
interior of the tube at u The telescope and piincipal vertical 
circle 0 are firmly and invariably attached to one extremity of 
this axis At the opposite end of the axis is a smaller vertical 
circle m, which serves as a findei From the centre of this 
finding circle radiate foui conical aims terminating in ivory 
balls n The telescope is swept in the veitical plane solely by 
means of these balls, never by touching the telescope or prin- 
cipal vertical circle 'W^lien the telescope is approximately 
pointed and clamped, fine vertical motion is given to the tangent 
screw by the rod k The instrument is swept in azimuth by 
means of an ivory ball at I, the fine azimuthal motion being 
given by the rod d 

The circle is read off by four micioscopes attached to a square 
frame a, which is fixed to the frame vfgv The level ji attached 
to this frame indicates its inclination with lespect to the hoiizou 
The circle is divided to 2', and the microscopes lead directly to 
single seconds, and by estimation to 0" 1, or even less The 
probable error of reading of a single microscope is given by 
Petees as only 0^^ 090 in obseivations by da^v , and 0^^ 098 in 
observations by night 

The friction of the horizontal axis in the Vs is diminished by 
the single counterpoise y), winch, by means of a level, the fulciuin 
of which 18 at q, supports the principal part of the weight of the 
telescope, vertical circles, and horizontal axis, by exerting an 
upward pressure at r The point r being at suitable distances 
from the two Vs respectively (nearer to the principal circle than 
to the finder), the friction in both Vs is equally leheved, while 
the whole weight of the movable portion of tlie instrument is 
transferred to a point q, very near to the vertical axis of rotation 

The striding level s lests upon the pivots of the horizontal 
n.yia^ and, by reversal in the usual manner, serves to measure the 
inclination of this axis to the hoiizon 

The reticule at t is composed of three horizontal threads, two 
of which are close pai-allel threads (the clear space between them 
6eing only 6"), which serve for the observation of objects which 
present sensible discs, oi of those which are too faint to be 
observed by bisection (see Art. 198) The third thread is 18" 
from the others, and is used m observing stars by bisection 
The unequal distances prevent mistakes in the clioice of tlueads 
These horizontal threads aie crossed by two vertical ones, the 
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distan&e of winch is 1^ of arc The middle pomt between these 
determines the optical centre of the instrument, and all obser- 
vations are made as nearly as possible at this point 

The extreme accuracy attainable m the observation of zenith 
distances with this instiument may be inferred from the follow- 
ing values of the zenith point Z (see Art 219) of the circle, as 
cited by Struve, from observations by Peters upon Polans at its 
upper and lower culmmations : 


1843 

Upper transit 

Z 

Diff from 
mean 


Lo-wer transit 

Z 

DifiF from 
mean 

April 13 

0° 0' 33" 13 

— 

0" 32 

April 14 

0° 0' 33" 64 



0' 

'08 

14 

33 

26 

— 

0 

19 

16 

33 

32 

— 

0 

40 

17 

33 

82 

+ 

0 

37 

20 

33 

45 

— 

0 

27 

19 

33 

27 

— 

0 

18 

21 

33 

94 

-1- 

0 

22 

20 

33 

75 

+ 

0 

30 

22 

33 

48 

— 

0 

24 

22 

33 

17 

— 

0 

28 

24 

33 

50 

— 

0 

22 

24 

33 

45 


0 

00 

25 

33 

94 

+ 

0 

22 

25 

33 

68 

+ 

0 

23 

26 

33 

98 

+ 

0 

26 

26 

33 

29 

~ 

0 

16 

27 

33 

82 

+ 

0 

10 

27 

33 

68 

+ 

0 

23 

28 

34 

12 

+ 

0 

40 


Mean 0 0 38 45 Mean 0 0 33 72 


Hence, assuming that the zenith point of the circle was constant, 
the probable error of an observed value of Z was, foi either 
series, = 0" 22 This error, however, is the combined effect of 
error of observation and variability of Z But the probable 
error of observation was obtained from the disci epancies between 
the several values of the latitude deduced from these same obser- 
vations, and was = 0" 17 so that the probable error of Z 
arising from variation in the instrument was = 22)2 

— (0" 17)*] = 0" 14 The means for the two transits differ by 
0".27, winch results from the use of different divisions of the 
circle and different parts of the micrometers To compare them 
justly, it would be necessary first to eliminate especially the 
division errors 

In order to eliminate the effects of fiexure, the objective and 
ocular are made interchangeable (see Art 204) 

The dimensions of the vanous parts of the instrument may be 
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taken from the plates, which are accurately drawn upon a scale 

of A* 

210 The portable universal instiuments are usually so arranged 
that the vertical eiiele may be removed altogether from the 
instrument when hoiizontal angles only are to be measuied 

One of these instruments IS repiesented in Plate Xn In Fig 1, 

the instrument is arranged for measuring hoiizontal angles 
exclusively In Fig 2 , the telescope of Fig 1 is replaced by 
another which is connected with a vertical circle and (unlike the 
azimuth telescope) is at the end of the horizontal axis The 
weight of the telescope and veitieal ciicle is counterpoised by a 
weight at the opposite end of the axis The focal length of the 
telescope in instiuments of this kind seldom exceeds 24 inches 
The following discussion of the theory of these instiuments 
will apply to any of the forms above mentioned, as I shall con- 
sidei then two applications— to azimuths and to altitudes— 
independently of eacli othei 

211 Azimuths —Let Fig 49, represent the true horizon, 
Z the zenith Let us suppose the vertical 49 

axis of the instrument to be inclined to the 
tiue veitical hue, so that when produced it 
meets the celestial sphere in Z' Let 
be the gieat circle of which Z' is the pole 
The plane of this circle is that of the gra- 
duated horizontal circle of the instrument 
Let us suppose, further, that the horizontal 
rotation axis, which should be at light 
angles to the vertical axis, and, consequently, parallel to the 
horizontal circle, makes a small angle with this circle As the 
instrument revolves about its vertical axis, this rotation axis will 
describe a conical suiface, and the prolongation of this axis to 
the celestial spheie ■wnll describe a small circle AA' paiallel to 
A E' Let A be the pomt in which this axis produced thiough 
the circle end meets the sphere at the time of an observation, 
and 0 the position of a stai observed on any given vertical thread 

^ For all the particulars of the use of this instrument m the detemimation of the 
declination of a circumpolar star, consult the memoir of Dr C A F Petbes, 
Attron Nach , Vol XXII , Remltate atti Beohachiungen dea Folanterna am Brtelaehen 
V*rticalkreise der Pulhowaer SternwarU 
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m the field As the telescope revolves upon the horizontal axis, 
its nvia of collimation describes a great circle of which A is the 
pole, and the given thread descnbes a small circle parallel to 
this great eiicle Let 

c = the distance of the thread from the collimation axis, 
positive when the thiead is on the same side of the 
collimation axis as the vertical circle, 
b — the elevation of A above the horizon as given by the 
spa it level applied to the horizontal axis, positive when 
the circle end of this axis is too high, 
t = the inclination of the vertical axis to the true vertical 
line, 

t' = the inclination of the hoiizontal axis to the azimuth 
circle, 
a = AZS, 
a' = AZ'E, 

A = the azimuth of the star 0, reckoned fbom A* as the 
oiigin, 

z = the zenith distance of the star, 

then, in the triangle AZZ', we have AZ = 90° — h, Z Z' = i, 
AZ' = 90° — i', AZZ' = 180° — a, AZ'Z — a', and hence, by 
Sph Tng, 

sin h = cos a' cos i' sin i -f- sin i' cos i 
cos h cos a = cos o,' cos i' cos i — sin i' sin t 
cos 6 sm a = sin a' cos i' 

But, *, i', and h being always so small that we can neglect their 
squares, these equations may be reduced to the folloivnng 

« = «' , I (206) 

6 = j cos a' + »'= ( cos a 4- i' J 

In the triangle AZO, we have the angle AZO = A^O + A^^A 
= j.-(-90° — a, and the sides J.O = 90°+c, AZ=Q0° b, 
ZO = z, and hence 

— sin c = sin b cos z — cos b sin z sin (A — <i) 
or, since c and b are small. 

Bin (_A — a) 

Hence sin [A — a) is also a small quantity, and the angle A — a 
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is either nearly 0® or nearly 180® When the vertical ciicle at 
the extremity of the honzontal axis is to the left of the observei, 
as supposed in the above diagram, it is evident that A and a are 
nearly equal, and J. — a is nearly 0° But if the instrument be 
revolved about its vertical axis, the azimuth circle remainiug 
fixed, and the telescope be again directed to the same point 0, 
the vertical circle will be on the right of the observer, and the 
angle a will be increased by 180° In this case, therefore, 180® 
— {A — a) will be a small quantity Puttmg, then, ^4 — a or 
180° — (J. — a) for sin {A — a), we have 

A = a, -{■ h cot z -(- c Goscc z [Circle L ] 

A — a -I- 180° — i cot a: — c cosec z [Circle E] 

ITow, a is not read directly from the azimuth circle , but if we 
put -4'= the actual reading and ^|,= the reading when the 
point A in the diagram is at A' (in which case the telescope, 
when honzontal, is directed towards the point A^), we have 

a=af = A' — Ao [Circle L] 
a-fl80°=4' — [Circle E] 

and, therefore, 

A == A' — A^ ±b Got z ±.c coseo z 

We have supposed the azimuths to be reckoned from the point 
A^, but it IS inditFerent what point of the circle is taken as the 
ongin when the instrument is used only to determine differences 
of azimuth, since the constant A^ of the above equation will 
disappear in taking the diffeience of two values of A Pop 
absolitie azimuths, let us denote the azimuth of the poyit A^ frorn 
the south point of the hoiizoii by A^, then the azimudi of the 
star, also reckoned from the south point, will be equal to Ihe 
above value increased by Ai If, therefore, we add 41, to the 
second member, and then write a 41 for the constant 4., — 41,, we 
shall have 

4. = 41' + a4. ± 6 cot z ± c oosec z Oirole E ] 

where 41 now denotes the absolute azimuth of the stai, and a 4L 
IS the index correction of the circle, or reduction of the readings 
to absolute azimuths The readings for ciicle right diffenng by 
180° from those foi circle left, we shall always assume that the 

former have been increased or diminished by 180®, when two 
V OL II.— 21 
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Ai.'inini. wiwi rii I’k-iiii mj st. 


olwtfrvatjcmH in aimTout .»l ili*- iu-tniuMMi» wn* •** 

pared. We mu'^t now d«*iermiu«’ fhe ijmiiHUief • . f‘. uiid 

212. To Ihideuml /».— The loom eomu.ielif method of ftlM* 
.• with H fi Ned iuxtrumeiit i** to eiiipho ii i olhiMi(tiii>; *''^****‘” 
plueeil oil a level with the hoii/.oiila! a\i«. -«• h ii- thiit of I 
ill* Kijir. Tho tTOHH titu'ml nf tin* miIImiuUmi ulMnnuMi i**- 
iiiliiiiMv di^tiuit pomf '«r Mur. wluwe /.eiiith diMuii.e U IMl' . 
heiiee eiit . «>, voKee : I. < >h»ei\ iiij.' it h*.lh w ilh i iieU- 

iltwl eiivle rijfilt, let .1' and .1" he the reiidiii^H i.f the URUH 
ehvle(the latter reudiii^f heiiitf ehiiii|fed IHt* K then we hii**' 


whence 


A f Alt' 
A I*' A t • 

. Jid” d'l 


I 


whleh will give e with ita proper aigii for to r/* tr/t. 

If, however, the eolliiimtor ia helow the le%el of the hort/.«i 
uxla, ao thttt the tideaeope imiat he depreaHtnl to »ihaerve i* 
uhall have 

A d' I a 4 I fceol ,* t ' eiiaee : 

A d" I A t h eoi .• i iHUM’i' ; 


ill which t the aenith diatunee of tlie l ollimutor t«l" « 
proaaion of the teleaeope, aa given h.v tin* vertieal ein U’ 
tlion 

e J(,d' d'lalii.* fceoa; ' 

and fi must bo observed with the striding level iipptied U 
axis, aa in the case of the transit inatntineiii. 

When the telescope is fiirttished with u inieronieter. iho \ 
of e can bo found with still greater atvuracy, by intMins «*t 
eollimators, as in Art. 146. 


218. In some cases the apint level eannot be reversoil 
the axis, but is permanently attaehed to it or to the frunu* « 
supports it. It is then ruvonwd only when the inatmiiM' 
reversed, and it becomes necessary hi know the level y.»'i 
that romling of tlio love! whleh corresjsMids to a truly hon* 
pusition of the axis. Let this iN'ading he denoted by ^ an 
I be the reading at any observation ; then we have 
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where I is the mean of the readings of the two ends of the 
bubble, the readings towards the circle end being always 
reckoned as positive Then to find we have recourse to the 
observation of two stars, one near the zenith and the other near 
the horizon, or of the same star at different times Let A' and 
A" be the circle readings, z’ and 2 " the zenith distances of the 
high star for circle left and circle right, lespectively , V, I" the 
level readings , then, A^ and Al^ being the true azimuths, we have 

A^=A' + aA -|- (I' — y cot s' + c cosec s' 

^2 = A " — a1 - (1 " — cot 2 " — c cosee 2 " 

The difference between JL, and A^ may be accurately computed 
from the known place of the stai, and a small error in its 
assumed place will not sensibly affect this difference If the star 
IS near the meridian (which will be advisable), the change m 
azimuth will be sensibly proportional to the interval of time 
between the two obseiwations . so that if T' and T*' are the 
sidereal clock times, and dA the change of azimuth in one 
second, we shall have 

A^—A^ = dA{T"— r) (209) 

in which T" — is m seconds ; and dA may be found by the 
differential formula 

16" cos 6 cos q 

dT sm 2 


where 8 = the star’s dechnation, and the parallactic angle q is 
found by Art 16 of Vol I The difference of the above equa- 
tions will then ^ve us the equation 

— mZj -I- nc =jp (210) 

where, to abbreviate, we denote the known quantities as follows : 


m = cot z' -)- cot 2 " M = cosec 2 ' -|- cosec 2 " 
p =A" — A' — (A^ — ^,) — V cot 2 ' — I" cot 2 " 



In like manner, the low star gives a similar equation. 


— n'c = y (212) 

and from the two equations the unknown quantities and e are 
found by the usual method of ehmmation If a greater number 
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of stars have been observed, the equation may be combined by 
t ^ of le«t .quaro. mare too « a ooltaoator, .. 
may always be used as 1he low star of this method 

214 To determine the index correction aA, observe any 

1 atflr m either position of the instrument, then, having 

I A.t 14 ),waba.a 

^ __ 2 _ (it' ± 6 cot 2 ± C cosec «) (213) 

215 With a portable instrument, such as is descnbed m Art 

2 irtiie use of a collimator is impracticable, since the telescope 
fai of tha axia, aad. tharafoxa, aanaot ba tooted 

to^al to CO Ator .D both poaitona Wa tlian amploy 
Stars as in the preceding aiticle , but, as in portable instrumente 

the inclination ns usually found directly by the stnding level, 
a single star observed m both positions of the instrument vull 
suffic^ If we take the pole star when near the meiidiaii, we 
can suppose z to have the same value foi both observations, and 
we shall have the two eq^uations 


_ il' + Ail + 5 ' cot 2 + ® ^ 

_ j," Ai. — b" cot 2 — c cosec z 


whence 


C = i [A' - A - (A - A)] 81 “ * - i " 


(214) 


and it will then be expedient to determine aA at the same time 
from either A, or A, 

216 If instead of a single vertical thiead there aie several 
such threads, the hmzontal transU of the star is obhcrvecl ov i 
each by the clock, as in ordinary transit obseivatious, the loading 
of the^onzontal circle remaining constant If the star is imt 
too far from the equator, the intervals of time be ^ecn 
transits over the threads may be assumed to be proportional to 
ST toces of the threads, and then the mean of the tune 
^1 be the time of the star’s transit over tlie mean Jiread The 
collimation constant c, determined from stars as in the precec u g 
articles, will then be that of the mean thread 
If some of the threads have failed to be observed, let f„ /j, &c 
be the distances of the threads from the mean tliiead, positive 
for threads on the same side of the mean as the vertical cu-cle. 
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and let/o be the mean of the distances of the threads observed, 
and the mean of the observed times Then/, + c is the dis- 
tance of the mean of the observed threads from the colhmation 
axis ; and the azimuth at the time T, is found by the formula 
(206), substituting/, -j- c for c 

217 If, however, we wish to proceed rigorously, we can 
reduce each thread to the mean thread by the complete formula 
(138), 

sin I = (- 2 tan i sm’ J I 

cos i cos n cos t 

where J is the mterval of time in which the star describes the 
distance /, and t = r — m, r being the east hour angle of the 
star, and m and n being determined by (78) But we can sim- 
plify this formula for our present purpose as follows Let A, 
Fig 50, be the point in which the horizontal axis of the ^ 

instrument meets the sphere when pioduced through ** p 
the circle end (as in Fig 49) ; Z the zenith , P the pole , 

0 the star when in the collimation axis of the telescope o 
Since the small inclination of the honzontal and verti- 
cal axes will not sensibly aflect the thread intervals, we 
can here regard A as the pole of the vertical ciicle ZO, 
and the triangle OPD may be regarded as right angled 
at D In this tnangle we have, accordmg to the de- 
finitions of m, n, and r in Art. 123, the angle OPD = OPZ 
— APZ = — r — (90° — m) = — 90° — i, and the side PD 
■ss AP — 90° = (90° — n) — 90° = — n "We have also OP 
=3 90° — d, and the parallactic angle POD = q Hence 

cos n cost = — cosj 

tan t = tan g sm d 

and our formula becomes 

sm J = 1- 2 sin 5 tan q sm* } I 

cos i cos q 

This applies for circle left “ Foi eiicle right it is only necessary 
to change the sign of the fiist term, so that the complete for- 
mula IS 

sin Z = =f: — [- 2 sin i tan q sin* J J C2151 

cosacosgr * * 'v ^ 




326 ALTITUDB AND AZIMUTH INSTRTTMBNTi 

.nwtachw. take for end/mU be the 

correction idgebraically additive to the observed time on a ^ead 
to reduce it to the mean thread The angle q is found by the 

formula . __ 


sm jf = 


sm A 008 y 


where q will have a negative value for a negative value of sm A, 
that is, for a star oast of the meridian , , , ^ 

It IS evident that, except for stars of considerable decimation, 
the last term of (215) will be mappreciable, and that we may 
usually take 

( 217 ) 

OOBdGOBq 

which amounts to assuming that J is proportional to/, as in the 
preceding article 

218. To find the equatorial values / of the thread intervale 
we observe the transit of a slow moving star near the meridian 
and from the observed intervals I we deduce 

8m/= SID fcosi cos^ 

219. ZenUh distanees —Let £, Fig 61, be the zenith , Z' and^ 
the points m which the veitical and hoiizontal axes meet th 

celestial sphere, BB'Cy the gi-eat circle o 
which A IS the pole, and, consequently, th 
cucle which represents the veitical ciicle o 
I \ instrument This circle is also that wbic 

/ I \ IS desciibcd by the oollimation axis of th 

I IJ- X 1 telescope Let tlie stai 0 bo obseiwed on 
W V Y horizontal thread 0(7, which is perpendicuh 

y to the great circle BO and coincides wi1 
the arc AO produced The point B', 
which AZ' pioduced meets the cucle BB', represents the e 
tremity of that diametei of the alidade circle which is in tl 
plane of the vertical axis of the iiistrumont The aic B'O', ' 
the angle B'AO which it measures, is then the zenitli distanc 
as given directly by the circle when the cucle readings for j 
and O are given Let the reading of the circle, when the threi 
IB at B', be denoted by Co. reading on the star by C. “ 

put BO or B'AO == , then, for circle left, 

*-1 — ^ 
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the graduations of the circle being supposed to inciease fiom 
nght to left Now, for different azimuths the relative position 
of £ and £' is different , and they coincide only when the point 
J. is in the plane of the circle ZZ' Then lelative position at 
any time is given by the level attached to the alidade circle , for 
let be the reading of the level when £ and £' coincide, and 
I the reading in any other case , then, denoting ££' by we 
have 

where we take the left-hand end of the level as the positive end, 
the observer facing the circle, and I is half the algebraic sum of 
the readings of the ends of the bubble 
Let us now denote the arc £€/ by z', then we have 

A3, 

and in the triangle we have the required true zenith di8> 
tance ZO = z, the angle OAZ = z ' , and, in accordance with 
the notation befoie employed, AO = 90° 00' = 90° + c, 

AZ = 90° — b Hence 

cos z — — sin c sin ft -f- cos o cos ft cos z' 

Substituting cos z' = cos^ — sin* Jz', we obtain 

cos z = — sm c sin ft (cos* } z' sm* } z') 

-f cos c cos ft (cos* iz' — sin* J /) 

= cos (c -|- ft) cos* iz' — cos (c — ft) sm* } z' 
cosz' — cosz = 2 sm } (z -|- z') sin i (z — /) 

= 2 sm* i (c -|- ft) cos* J z' — 2 sm* i(c — ft) sm* } z 

The second member involving only the squares of the small 
quantities c and ft, the correction z — z' is very small, so that for 
the factor smJ(z-(-z') we may take sin z'= 2 sin^z'cos Jz' 
Hence, substituting the arcs for the sines of the quantities J (z — z'), 

z — z' = | ^ sin r'cotilz' sin 1" tan i z' = e (218) 

and e will denote the correction for collimation and the inclina- 
tion of the horizontal axis Substituting the value of z' above 
given, we find as the value of the zenith distance given by the 
observation crrele left, 

Z = C, Z-j-E 
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111 this eciuation tlie constants Co unknown , but if we 

now revolve the instrument 180° in azimuth, and observe the 
zenith distance of the same point, we shall have 

A«,= — G,— O 

where C' and i ' denote the new readings of circle and level ; and 
hence, for evrcU rtghiy 

z = V — C» — H" 

m which e' is computed by the formula 

j siQ l"eot is' — (” 9 — ) i ^ 

c' and V being the coUimation and the inclination of the hori- 
zontal axis in this second observation The mean of the two 
values of z is 

z = Kf'-0 + K«'-0 + K®' + 0 (219) 

Their difference gives the constant quantity 

Co + = Kf ' + C) + + 0 + U®' - ^) (220) 

If the observed point is moving, as in the case of a star, the value 
of z obtained by (219) is the zenith distance at the mean time 
between the two obseivations, and, m general, if a senes of zenith 
distances is taken, one half in each position of the circle, and if 
C denotes the mean of all the readings of the circle in the firet 
position, C'the mean of all the readings in tlie second position, 
I and V the corresponding means of the readings of the circle 
level, the value of z given by (219) will be the zenith distance at 
the mean of all the observed times, provided always tliat the senes 
18 not extended so far as to introduce second differences of the 
change of zenith distance The correction for second difterences, 
when necessary, may be found by Vol I Art 151 

The corrections e and e' are, however, usually iciideied insen- 
sible in practice by observing the stai only m the middle of the 
field, or as near the middle vertical thiead as possible, which is 
effected by givmg the instrument a slow motion in azimuth while 
the star passes obliquely across the field, and thus keeping the 
middle thread constantly upon the star until it is bisected by the 
honzontal thread, 
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220 Tt e equation (220) gives tlie constant Co + k oiilj 
the observed point is fixed The cross thread of a collimating 
telescope, or a distant terrestrial object, may be used as such a 
fixed point , and, making the observations in the two positions of 
the circle only in the middle of the field, we shall have e' — e = 0 : 
so that if we denote this constant by Z we shall have 

^ (C + CO + + i') (221) 

"With this constant thus deteimined, a single observation of a star, 
in either position of the instrument, will suffice to determine its 
zenith distance, since we shall then have 

z = Z — iC + l) for circle L 1 

z = (j:' — Z « E i ^ 

The constant Z expresses the zenith point of the instrument, since 
in any position of the instiument it is equal to the corrected circle 
reading when the observed object is in the zenith 

If we wish to deduce Z from the two observations of a star, at 
the times T and T', we must compute the difterence between the 
zenith distances for the interval T' — T, which, when the interval 
IB small, may he done by the differeiitial formula 




T) cos <p sm A 


in w Tn o'h T' — T 18 supposed to be reduced to seconds of arc ; 
and then we shall have 


It should be remarked that when C' is numerically less than 
we should increase it by 360°, both m findmg z and Z 
When the two observations, in opposite positions of the axis, 
are made very near to the meridian, it will be advisable to reduce 
each to the meridian by applying the correction for circum- 
meridian altitudes, Vol I equation (289) or (290) 


Example — ^To determine the zenith point of an Eetel uni- 
versal instrument, the telescope was directed towards a distant 
terrestrial object, and the horizontal thread was brought into 
coincidence with a sharply defined point in the object, twice in 
each position of the veitical ciicle The leadings of the cmcle 
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and level were as below The graduations of the level proceed 
continuously from the right to the left end of the tube, so that 
the values of I are simply the arithmetical means of the readings 
of the two ends of the bubble The value of one division = 2" 0 


Circle L 
Circle R 


Circle leadings 

Level leadings 

3 

180° 2' 30" 

40 2 14 6 

27 4 

180 2 36 

40 4 14 5 

27 45 

359 56 20 

38 2 12 8 

26 5 

359 56 30 

38 5 12 9 

25 7 


Hence, taking the means, we have 

C = 180° 2' 32" 5 i = 27 43 

C'=369 56 25 l'= 25 60 

C, = 269 59 28 75 = 26 52 = 53" 04 

+ 53 04 

^=270 0 21 79 


A series of zenith distances of the sun’s lower limb near the 
meridian was then taken, as follows 


Circle L 


Circle R 


Circle 

reading 

Level 

1 eading 

Glide reading coi- 
rected for level 

Observed zenith 
distance 

/ 229° 

50' 

50" 

38 

4 

12 

7 

229° 

51' 

41" 

1 

40° 

8' 

40' 

7 

1 229 

57 

15 

38 


12 

3 

229 

58 

5 

3 

40 

2 

16 

5 

j 230 

2 

6 

37 


11 

6 

230 

2 

53 

5 

39 

57 

28 

3 

230 

5 

15 

37 

6 

12 


230 

6 

4 

6 

39 

54 

17 

2 

230 

7 

0 

37 


114 

230 

7 

48 

8 

39 

52 

33 

0 

/ 309 

52 

16 

33 

4 

7 

9 

309 

52 

56 

3 

39 

52 

34 

5 

1 309 

54 

10 

33 


7 

4 

309 

54 

50 

4 

39 

54 

28 

6 

j 309 

57 

50 

33 

6 

8 

0 

309 

58 

31 

6 

39 

58 

9 

8 

1 310 

2 

40 

33 

8 

8 

3 

310 

3 

22 

1 

40 

3 

0 

3 

\ 310 

9 

15 

34 


8 

8 

310 

9 

57 

8 

40 

9 

36 

0 


Here we have, at the first observation, 

diT 

: = 229° 50' 50" Z = -f. 25 65 = + 61" 1 


and hence the corrected circle I'cading is 
C 4- Z = 229° 51' 41" 1 
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The correction e being neglected, as. all the observations were 
made near the middle vertical tltfead, we obtain the observed 
zenith distance by subtracting this number from the above read- 
ing Z of the zenith point, whence z =■ 40° 8' 40" 7 
In like mannei, the fifth obsei-vation gives C' + ^' = 

56".3, from which Z is subtracted to obtain the observed zenith 
distance The results are given in the last column 
These observations have been employed in Vol I Art. 171, as 
circummeridian zenith distances for deteimimng the latitude 

221 In the methods of observation above adopted, a know- 
ledge of the deviations i and i' of tbe hoiizontal and vertical axes 
from their normal positions is not required it is only necessary 
that they should be small Their values, however, can be readily 
investigated In the triangle AZZ', Fig 51, we have the angle 
ZAZ' — BB' = — I, as given by the level of the vertical 

circle , and this triangle gives, with the notation of Art 211, 

sm i sm a' 


or, taking a for a', 


i sm <x = Z, — I 


At the same time, we have, from the level b of the horizontal axis, 


i cos a i' =b 


Now, revolving the instrument 180°, the angle a becomes 
a 4- 180°, and if the level reading of the vertical circle alidade is 
now I and the inclmation of the horizontal axis is 6', we have 

— i Bin a = Zj — Z' 

— looBa + i' = b' 


Hence, combining these equations with the former ones, we find 

} (223) 


* sm a = ^ (Z' — Z) 
i cos a = ^ (Z> — V) 


which determme i and a; and for i' we have 

t'=5(6 + 6') (224) 

We can, also, find i and i' from the inclinations of the horizontal 
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axis alone Let the alidade of the azimuth circle be set at anj 
assumed reading A', and then also at A! + 120° and A' + 240°, 
and let 6, h\ b'\ be the inclinations of the horizontal axis given 
by the spurt level in the three positions Then we have 


i cos a 1 ' —b 

i cos (a -f 120°) -b i'=b' 
i cos (a + 240°) + i'=V' 


the sum of which, since cos (a + 120°) + cos (a + 240°) = — cos a, 
gives 

+ (225) 

This, subtracted from the let equation, gives 


i cos a = 


ih — b' — h" 
3 


(226) 


and the difference of the 2d and 3d equations gives 


V— b' 

i sin ci[ = 

l/3 


(227) 


which determine i and a This method may be used for instru- 
ments intended only for the measurement of horizontal angles 
In other mstruments, both methods may be used, and the 
accordance of the results will indicate the degree of perfection 
in the workmanship of the vertical pivots of the instrument. 


222 If there are several horizontal threads, the verUcal ti ansii 
of the star over each may be observed, revolving the instrument 
slowly in azimuth, so as to make the ti ansit occur in the middle 
of the field The level of the alidade should be read both 
before and after the observation, and the mean taken as the 
value of I at the mean of the times of observation When the 
star IS not near the meridian, the zenith distance represented by 
the mean of the threads may be assumed to correspond to the 
mean of the observed clock times , but when near the meridian 
a correction for second differences will be necessary 
In Yol I Art 151, we have found that if T^, T^, T^, &c are 
the several clock times, and T their mean, the corrected time 
corresponding to the mean of the zenith distances is 


To=T+ ,<5 H 


(223) 
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SOT 


in which, t being the hour augle, ^ the azimuth, and q the par 
tillactic angle of the star, 

co s ^ cos g 
sin^ 


k = 


and vIq is the moan of the quantities 

2 8xn»Kr,-r) 2sm‘i(.T,-T) 


sin 1" 


sm 1" 


which can be taken from Table V 
For the moon, the correction will be 

, Awi- 

tV (1 ^5^, 

lose -B being found as in Art. 154 „ , , +\ « 

If the tiansit is defective, that is, if only a ' 

threads have been used, it will be necessary to apply to the ciiae 
„aa.,.g a oorreetton ,.h.ch will bo tbo arferenco ^ 

mean of the thi-eads observed and the mean of all the tin cads. 
Thus, f denoting the distance of any thread fioni the ^ 

all, and n the number of threads obseiwed, the coriection ot the 

circle reading will be J Sf The value of / for each thread will 
be most readily found from complete vertical transits of stars 
which are not so near to the meridian as to 
for second differences, since we can then use the differentia 

formula 

f = 15 1 X — = 15 1 cos sm A 
■' dt 

in which / is the interval between the observed time on a thread 
and the mean of all the times 

To compute /with regard to second differences, see Yol i. 
Art. 160 

223 Correctim of the observed azimuth and zenith distance of the 
limb of the moon or a planet for defective illmnimtion —I shall here 
consider only the case where the defective limb of a sphencal 
body has been observed The formulae for the more general 
case of a spheroidal planet may easily be deduced from those 
given m Yol I (occultations of a planet) , but they are rarely 
if ever required We can obtam the formulse necessary for our 
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present purpose from those given m Arts 157 and 207 of the 
present volume It is evident that m computing the apparent 
outline of the disc of a planet as illuminated hy the sun, anj 
system of co-ordinates may he used, provided the places of the 
sun and planet are expressed in the same system If, then, we 
here substitute the zenith for the pole, and, consequently, the 
horizon for the equator, we have only to substitute zenith dis- 
tance for polar distance and azimuth foi right ascension, or 
rather the negative of the azimuth, since the azimuth is reckoned 
from left to right, while light ascension is reckoned from right 
to left Putting, therefore, 

d = the sun’s zenith distance, 
a = “ azimuth, 

A = the planet’s azimuth, 
s = the planet’s apparent semidiameter, 

B, IS = the heliocentric distances of the earth and planet, 
respectively, 


we have, hy (124), for computing the horizontal perpendicular 
from the centre of a planet upon the vertical thread in contact 
with the defective limb, the formulse 


R 

sm / == — j sin d sin (« — A) 
S! 


5 " = 5 cos / 


(229) 


The value of sin;f will he positive or negative according as the 
2d or the 1st limb is defective The value of s may be found 
from its mean value given in Vol I p. 678 
For the moon we can put R = R' 

Since we wish to deduce from the observed azimuth of the 
defective limb that of the true limb, the correction of the circle 
reading wUl evidently be 




s — s 


M 


sm z 


s versm / 
sm z 


(230) 


Again, for computing the vertical perpendicular from the centre 
of a planet upon the horizontal thread in contact with the 
defective limb, we deduce from (200), by changing the co-ordi- 
nates, 


R 

sm = — [sm z cos d — cos z sm d cos (a — ^1)] (231) 

R^ 
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or, by introducing an auxiliary, 


tan E == tan d cos (« — A) 


Bm;f 


R 8 m (2 — JS?)cos<Z 
R' cos E 


(231*) 


and the correction to reduce the observed zenith distance to 
that of the true limb will be 


dz = s vei sin / (232) 

A negative value of sin x will indicate that the upper limb is 
defective 


Example 1 — The following observations of the azimuths of 
Regultis and of the moon’s 1st limb were made at Greenwich 
with the “Alt-azimuth,” May 8, 1852 



Vertical 

circle 

Clock tune of 
transit 

Circle reading 
= 

Level 
=1 ! 

i 

Clock 

1 corr 

JIL 

Left 

11» 26” 12* 95 

140® 39' 39" 71 

— 19" 

79 

-f- 11*46 

DlL 

Eight 

12 3 11 30 

328 45 10 76 

— 20 

14 

11 51 

Reqvius 

Right 

12 31 55 37 

62 54 43 04 

— 21 

49 

11 55 

Regvdus 

Left 

12 45 26 33 

246 34 47 08 

— 19 

28 

11 57 


The clock time is the mean of the transits over six vertical 
threads The clock correction is the reduction to sidereal time. 
The circle readings are the means of four microscopes. The 
level reading is the mean of the indications of six levels, per- 
manently attached to the instrument, parallel to the horizontal 
axis The level zero, found by the method of Art 213, was 


7, = — 30" 16 

The collimation constant for the mean of the threads was, for 


circle left, 


e= + 2" 68 


The observations being taken for the purpose of detenmning 
the moon’s azimuth, we shall first find the index correction of 
the circle from the known star Begvlus From the E-autical 
Almanac, we take 

Regulus,!!. A = 10*0“ 29* 32 

« Deel = + 12° 16" 6 
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The hour angles of the star at the two observations are, there 
fore. 

Circle E « = 2* 31“ 37* 60 
Circle L t = 2 45 8 68 

with which and the latitude (p = 51° 28' 37" 84 we find, by Vol 
I Alt 14,tliestai8’sti'uea"i nithand approximate zenith distance, 

Circle E A = 52° 10 13" 10 2 = 49° 22' 

Circle L A = 55 50 39 25 2 = 51 4 

The zenith distances are apparent, i e aifected by refraction 
The instrumental corrections for the star are then as follows 



b=i~i. 

zt: 5 cot 2 

± c cosec z 

Circle E 

+ 8" 67 

— 7" 45 

— 3" 53 

Circle L 

+ 10 88 

+ 8 79 

+ 3 45 


The corrected circle leadings are, therefore (adding 180° to 
the reading for Circle R.), 

1 Corrected A' I 


Circle E 242° 64' 32" 06 
Circle L 246 34 59 32 

which, compared with the true azimuths A above found, give 
the index correction 


Circle E 
Circle L 
Mean aA = 169 15 40 48 

In the next place, to reduce the observations of the moon 
there were given the moon’s apparent zenith distances (aifected 
by parallax and refraction), 

Circle L 32 = 77° 11' 

Circle E 3 2 = 73 17 

Whence we find the instrumental corrections to he as follows r 


AA 


169° 15' 41" 04 
169 15 39 93 
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6 = Z - Zo 

rk & cot 2 

db c ooseo « 

Circle L 

-1- 10" 37 

+ 2" 36 

H- 2" 75 

“ E I 

-f 10 02 

— 3 01 

— 2 80 


Appljang these and the above found index correction, the true 
azimuths of the limh, as observed, were 

Circle L At 11» 26” 24* 41 Sid time, A = 309° 55' 25" 30 
“ E " 12 3 22 81 “ “ A = 318 0 45 43 

But the moon’s limb was slightly gibbous ; and we must yet 
apply the correction given by our formulae (229) and (230) As the 
correction will not be sensibly different for the two observations, 
we may compute it for the middle instant between them, which 
corresponds to the mean solar time 8*^ 57” 16*. F or this time, we 
' find 

Sun’s a = 2» 44” 15* 74 
“ d = + 15°54'6^ 

from which we deduce the sun’s azimuth and zenith distance 
a = 136° 4' 9 d = 102° 8' 1 
and hence, taking A = 313° 58' 1 (the mean value), we find 
log sin = n8 5570 

Smce sinj^ is negative, the first hmb is defective Then, since 
s = 16' 36".5, and the mean value of z = 75° 14', 

dA = ":^^ = 0".67 
sm s 

which is to be added to the above values of A to obtain the 
azimuths of the true limb 


Example 2 — The following observations of the zenith dis- 
tances of the collimator and of the moon’s lower limb were 
made at Greenwich with the “Alt-azimuth,” Sept 21, 1852. 



Circle reading 
= ? 

Level reading 
=:Z 


Collimator Circle L 

315° 47' 57" 53 

74" 63 

315° 49' 12" 16 

« E 

160 23 30 34 

82 46 

160 24 52 80 


58 7 2 48 


V OL II.— 22 
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The vertical transit of the moon was observed on six horizontal 
threads, as follows 


D L L Circle L 


Thi ead 

Clock 

T„-T 

2 8inH(2’n-2’y 

I 

19* 38“ !!• 5 

— 3“ 43* 4 

27" 22 

II 

39 47 0 

— 2 7 9 

8 93 

III 

41 16 0 

— 0 38 9 

0 83 

IV 

42 42 5 

+ 0 47 6 

1 24 

V 

44 5 5 

+ 2 10 6 

9 30 

VI 

! 45 27 0 

+ 3 32 1 

24 53 



19 41 54 92 

Clock corr = 

+ 

7 90 

Sid time = 

19 42 

2 82 

Circle reading C = 

341° 

27' 

12" 55 

Level 1 = 


+ 

80 90 

f -|- 2 ±= 

341 

28 

33 45 

Z = 

58 

7 

2 48 

z = 

76 

38 

29 03 


= 12 01 


This zenith distance does not correspond precisely to the mean 
time y, on account of the moon’s proximity to the meridian To 
obtain the correction for second differences by our foimula (228), 
we have found above the differences between the several clock 
times and T, and also the mean (m„) of the corresponding values 
of m Then, to compute the coefficient k, we have the approxi- 
mate azimuth of the moon at the time of observation, 


A = -1- 8° 58' 8 
and the moon’s declination. 


3 = — 23° 34' 5 

Hence, with <p = 51° 28' 6, by the formulse 


we find 


sm q = 


sin A 
cos ^ 


cos ^ 


log sm ^ = 9 0257, 


sm t = sin z 

cos d 


log sin f = 9 2194 


and then 


log A =r 0 7727 
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The change of the moon’s right ascension in one minute of 
xnean time was 2*.40 ; and hence, by the table in Art. 154, 

ar CO log JS = log (1 — ;) z= 9 9823 

W e have, therefore, the correction 


t‘s (1 — = -I- 4* 37 

which, being added to the sidereal time above found, gives 
19'“ 42™ 7M9 as the sidereal time corresponding to the apparent 
zenith distance 76° 38' 29" 03 

It should be observed that in the observation of the collimator 
one of the horizontal threads is made to bisect the cross thread 
of the eollimatoi, and, therefore, in order to make the circle 
I'eadings correspond to the mean of the threads, they must be 
iiici eased by the distance of the horizontal thread employed 
from the mean In the above observations the 4th thread was 
employed, the distance of which fiom the mean of the six 
threads was 1' 0" 46 This quantity is included m the circle 
readings above given, so that they represent the readings that 
would have been obtained if the fictitious thread called the mean 
thread had actually been observed in coincidence with the 
threads of the collimator 

In conclusion, it is to be remarked that stars may be observed 
both directly and by reflection in a mercury horizon, in which 
case the difference of the readings of the vertical circle (corrected 
for any change in the alidade levels, &c ) will be twice the alti- 
tude The combination of the reflected observations in both 
positions of the axis gives the nadir point of the mstrument, 
precisely as the zenith point is obtained from the direct obser- 
vations The method of conducting such observations will be 
readily infened from what has already been said under Meridian 
Ciicle, Art 200 

[Tor an example of the use of a portable instrument m de- 
termining the longitude of a place by the moon s azimuth, see 
Vol. I. p. 380.] 
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CHAPTER Vin 

THE ZENITH TELESCOPE. 

224. The zemtli telescope is a portable instrument specialty 
adapted for the measurement of small differences of zenith dis- 
tance It 18 essentially the invention of Capt Andeew Talcott, 
of the U S Corps of Engineers (m 1834) , but, having been exehn 
sively adopted in the TJ S Coast Survey foi the deteriniuatiou 
of latitudes, it has there leceived several improvements, which 
have given it a moie general character than it possessed at fiist 
As now constructed, it can be used at all zenith distances, and 
may be regarded as designed for the comparison of any two nearly 
e(][ual zenith distances in any azimuths The method of finding 
the latitude by this instiument, now known as Talcott’ s Method, 
IS one of the most valuable improvements in piactical astronomy 
of recent years, suipassing all previously known methods (not 
excepting that of Bessel by prime vertical tiansits) both in sim- 
plicity and in accuracy 

Plate xnr represents one of the zenith telescopes of the 
U. S Coast Survey The telescope is attached to one end of a 
horizontal axis Q, and is counterpoised by a weight 0 at the 
other end, which is so connected with the telescope by the 
curved lever P, P, P as to tend not only to ecj^uahze the pressuie 
of the axis Q upon the two Vs, but to prevent the flexure of the 
axis The Vs of the hoiizontal axis, one of which is seen at N, 
aie connected with each other by the horizontal bai M, and 
thereby to the vertical column C This column revolves about 
a vertical axis and carries a vernier and clamp e, by means of 
which it may be set at any reading of the horizontal circle JBB 
The vertical axis and horizontal circle are secured to a tripod, 
the feet of which. A, A, A, are levelling screws for adjusting the 
verticality of the axis The striding level S is applied to the 
horizontal axis, as in the case of the transit mstrument 
We now come to the distinctive featuies of the instiument, 
the spiiit level L and the micrometer E. The level L is at right 
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angles to the horizontal axis, and, consequently, m the plane of 
motion of the telescope, and is irmly connected with the bai JJ, 
which revolves upon a centre secured to the telescope so that 
it may be placed at any angle with the optical axis of the tele- 
scope. In oi der to set the level at any given angle appioximately, 
the bar H carries a vernier, which by the clamp J can be ixed 
at any reading of the vertical circle K, and this ciiclc is peima- 
nently connected with the telescope This circle, being giaduated 
fiom 0° at its middle point to 90° in each diiection, will, when 
pioperly adjusted, give the zenitli distance of a star towards 
which the telescope is diiected wdien the bubble of the level is 
in the middle of the tube , and it thcrefoie serves as a inder by 
setting the vernier iipion the given zenith distance of a star and 
then revolving the telescope until the bubble plays When the 
telescope is thus appioximately set, it is clamped by the screw 
G, which acts upon a circular collai around the horizontal axis, 
and then a ine motion in zemth distance can be given to the 
telescope by the tangent sciew F This ine motion is required 
only 111 bringing the bubble of the level nearly to the middle of 
the tube 

E IS & ilar niicrometei ivith one oi more movable threads 
earned by a single micrometer screw with a graduated head 
reading diiectly to hundiedths of a i evolution, and by estima- 
tioii to thousandths In the instruments m use, one levolution 
18 usually less than 50", and hence each obseivation is read off, 
by estimation, within less than 0" 05 Theie are usually added 
seveial ixed vei-tical threads, so that the instrument can be used 
as a transit instrument when requiied 

In the preliminary adjustment, -when setting up the instru- 
ment, the test of the verticality of the axis G is that the reading 
of the striding level S is not changed while the instrument makes 
a complete revolution* in azimuth The perpendicularity of the 
hoiizontal and vertical axes Q and C is proved when, after 
having made G vertical, Q is horizontal , and the latter is proved 
bv leversing the level S upon the axis 

' The middle transit thiead can be approximately adjusted by 
causing it to coincide with a very distant terrestiial point in two 
positions of the telescope foi which the readmgs of the hon- 
Lntal circle differ exactly 180° This, however is but an 
appioximatioii , for there will be a parallax in the apparent 
position of anj teirestiual point ai, obseiwed in the two positions, 
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Since tiie absolute position of the centre of the telescope is 
changed hy twice its constant distance from the vertical axis 
"We can easily compute the amount of this parallax in a given 
case and allow for it ; for if d = the distance of the centre of the 
telescope from the vertical axis, D — the distance of the ohj ect, 
and p = the parallax, we have 

d 

^ “ D sm 1" 

but, as the horizontal circle is not designed for very accurate 
measures, it will not usually he worth while to use this method 
further than to make a first adjustment A perfect adjustment 
can he directly effected by the use of two colhmating telescopes 
(Transit Inst , Art 145), for which we can temporarily use the 
telescopes of two theodolites or other field instruments at hand 
When the instrument is used as a transit, the colhmatiou con- 
stant can he determined from a number of stars observed in the 
two positions of the axis hy the method of least squares, sup- 
posing two different azimuths hut the same collimation in the 
two sets of equations of condition, as in the example, p. 202 

The verticahty of the transit threads is proved hy the methods 
used for the transit instrument 

In finding the latitude by meiidian observations, the instiu- 
ment is frequently revolved in azimuth 180° foi the alternate 
observation of north and south stars, and, to save time in this 
operation, two stops, 6, h, are provided, w^hich can he clamped 
at any points of the limb of the hoiizoiital circle, and, conse- 
quently, at such points that the telescope shall be in the meri- 
dian when the clamp « bears against either stop 

226 Taleott’s method of finding the laMude — Two stars are 
selected which culminate at nearly equal* zenith distances, one 
north and the other south of the zenith The difference of their 
zenith distances must be less than the breadth of the field of the 
telescope, and it is better to have it less than half this breadth, to 
avoid observations near the edge of the field Then right ascen- 
sions should be neaily equal, so that then tiansits may occur 
withm so short a period that the state of the instrument may be 
assumed to have remamed unchanged , but a sufidcient interval 
should be allowed for making the necessary observation of the 
level and micrometei and foi reversing in azimuth The stops 
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having been previously set (by means oi some known star) so as 
to mark the meiidian, the finding circle K is set to the mean 
zenith distance of the two stars, and the telescope is pointed so 
as to make the reading of the level L nearly zero The tele- 
scope can now be directed upon either star by revolving the 
liistiument about the vertical axis, and this axis is supposed to 
he so nearly vertical that the reading of the level vill not 
be greatly changed, since for accurate determinations with a 
spirit level it is always important to make the inclinations which 
it 18 to measure as small as possible, and not to use the extreme 
divisions The chronometer times of the transits of the stars 
have been previously computed fiom their right ascensions and 
the chronometer correction The instrument being set for the 
star which culminates first, when tlie star comes into the field 
an assistant calls the seconds of the chronometer, and the 
observer bisects the star by the micrometer thread as nearly as 
possible at the computed time of transit, or, failing in doing 
this satisfactorily, he bisects it soon after, and records tbe actual 
time of the observation He then leads the level and micro- 
meter, revolves the instrument 180 °, and observes the second 
stai m the same manner 

Several bisections of the star might be made while it is passing 
through the field, and each could be reduced to the meridian, 
but in the Coast Survey a single deliberate meridian observa- 
tion is regarded as preferable to several circummeridian obser- 
vations* 

"We must not fail to remark that, since the excellence of this 
method depends upon the invanabihty of the angle which the 
telescope and level make with each other, the observer must not 
touch the tangent sciew I after having set for the proper zenith 
distance, until the observation of the two stars is completed. 
The same lestriction* does not apply to the tangent screw F, 
which moves the telescope and level together , and, in case the 
vertical axis is not very well adjusted, it may be necessary to 


* The single observation is prefeiable on the seoie of simplicity in the ^"bs^urat 
reducUons, hut it cannot be regaided as more aoeuiate than the ^ 
properly taken observations The best reason for pieferiing the sing e 
mfLdm the present state of the star catalogues, for even “"f 
with the zenith telescope is subject to a less probable error than the ^ 

I most of the catalogues that have to be used It is. 
simplify the individual observations and to multiply observations by irng 


pairs of stars 
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use this screw, after turning to the second star, in order to hnng 
the huhble of the level near the middle of the scale 

Now let jn be the micrometer readmg (reduced to arc) for the 
southern star Let tUq be the micrometer reading for any point 
of the field arbitrarily assumed as the micrometei zero , and let 
Zo be the apparent zenith distance represented by when the 
level readmg is zero Let us also suppose that the micrometer 
readings increase as the zenith distances decrease. Then, if the 
level reading were zero, the apparent zenith distance of the star 
would be 

Let I be the equivalent in arc of the level reading, positive when 
the reading of the north end of the level is the greater , let r be 
the refraction Then the true zenith distance of the southern 
star is 

z = -f-wio — m + ? + r 

The quantity Zj -|- wio is constant so long as the relation of the 
level and telescope is not changed We shall, therefore, have 
for the northern star 

z' = z, 4- jn, — m' — + r' 

Hence we have 

z — z' = m' — + ^ + 


But, if S and are the declinations of the south and north stars, 
respectively, and <p the latitude, we have 


and, therefore. 


^ 4" ^ 

<p = S' — z' 



= + «) + »») + i(^'+ 0 + K»- - ’•') 


} (288) 


Thus, to the mean of the declinations we have to add three cor- 
rections, which I shah consider separately 


226 The conectm, for refraalmi — ^The observations being 
na n all y restricted to zemth distances less than 25®, and the differ- 
ence of zenith distance being necessanly less than the breadth 
of the field of the telescope, the difference of the lefractions is 
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so b^iall that the variations depending on the state of the J^arom- 
eter and thermometer are not sensible, and we may employ the 
equation 

dv 


in which, if z-z' IS expressed in minutes, the differential 
quotient ^ will denote the change of the mean refraction cor- 
responding to a change of one minute of zenith distance If 
we take Bessel’s formula for the refraction, 


f = a tan z 

m which a may be regarded as constant for small variations of 
e, we have 

dr g sin 1^ 

dz 


by which we readily form the following table : 


z 

dr 

Tz 

0° 

0" 0168 

5 

0169 

10 

0173 

15 

0180 

20 

0190 

25 

0205 


The 

may 


principal term in the value of z - is m'-m, and we 
in practice take (m' - m being expressed m minutes) 




dr 

dz 


(234) 


The correction for refraction then has the same sign as the cor- 
I'ection. for the micrometer * 

* If we msh to consider the actual state of the airas giTen Ly the harometer and 
theimometer, we hare only to multiply the values of £ Ly B and y, whose loga- 
ritUms are given in Table II 
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227 Thi correction for kvel — If we denote the leadings of the 
north, and south ends of the bubble by n and s, the inclinations 
observed at the obseivations of the south and north stars, re* 
spectively, expressed in divisions of the level, or, as I shall call 
them, the level readmes, will be 



and, putting D = the value of a division of the level in seconds 
of arc, we shall have 

l = LI) I' =1/1) 

and the correction for the level mil be 

+ Q = + = + (236) 

Thus the correction for the level is found with its propei sign by 1 
subtracting the sum of the south end readings fiom the sum of I 
the north end readings, and multiplying one-fourth the remaindei t 
by the value of a division 

228 The correction for the micromeie^ — If we denote the actual 
micrometer readings for the south and north stars by M and -Sf 
expressed in i evolutions of the screw, and put H = the value of 
a revolution in seconds, we have 

1 (m' — m) = 1 (if' — if ) iil (236) 

We have supposed the leadings to increase as the zenith dis-. 
tances decrease, or, which is the same thing, that the readings | 
increase from the upper pait of the field towards the lower pait. I 
This IS desirable only on account of the sjmmetiy it gives to the ' 
reductions, the proper sign of the correction being detei mined, as 
in the case of the level, by always subti acting south leadings 
from north readings But it is well to reverse the instrument 
occasionally, using the telescope sometimes on the light and 
sometimes on the left of the veitical axis, in order to eliminate 
any unknown peculiar error of the mstiument, and m conformity 
with the general principle of varying the circumstances under 
which different determinations of the same quantity are made* 
This reversal, of course, reverses the sign of the readings, and 
therefore when the readings m^e the leverse of those above sup- 
posed 1 -^ will be sufficient to mark them all with the negative 
sign, and then to proceed by the same formulee as befoxe. 
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229 Beduction to the meridian — ^When fiorn. any cause the 
ohsei-ver fails to obtain the mendiaii observation, a single extra- 
mendian observation is usually substituted This observation 
may be taken in either of two ways 

First The instrument is left clamped in the meridian, and the 
star IS observed at a certain distance from the middle vertical 
thread, the time being noted The reduction to the meridian is 
then the same as for the meridian circle (Art 199), namely, i 
beuig the hour angle of the star in seconds of time, 

^ (15r)’sm 1" sin 25 

This 18 to be added to the observed zenith distance of a southern 
star, or subtracted from that of a northern star, and in either case 
one-half of it is to be added to the latitude. The correction to 
the latitude is, therefore, 

ar = 1(15 t)’* sm 1" sin 2 5 = [6 1347] t» sin 2 5 (237) 

when one of the stars of a pair is observed out of the meridian 
If both are so observed, two such coirections, sepaiately com- 
puted for each, must be added If the star is south of the 
equator, the essential sign of the correction is negative 
Secondly We may follow the stai off the meridian b\ revolving 
the instrument in azimuth, keeping the star neai the middle 
vertical thread The reduction is then the same as that of 
circummendian altitudes (Vol I Art 170), namely, 

(16T)2sin 1" cos <p cos 
2 sin z 

which IS always subtractive fiom the observed zenith distance, 
and therefore the coirection to the latitude in this case will be 

(15 t)* sin 1" cos y cos d (238) 

^ ~ 4 sin 

the upper sign for a northeni and the lower foi a southern stai’ 

230 Selection of stars — The fundamental stars whose declina- 
tions are determined with the highest degree of precision are too 
few to afford suitable pairs for this method, and hence we must 
have recourse to the smaller stars. Those of the 6th or 7th 
magnitude are the smallest that can be easily observed wnth a 
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portable instrument But, as tbe declinations of these stars are 
not very precisely determined, we are obliged to employ a large 
number of pairs in order to eliminate their eirors as far as possi- 
ble by taking the mean of all the results The British Associa- 
tion Catalogue will generally furnish from fifteen to thirty pairs 
tor any given latitude on almost any night in the year, but, as 
the declinations of the stars selected will often he found to rest 
upon a single observation, or upon a single authority, these ought 
to be rejected unless they can be found also in more lecent 
catalogues In order to secure every available pair, the catalogue 
should be consulted from the earliest right ascension which the 
daylight at the time of the beginning of the senes of observa- 
tions permits, to the latest hour at which it is desirable to observe. 

It is found expedient to prepare a table in which all the stars 
which culmmate within 25° of the zenith, both north and south, 
are arranged in the order of their right ascensions From this 
table suitable pairs are selected to satisfy as nearly as possible the 
following conditions 1st, The difference of the zenith distances 
in a pair should not be more than 10' , in order not to have to 
observe either star near the edge of the field, and also in order 
to lessen the effect of an error in the determination of the value 
of the micrometer screw 2d, The difference of the right ascen- 
sions of a pair should not be less than one minute, so as to give 
time to read the micrometer, and to revolve the instrument to 
be prepared for the second star; and not greater than about 
twenty minutes, to avoid changes in the state of the instrument. 
3d, The interval between pairs should afford time for reading 
the micrometer and level, and for setting the instrument for the 
next pair 4th, The greater zenith distance should be as often 
that of the northern as that of the southern stai, as an error in 
the value of the micrometer screw will thereby be lendered less 
sensible The effect of such an error would evidently be wholly 
msensible in the case of a pair whose zenith distances were 
exactly equal ; and, in general, for any numbei of pairs the effect 
of such an error upon the final result will be the more nearly 
insensible the more nearly we approach to the condition 

— r239) 

231. Exahple — To illustrate the precedmg method, I extract 
from the lecords of the TJ S. Coast Survey, by the kind permis- 
sion of the Supenntendent, a portion of the ohsei\ations taken 
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at the Boslyn Skdioti, Virginia, in July, 1852, and shall give them 
very nearly in the form in which they are recorded and reduced 
upon the survey After selecting the most suitable pairs of stars 
by the process above described, a list is made out foi the use of 
the observei iii preparing for each observation, as follows 

riogiamme for Zenith Telescope 


uses Roslyn Station, Ya Approx lat = 37® 14' 


Stai 

Mag 

AR 

Dec 

Zen Dist 


Setting 

bag 4843 

6 

14» 33” 21* 

+ 45° 3' 

70 49. 

N 

7° 65' 

» 4902 

6 

14 43 37 

29 14 

8 

0 

S 

« 4902 

6 

14 43 37 

29 14 

8 

0 

S 

8 0 

“ 4965 

5i 

14 57 55 

45 14 

8 

0 

17 

“ 4991 

6 

15 2 2 

26 52 

10 22 

S 

10 21 

“ 5092 

7 

15 20 21 

47 35 

10 21 

N ' 

“ 5092 

7 

15 20 21 

47 35 

10 21 

N 

10 24 

“ 5192 

&c 

5 

15 36 33 

&o 

26 46 

10 28 

S 


The following are some of the ohseivations taken by Mr Dean: 


Date, 

1862 

Star 

Micrometer 

Level 

Mend 

dist 

No 

BAG 

N 

S 

Reading 

Diff Z Dist 

N 

S 

N — S 




Rev 

Kev 





July 9 

4843 

N 

29 590 


32 4 

0 




4902 

S 

12 340^ 

+ 17 250 

34 0 

353 

— 39 


“ 9 

4902 

S 

12 340 


34 0 

353 




4965 

N 

13 990 

+ 1650 

33 8 

37 0 

— 4 5 


-TT-y' 

4991 

S 

23 810 • 


312 

39 5 




5092 

IT 

25 525 

+ 1715 

39 2 

33 0 

— 21 


“ 9 

5092 

IT 

25 525 


39 2 

33 0 




5192 

S 

14 800 

+ 10 725 

32 8 

41 0 

^20 


19 

5911 

IT 

14 805 


48.5 

43 6 


10' 9 


5922 

S 

26 675 

_ 11 870 

43 0 

49 0 

— 11 


20 

6453 

s 

8 225 


444 

49 4 


20 5 


6530 


5 360 

_ 2 865 

50 2 

43 5 

+ 17 
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The stars 6911 and 6453 were observed out of the meridian mi 
the hour angles 10*9 and 20*5, respectively, the instruxuenl 
remaining in the meridian. 

The next step is to deduce the apparent declinations for lU* 
dates of the observations from the catalogues, using for this pu r 
pose not only the BAG, but also any later catalogues in whi« t 
the stars can be found 

The value of a revolution of the micrometer was JR = 41",4it 
and that of one division of the level was D = 1" 65 The con* 
putation of the latitude is then as follows 


LatitUfU 


87® 14^ 24 

2r» I 
2ft 

25 :i 
25 n 
87"ir2ft mm 

232 Discussion of the results— la. combining the results nU 
tamed by this method, we should have regard to their respectU « 
weights The weight of any result from a pan is a function 
the probable error of the declinations of the stars and of tli*: 
probable error of observation 

The probable error of an observation of a single pair, wlii« I- 
may be denoted by e, is found by companng all the observati«>fi 4 
on the same pair with their mean, where a sufficient number *»f 
observations have been taken. Assuming that the probnlil« 
erior of observation is the same for every pair of stars, we iwti 
find its mean value from all the pairs, as follows If denoU’< 
the lesiduals obtained by comparing the mean of the results l»% 
the first pair with individual results from that pair, v, iU\ 
residuals obtained in like manner from a second pair on whU^li 
there are observations, and so on, to m pairs, we have, accortl 
ing to the theoiy of least squares, 


Star 

S and S' 


4848 

4902 

+46® 2' 66" 66 
+29 14 1 86 

87® 8' 29" 21 

4902 

4965 

29 14 1 86 
46 18 43 64 

87 18 62 76 

4991 

5092 

26 62 24 78 
47 86 16 37 

87 18 60 65 

5092 

5192 

47 86 16 87 
26 46 18 62 

87 10 44 96 

5911 

5922 

48 28 22 47 
26 13 41 86 

87 18 81 92 

6458 

6580 

22 27 47 81 
62 8 0 81 

87 15 28 81 


CorrectiouB 


Mioiom 

LeTel 

+5' 57" 

08 

— 1" 

61 

+0 84 

15 

— 1 

86 

+0 85 

50 

~0 

87 

+8 42 

01 

— 0 

83 

—4 5 

71 

— 0 

45 

— 0 59 

81 

+0 

70 


Refr 


+ 0 " 10 


H-0 01 


+0 01 


+0 06 


—0 07 


—0 02 


Mend 


+0 02 


+0 04 


Mean = 
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(n, _ 1) ec = [v,v,] 

(n. — 1) ec = 2 ’ [w,vj 

where [Oi®,] &c denote the sums of the squares of the values 
of t\, &c , and q is the factor for reducing mean errors to pro- 
bable errors. (SeeAppeiidix, Art 15.) The sum of these equa- 
tions gives 

(n — Ml) ee = q‘‘ [mm] 


where n denotes the whole number of individual results, or n 
— ih + n 2 + . + n^, and [mm] the sum of the squares of all 

the residuals, or [mm] = [MiM,] -|- [MjMJ + -f [m„,m J. Hence 

we have 

e = _[i^ j = 0 6745 (240) 

V« — Ml ^ 


Example — The individual results of the whole series of ob- 
servations at Hoslyn in July, 1852, from which the above are 
extracted, were as stated in the following table, in which only 
the seconds of latitude are given 


To find the erf or of ohurvatton 
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To find the error of observation —Continued 


26 " 26 
25 42 

25 .96 

26 01 
25 98 
25 96 

25 47 
24 97 

24 95 

25 30 

24 99 

25 38 


25 " 93 


25 18 


25 17 

25 64 

26 00 
26 45 
26 17 


25 89 


25 92 
25 46 

25 70 

26 09 


25 79 


25 15 
24 24 
24 43 
24 29 


24 53 


26 18 


103 

10609 

24 17 

25 15 

98 

9604 

25 10 


.05 

0025 

25 73 


51 

2601 

25 78 


56 

3136 

24 12 


110 

12100 

25 23 


01 

0001 

24 86 


02 

0004 

24 55 


29 

0841 

25 16 


32 

1024 

24 80 


04 

0016 

25 91 


55 

3025 

25 00 


36 

1296 

25 18 

ZO 00 

18 

0324 

25 35 


01 

.0001 
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To find the error of oheervaiion — Concluded 



n — m 


llouco, p = 0 6T45 = 0" H 

'riiiB Hiuall probable error is a proof both of the great supe- 
riority of this method over all previously known methods of 
iinilmg the latitude, and of the skill of the observer Possibly 
ail nimwuiilly favorable state of the atmosphere may have eon- 
spired to give this senes an unusual degree of precision, as the 
average experience of the observers of the Coast Survey gives 
the value of e somewhat greater Uot to assume too high a 
degree of precision for the observations, the adopted value upon 
the Survey is 

e = 0" 60 

Voi ir— 2s 
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and even this value justifies us in assei’ting that the results by 
this method compare favorably with those obtained by first class 
fixed instruments of the observatory, where the measures depend 
upon graduated circles 

But the precision of the results is impaired by the defective 
state of the catalogues of the smaller stars, and the necessity for 
using such stars in order to find suitable pairs is the only “weak 
point of the method ” The facility of multiplying the number 
of pairs, on account of the extreme simplicity of the observations, 
in a great degree compensates for this defect 

If now we denote the probable erior of an observed zenith 
distance by c„ we have the probable error of the observed differ- 
ence z — z' = i/2^ and the above value of e is the probabla 
error of (z — z^). Hence we have the relation 

2e 

and, taking e = 0" 50, 

ey/2 = 0" 71 

which represents the combined eftect of the error in bisecting 
the star, the culmination error, or error peculiar to a culmina- 
tion arising from an anomalous variation in the refraction and 
affecting differently the two stars of a pair, the errors iii the 
values of the micrometer and level divisions, and errors arising 
from changes in the instrument (resulting chiefly from changes 
of temperature) between the two obseivations of a pair Of 
these, the most important is the crroi in bisecting the star, 
which 18 strictly the erior of observation 


233 Having found the probable error of observation, we can 
determine that of the declinations employed For it e is the 
probable error of observation of the mean value of ^ deduced 
from all the observations of a pair, JS, the pi obable error of the 
mean of two declinations, JEJ^ the probable error of the latitude, 
composed of the errors of observation and declination, we have 


whence 




(241) 


The mean value of JEJ^ for the stars employed (or for a given 
catalogue when all the declinations are taken from the same 
catalogue) will be obtained from this equation by employing in 
the second member mean values of and e* A mean value 
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of will be obtained from the several means obtained fiom 
the several pairs (without here attempting to assign different 
weights to the observations) by the usual method from the 
iresiduals The value of s may be obtained for each pair from 
the single observations, when they are sufficiently numerous, 
but, as we wish m the present investigation to use all the obser- 
vations even where a pair has been observed but once, it will be 
expedient to compute e by the formula 

p% 

n 

In which e is the probable error of a single observation of a pair 
already found, and n is the number of observations of that pair 
Then the mean of all these values of s® is to be used in (241), 
and this mean is, for m pairs, 

-=Ar-i ( 2 * 2 ) 

m — 1 J ^ ^ 

From the observations at Roslyn above given, we form the 
following table 

To find the probable error of declination 


No of 
pair 

Lat 

V 


No of 
obs = n 

1 

n 

1 

24" 

78 

57 

3249 

1 

1 

.2 

25 

05 

30 

0900 

1 

1 

3 

24 

83 

52 

2704 

2 

0 500 

4 

26 

20 

85 

7225 

3 

0 333 

5 

25 

91 

56 

3136 

3 

0333 

6 

22 

73 

2 62 

6 8644 

2 

0 500 

7 

25 

93 

58 

3364 

6 

0167 

8 

25 

18 

17 

0289 

6 

0167 

9 

25 

89 

54 

2916 

5 

0 200 

10 

25 

79 

44 

1936 

4 

0 250 

11 

24 

53 

82 

6724 

4 

0 250 

12 

25 

15 

20 

0400 

3 

0 333 

13 

25 

22 

13 

0169 

4 

0 250 

14 

24 

84 

51 

2601 

4 

0 250 

15 

25 

36 

01 

0001 

4 

0 250 

16 

26 

02 

67 

4489 

4 

0 250 

17 

25 

42 

07 

0049 

4 

0 250 

18 

26 

08 

73 

5329 

4 

0 250 

19 

25 

72 

37 

1369 

4 

0 250 

20 

25 

70 

35 

1225 

4 

0 250 

21 

25 

93 

58 

3364 

3 

0 333 


Mean = 25 35 [w] =12 0083 
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= 0 456 X 


= 0 273 

20 


J?/ = 0 240 


^=-fi™2^« = 0«8S 

E, = 0" 40 


The lesult is the piohable enor of the quantity ^ (5 + 8') That 
of a single declination is, therefore, 0" 49 X i — 0".69 
If all the declinations had been taken from the same authority, 
the probable error tlins found would have detemimed the weight 
of that authority, and could afterwards be used m assigning 
weights to different observations Tor this puipose, the proba- 
ble eriois of the diffeieiit authorities have been doteimined from 
the numerous observations of the Coast Suivey by discussions 
essentially the same as the above (of couise, confining each dis- 
cussion to stars taken from the same source), with the following 
results • e, denoting the probable error of a single declination, 


Authority 



Groombridge alone 

BAG on authority of Bradley, Piazzi, and 

1"5 

2 25 

Taylor 

1 0 

100 

The same with additional modern authority 
Twelve Yeai (Gi ) Catalogue, with less than six 

QC 

o 

0 72 

1 observations 

0 f) 

0 36 

; Nautical Almanac, oi Twelve Year Catalogue, 



1 with six or more observations 

0 5 

0 25 


234 Combination of the observations by loetghis — ^Lot s, and e,- 
denote the probable errors of the declinations of the stars of a 
pair on which there are n observations, then the piobable eiTor 
of 4(5 -f 8>) IS 

E, = \ + e/) 

and that of the latitude is 

= -v/-®.’ + « 

The weighty of an ohservation is reciprocally proportional to 
, or, since the scale of weights is arbitrary, we may take 
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Adopting the Coast Survey value e = 0".50, we have, theiefore, 




1 




71 


(244) 


By this foiTOula, the weight umty would he assignee to a value 
of the latitude found by a stiiffle obsei lation of a pair of stais when 
the declinations were peifectly exact, oi to a value found by 
two observations on a pair of Nautical Almanac stais 

The stars obseiwed at Roslyn weie really taken fiom vauons 
authorities, although, foi the sake of illustration, we have dis- 
cussed the probable eiior of their declinations as we should ha\e 
done if but a single authority had been used Let us now find 
die final value of the latitude from all the observations, having 
regard to their weights as deteimined by this formula In the 
following table the values of e/ aie given accoidmg to the 
authorities from which then declinatious aie taken, as stated 
111 the table at the end of tlie preceding article. 


1 No of 

j 

£d^ 


71 

P 

. 1 

1 

H 



1 1 

1 00 

0 25 

1 

0 44 

24" 

78 

10" 

90 

0" 

70 

0 26 

2 

0 25 

0 25 

1 

0 67 

25 

05 

16 

78 

0 

49 

0 10 

3 

0 36 

0 36 

2 

0 82 

24 

83 

20 

36 

0 

71 

0 41 

4 

0 36 

1 00 

a 

0 59 

26 

20 

15 

46 

0 

06 

0 2b 

0 

1 00 

1 00 

3 

0 43 

25 

91 

11 

14 

0 

37 

0 0b 

rcr^ 

1 00 

1 00 

2 


[22 

73] 

18 

15 


89 

0 11 

7 

1 00 

0 25 

0 

0 70 

25 

93 

0 

8 

0 36 

1 00 

6 

0 66 

25 

13 

16 

37 

0 

86 

0 00 

9 

0 36 

0 36 

5 

1 09 

26 

89 

28 

22 

0 

86 

018 

10 

0 25 

0 25 

4 

1 38 

25 

79 

34 

30 

0 

25 

0 08 

11 

1 00 

2 25 

4 

0 29 

24 

58 

7 

11 

1 

01 

0 80 

12 

0 36 

1 00 

3 

0 69 

26 

15 

14 

84 

0 

89 

0 09 

13 

1 00 

0 25 

4 

0 67 

25 

22 

16 

90 

0 

82 

0 07 

14 

1 00 

0 25 

4 

0 67 

24 

84 

16 

64 

0 

70 

0 38 

15 

1 00 

0 25 

4 

0 67 

25 

36 

10 

99 

0 

18 

0 02 

16 

1 00 

0 36 

4 

0 62 

26 

02 

16 

13 

0 

48 

0 14 

17 

1 00 

1 00 

4 

0 44 

25 

42 

11 

18 

0 

12 

0 01 

18 

1 00 

100 

4 

0 44 

26 

08 

11 

4S 

0 

54 

0 18 

19 

1 00 

0 25 

4 

0 67 

25 

72 

17 

23 

0 

18 

0 02 

20 

0 26 

0 26 

4 

1 33 

25 

70 

34 

18 

0 

16 

0 08 

21 

0 25 

0 25 

3 

120 

26 

93 

31 

12 

0 

39 

0 18 

m = 20 




= 14 31 

1 1 

11 

: 365 

4^^ 

[j3VU] = 

= 2 86 




[?] 


= 25" 54 


= 0 6745 


[jpvv'} 




= 0" 07 


The result bj the 6th pair of stars is lejeoted )>} CnUmm (see Appendix) 
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Hence, the final result from these observations is 
lat of Eoslyn = 37° 14' 25" 54 ± 0" 07 

235 To determine the value of a division of the level ^It will 
generally be most convenient to find the value of the divisions 
of the level by the aid of the micrometer It would seem, 
therefore, most natural to begin by determining the value of the 
micrometer screw, but it will be seen in the next article that in 
the investigation of the screw we must know the value of a 
division of the level in paits of a revolution of the screw This 
value, then, we are here to find, and afterwards, when the micro- 
meter value has been determined, we can convert it into arc 

Let the telescope be directed towards a well-defined terrestiial 
mark, or, which is better, to the cross-thread of a collimating 
telescope Let the level be set to an extreme reading L Bisect 
the mark by the micrometer, and let the reading be iff ITow 
move the telescope and level together [by the tangent screw F, 
Plate irTrT ] until the bubble gives a reading L' near the other 
extreme Bisect the mark again by the micrometer, and let the 
reading be Then the value d of a division of the level in 
terms of the micrometer will be 


and if J2 is the value (in seconds of arc) of a revolution of the 
micrometer, we shall afterwards find the value D of & division 
of the level m seconds of arc, by the foimula 


D = Bd (246) 

Instead of a terrestrial mark we may use a circumpolar star 
at its culmination , for we can apply to each observation the re- 
duction to the meridian (237), so that each will be icf erred to 
the fixed point in which the star culminates In this method, 
however, we are exposed to errors arising fioin transient iriegU’ 
larities in the refraction, and also to any eri'or aiising fiom in- 
clination of the micrometer thread The latter error, however 
may be avoided by revolving the instrument in azimuth, so as 
to observe the star always in the middle of the fileld, and then 
we should use the reduction to the meridian for circunimeridian 
altitudes (238) 
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Example — ^The following are some of the observations for 
determining the value of a division of the level of a zenith tele- 
scope, taken by Mr G W Dean, of the TJ S Coast Survey, at 
the Eoslyn Station, Virginia, June 30, 1852, the telescope being 
directed upon a fixed terrestrial point 


Temp 

No of 
obs 

Headings of 

Difference 

d 




Level 

Mior 

Level 


N 

s 



div 

div 

div 






90° 

1 

1941 

54 0 

114 








2106 

112 

53 9 

165 

42 65 

3 869 

0176 

0310 



2111 

561 

82 








2296 

10 5 

540 

185 

45 70 

4 048 

008 

0000 


3 

2305 

55 5 

88 








2506 

52 

59 0 

201 

50 25 

4 000 

045 

0020 


4 

2517 

55 0 

91 

! 







2704 

88 

55 2 

187 

46 15 

4 052 

007 

0000 


5 

2709 

59 0 

48 








2915 

90 

54 7 

206 

49 95 

4124 

079 

0062 


6 

2919 

56 0 

78 








3115 

92 

54 4 

196 

46 70 

4197 

152 

0231 


7 

1176 

58 2 

58 








1390 

55 

58 5 

214 

52 70 

4 061 

016 

0003 


8 

1396 

59 6 

50 








1617 

45 

601 

221 

55 10 

4 011 

034 

0012 


Mean d = ^ 045 Sum = 0638 


The column of v gives the difference between each observed 
value of d and the mean From the sum of the squares of v we 
find the probable error of the mean to be 

= 0 6745 ^1^ = 0 023 

The value of d is here expressed in divisions of the micrometer 
thread which represent hundredths of a revolution. Hence we 
have, in paits of a revolution R of the miciometer, the value of 
a division of the level, 

J) = 0 04045 i: 0 00023 



360 


ZENITH TELESCOPE. 


From tvventy-one observations of the same kind, the value found 
was 

D = 0 03985 i? ± 0 00013 R 

236 To Ji'iid the value of a 1 evoMiwi of the mio ometer — The most 
convenient method with this instiument, as it a^olds displacing 
the micrometer, is by tiansits of a circumpolai star neai its 
eastern or western elongation (Art 46) "We first find the hour 
angle and zenith distance of the star at the elongation by the 
formulae 

cos to = cot 5 tan (p cos = cosec d sm tp 

and then, a being the star’s right ascension, a T the correction 
of the chronometer, we find the chionometer time of the elonga- 
tion by 

L_ eastern “ J 

Set the telescope for the zenith distance 2 ^, direct it upon the 
star some 20”^ or 30*” before the time of elongation, bringing the 
star near the middle vertical thread, and clamp the instiument 
Set the micrometer thread at any reading a little in advance of 
the star, and note the transit by the chroiionietei Then advance 
the thread to a new reading, and again observe the transit, and 
so on until the star has been observed thiough the whole field 
or through the whole range of the micromctei sciew The 
repeated manipulation of the screw may slightly disturb the 
direction of the telescojie, but the only change which can afltect 
the deteimination of R will be shown by the level, which, theie- 
fore, must also be frequently observed during the tiansits Of 
course, the relation of the level to the telescope must not be 
changed during the observations I^ow, denoting as above 
the zenith distance of the star at the time and the corre- 
sponding reading of the micrometer when the level reading is 
zero, z the zenith distance at the time T of an observed transit 
when the inicrometei leading is JSfand the level leading is i, 
we have (neglecting for the present the refraction) 

2 : = — M)R — LD 

or, since we as yet know the value of a level division only in 
parts of iZ, 
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In like manner, for another observation, 

2'= *0+ C-Mo— M') R — R'Rd 

whence 


(247) 


The (j^uantity z Zq may be computed (as we have shown in 
-A.rt. 45) by the formula 


sm (z — 2 ^) =± sin (T— r„) cos S 


where the lower sign is to be used for the eastern elongation; or 

z — Zo=±sin(T-T,) (248) 

sin 1" 


The value of J2 thus found is collected for reft action by sub- 
tractmg from it the quantity Ha?-, in which Ar = the change of 
refraction at the zenith distance z,, foi 1' of zenith distance, and 
jR 18 expressed in minutes * 

Example — Observations of Polans at its eastern elongation 
were taken June 30, 1852, at the Eoslyn Station (Va) of the 
CJ S Coast Suivey, to determine the value of the micrometer of 
the same zenith telescope as was used m the example of the 
preceding articles 

To prepare for the observation, we have 
y = 37° 14' 25" 

3 =88° 30' 56" a= 1* 5" 36* 8 

Hence, = 52° 44' 42" t = 5 55 29 1 

Sid time of elongation = 19 10 7 7 

Chronometer fast, 24 46 8 

i; = 19 34 54 5 

The micrometer thread was set at every half revolution, and 


* The values of both R and D might be found at the same time from these obser- 
vations For by varying the level reading at the different observations (by means 
of the tangent screw F), we shall have from the observations, taken suitably in pairs, 
equations of condition of the form 

z — — J*f)5 -f — X)i> 

from which both R and JD may be found In this method a — af' must be the appa- 
rent difference o^ zenith distance affected by the differential refi action 
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59 transits were observed I eictract only those taken on the 
even whole revolutions, to illustrate the method 


Temp 

No of 
olbs 

Mior 

M 

Level 

L 

T 

T—T^ 

0 

1 

N 

S 

77° 

76 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

K 

6 

8 

10 

12 

14 

16 

18 

20 

22 

24 

26 

28 

30 

32 

div 

42 2 

K 

iC 

<( 

42 5 
(( 

({ 

42 6 

u 

42 7 

a 

41 9 

a 

(C 

div 

44 8 

U 

a 

a 

44 2 

CL 

Li 

44 2 

iC 

44 2 

iC 

45 1 

IC 

CL 

div 

— 1 30 

(( 

iC 

CL 

— 0 85 

cc 

iC 

— 0 80 

(C 

— 0 75 

Li 

— 1 60 

cc 

cc 

19»11“39*0 
15 14 2 
18 46 8 
22 23 4 
25 58 8 
29 29 4 
33 4 4 
36 36 4 
40 11 6 
43 43 3 
47 15 0 
50 46 7 
54 19 3 
57 52 8 

— 23”* 15* 5 

19 40 3 
16 7 7 

12 31 1 

8 55 7 
5 25 1 

— 1 50 1 
4- 1 41 9 

5 17 1 
8 48 8 
12 20 5 
15 52 2 
19 24 8 
1 22 58 3 

+ 541" 33 
458 10 
375 73 
291 71 
208 12 
126 30 
+ 42 77 
— 39 61 
123 20 
205 43 
287 62 
369 72 
452 08 
534 70 


We compare the let observation with the 8th, the 2d with the 
9th, &c , and in each case we have M' - M =14 Rev , or, taking 
= 0 04, as found on p 359, we have for the 1st and 8th ob- 
servation (L' — L)d = + 0 020 revolutions of the micrometer , and 
hence, denoting the divisor in (247) by a, we obtain 


a = M'-M + {L'-L)d = 14 020 


Proceeding thus for each pan of tiansits, we have— 


Obs 

a 

z — 

2' 

R 

V 


1 

and 

8 

14 020 

580" 

94 

41" 436 


0" 

042 

0 0018 

2 

cc 

9 

14 020 

581 

30 

462 

+ 

0 

068 

0046 

3 

cc 

10 

14022 

581 

16 

446 

+ 

0 

052 

0027 

4 

cc 

11 ' 

14 022 

579 

33 

316 

— 

0 

078 

0060 

5 

cc 

12 

13 970 

577 

84 

363 

— 

0 

031 

0010 

6 

cc 

13 

13 970 

578 

38 

402 

+ 

0 

008 

0001 

7 

cc 

14 

13 970 

577 

47 

1 336 

— 

0 

058 

0034 



Mean = 

= 41 394 


Sum = 

= 0196 


2 1 0196 

Prob eiror = ^,^— = 


0" 014 
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The change of refraction for 1' of zenith wuHH 

52° 45', Ar = 0" 046, and hence the correction or tn 

IS _ 0" 046 X ^ = — 0" 032 These observations, tbcroitne, 
60 

give us the result 

B = 41" 362 dr 0" 014 

The final value, as found from all the observations on sovoru 
nights, was 

It = 41" 400 dr 0" 011 

and from this we find the value of a division of tlic lovol of tbi 
instrument to be 

D = 1" 65 d: 0" 005 

which are the values employed above in reducing' tbo obsoi vation# 
for latitude at Eoslyn 

237 A more thorough method of treating the preceding 
vations IS the following We have for each obsorvoti tpaiisit 

z — — M) R — Rd 

where is the unknown reading corresponding to z^. XiSt Uh 
assume an approximate value for denoting it by and put 
M^ = Mi + x Also let Ejbe an assumed approximate value of 
B, and put B = Bi+ y Then 

z-z^=iM^-M+x)(iB,+ y') — R B^d 

where, on account of the small values of L, we can use -Rj instead 
of B in the last term Then, neglecting the product a~y as inaon- 
sibltf when and JKi are properly assumed, and putting 

» = a - — Jf) B^ + LB^d (249> 

we have from each observation the equation of condition 

B^x + (Jf, — ilf) 3 / = n (2fi0> 

and from all these equations x and y can be found by tho motliod 
of least squares 

Thus, in the above example, if we assume — 19.0, 41".4, 
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which are easily seen from the obseivdtious to be neai approxi- 
mations, we have the following equations 


4143! 

+ 

13y = 

+ 

0" 

'98 

414a. - 

- 2/ = 

+ 

0" 

47 

41 4 a; 

+ 

lly = 

+ 

0 

55 

414a!- 

- 8y = 

— 

0 

82 

41 4 a! 

+ 

9y = 

+ 

0 

98 

41 4 a! - 

- 52/ = 

+ 

0 

33 

414a! 

+ 

72/ = 

— 

0 

24 

414a!- 

- 72/ = 

+ 

0 

94 

414a! 

+ 

52/ = 

— 

0 

29 

41 4 a! - 

- 9y = 

+ 

0 

23 

414i! 

+ 

82 / = 

+ 

0 

69 

414r - 

-ny = 

+ 

0 

67 

41 4 a! 

+ 

y = 

— 

0 

04 

4141! - 

-132/ = 

+ 

0 

85 


from which we form the noimal equations 


whence 


28995 441! = + 24012 
910y = — 172 

a: = -|-0 01 y = — 0 002 

J|f„= 19 01 -B= 41398 


If we substitute the values of x and y lu the equations of 
condition, we shall find the sum of the squaies of the residuals 
to be = 2 956, and hence the mean eiior of a single observation is 

= /_i®£l = 0"496 
\14 -2 


and consequently the probable error of y, the weight ot which 
is its coefGlcient (= 910) in the final equation, will he 


2 0"496 

3 |/910 


= 0 " 011 


Applying to the above value of J? the collection for refraction 
as before, we have the final result by this method. 


22 = 41" 366 ±0 "011 


The smaller probable error heie found shows that the observa- 
tions are better satisfied by the value of R found by the method 
of least squares 


BXTBA-MHRIDIAN OBSERVATIONS FOR LATITUDE WITH THE ZENITH 

TELESCOPE 

238 It has been seen above that, although the probable eiTor 
of observation with the zenith telescope is very small, the greater 
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probable error of the declinations employed, when the observa- 
tions are restncted to the mendian, renders it necessary to gieatly 
multiply the number of pairs of stars observed But if we aic 
willing to observe one of the stais at some distance from the 
meridian, we can generally find a pair of fundamental stars, oi 
stars fiom the most leliable catalogues, which can be obseivccl 
at the same zenith distance within a sufficiently brief interval of 
time to exclude the probability of sensible changes in the state 
of the instrument, and by moderate attention to the deteimina- 
tioii of the time the probable error of observation will be veiy 
little mci eased, while the number of obseiwations necessary to 
attain to the desired degree of precision will be greatly reduced 
It may not be superfluous, therefore, to deduce here the necessary 
foimulae for this puipose 

Let d and d' be the declinations of two stars, the first of which 
IS obseived out of the meridian at the zenith distance z and hour 
angle /, and the second on the meridian at the zenith distance 
which is very nearly equal to ^ We have 

cos z = cos — d) — 2 cos cos d sin“ i t 

= <P — 

The second equation gives 

Z = ^ — 0 ^ — |- Z ^ 

which, substituted in the first equation, gives 
sin i (5 + ^') — i (/ — ^)] sm r — z') = cos 9 cos 5 sin* i t 

Putting then 

cos <p cos d sin^ J t 

sm y = ; - 

sm K'5 — (V z — z!) 

we shall have 

The quantity z' — z will be given by the micrometer and level, 
precisely as in the case of meridian observations. The value of 
<p will alwavs be known with sufficient accuracy for the compu- 
tation of y 

The efifect of an erior m t upon y^ and consequently upon 
may be computed by the foimula 


( 261 ) 

( 252 ) 
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To prepare for the ohservation, put f — <pi 5', (or 5' ^i), 

(p^ being an assumed appioximate value of <p^ and set the instru- 
ment at the zenith distance C for the ohservation of both stars 
The hour angle at which the star out of the meridian is to be 
observed will be found by the foimula 


sin it 


or rather, 


sin it 


=>!( 

=V( 


sm <Pi — sin — yi + ^ 

cos <p cos d ; 

sin + ^) — y.] ^ — ^) 

cos ^ cos S 


Then the sidereal time of the observation of this star may be 
either a + < or a — ^ a being the right ascension , and it may 
often be convenient to obseive the stai at each of these times 
It will probably be most expedient to obseive one of the stars 
in the meridian , but, if both are observed oat of the meridian, 
we can find the latitude by the method of Vol I Art 186 


289 The zenith telescope may be used with advantage m 
measuring any small difference of zenith distance Its application 
in finding the longitude from equal zenith distances of the moon s 
limb and a neighboring stai is given m Vol I Art 245 The 
coriection of the method theie given for a small difference of 
the zenith distances of the moon and stai, as found by the 
micrometer, is obvious 

240 W e may determine both time and latitude with the zenith 
telescope, by observing a numbei of stais at the same altitude, 
and oombinmg them by the method of least squares Sec Vol 
I Art 189 


ADAPTATION OF THE POETABLE TKANSIT INSTKUMENT AS A ZENITH 

TELESCOPE 

241 Pi of 0 S Lyman, of Tale College, has shown* that the 
transit instrument may be successfully used as a substitute for 
the zenith telescope in the application of Talcott’s method of 
finding the latitude by mcndian observations Indeed, it is 
evident that, if the level usually attached to the finding circle is 
made of the same delicacy as that applied to zenith telescopes, and 
a iiiici onietci is added to the telescope, that method maybe carried 
out precisely in the same manner as with the zenith telescope 


*Am Journal of Science and iVits, Vol XXX p 52 
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The different method of reversing the instiument by lifting it 
from its Vs instead of revolvmg directly about a vertical axis, 
does not m any way affect the principle, the essential condition 
of Talcott’s method being always observed, namely, that the 
relation of the level and the telescope is to be absolutely the 
same at the observations of both stars of the paii\ 


CHAPTER IX. 

THE EQUATORIAL TELESCOPE. 

242 The equatorial telescope is mounted with two axes of 
motion at right angles to each other, one of which is parallel to 
the axis of the earth Of the various modes which have been 
employed for mounting the instrument according to these con- 
ditions, that which is now universally adopted is the one con- 
tiived by Fraunhoeer and known by his name 

Plate XI V * IS a representation of the great Fraunhofer 
equatorial of the Pulkowa Observatory, constructed by Merz 
and Mahler, The lens has a clear aperture of 15 inches, with 
a focal length of 22 55 feet The pier P is of stone (in smaller 
instruments a wooden stand is frequently used, resting on three 
feet) The upper face of the pier makes an angle with the hori- 
zon equal to the latitude of the place , secured to this face is a 
metallic bed, which supports at two points the polar or hour axis 
JS of the instrument This axis, being in the plane of the 
meridian, and making an angle with the horizon equal to the 
latitude of the place, is paiallel to the earth’s axis, and, conse- 
sequently, is directed towards the poles of the heavens Perma- 
nently attached to the hour axis, and at right angles to it, is a 
metallic tube, DP, in which the declination axis revolves The 
telescope is fiimly attached to one extiemity of this declination 
axis, and at light angles to it, the point of the tube at which it is 
attached being somewhat nearer to the eye end than to the 
object end 


* Reduced from the drawing m the Desmption de V ohs&rvatovre central of Stb-UVE 
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It is evident that as the instrument revolves upon the hour 
axis the declination axis remains in the plane of the celestial 
equator, and, consequently, the telescope, as it revolves upon 
the declination axis, always descnbes secondaries to the celestial 
equator, or declination circles The decimation of the point of 
the heavens towards which the telescope is at any time diiected 
may, therefore, he indicated by the giaduated deehmtion circle dd, 
which IS read by two opposite vermeis The hour angle of this 
point IS at the same time shown by the giaduated hour circle 
which IB also read by two opposite verniere 

The great advantage of this mode of mounting the telescope 
IS that we can follow a star m its diurnal motion by revolving 
the instrument upon the hour axis alone, the declination circle 
being clamped at the reading corresponding to the star’s declina- 
tion Further, the star’s motion being uniform, we can cause 
the instrument to follow it automatically by means of a clock/, 
which, by a tram, turns an endless sciew acting upon the circum- 
ference of the hour circle The observei is thus left free either 
to make a careful examination of the physical appearance of the 
objects in the field, or to measure their relative positions with 
the micrometer m of the telescope 

It IS important that all the paits of the instrument be so coun- 
terpoised that the telescope will be in equilibrium in all positions, 
and possess the greatest freedom of movement upon either axis 
This 18 effected in the Fraunhoeer arrangement in the most 
perfect manner The equilibrium of the telescope with lespect 
to the hour axis is produced by the countei poises W, W, JT, and 
F, of which W, W are fixed cylindiical masses, but Y is adjust- 
able, so that the equilibrium may be finally regulated with the 
utmost nicety The weights X (of which there are two, one on 
each side of the decimation axis) ai e attached to the extremities 
of levers whose fulcrums are at % The opposite extremities of 
the levers seize upon a circular collar at K, m which there are 
four friction rollers The weights X thus not only contribute to 
the equilibiium, but also reduce the friction of the declination 
axis The centie of gravity of the telescope tube is not in the 
prolongation of the declination axis, but nearei to tho object 
glass, its equilibrium with respect to the declination axis is 
produced by counterpoises a (one on each side of the tube) at the 
end of levers abc Each of these levers consists of two conical 
tubes attached to a cube at b, which moves upon two axes , and 
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their extremities c seize upon a collar around the tube The 
extremity a, at which the weight is placed, is free, and the weight 
can be adjusted by sliding upon the lever In consequence of 
the double axis of each lever at 6, the counterpoises act in all 
positions of the telescope, and not only balance the tube, but pre- 
vent in a degree the flexure of the object end which would result 
from its weight, increased as it is by the great weight of the 
object glass itself The centie of gravity of the telescope and 
all its counterpoises is now in the hour axis at a point a little 
above its upper journal , the result is a downward pressure upon 
this journal, and an upward pressure upon the lower journal 
The weight (o at one extremity of a bent lever reduces the fric- 
tion upon the upper journal by producing an opposite pressure 
at e at right angles to the axis, two friction rolleis upon the 
extiemity e being thus pressed against the axis The remaining 
small upward pressure of the inferior extremity of the axis is 
reduced by a spring which presses two friction rollers against the 
axis at g 

The weight of the Pulkowa telescope (including all the paits 
which move, namely, the axes and tube with its counterpoises) 
is very nearly 7000 pounds; and yet, with this admiiable system 
of counterpoises, it moves upon eitliei axis with almost as much 
ease as a small portable instiument Without this perfect equi- 
librium and 1 educed friction, it would have been very difficult to 
pioduce a regular automatic movement of the instrument by the 
driving clock As this clock is lequired to produce a continuous 
regular movement, it is not regulated by an oscillating pendulum, 
but by the fiiction of centrifugal balls against the interior of a 
conical box d The rate of movement is regulated by raising or 
depressing the pivot of this conical pendulum, which, in conse- 
quence of the conical form of the box, changes the degree of 
friction of the balls against its interior surface The rate may 
thus be adapted not only to the motion of a fixed star, but to that 
of the moon, or sun, or any planet, all of which have different 
rates of motion In oui own country. Bond’s Spring Governor 
has been successfully applied to produce the equable motion of 
equatorial telescopes 

A finder F is attached to the principal telescope (Ait 16) 

The field of the telescope is illuminated by a lamp q, the light 
of which IS reflected towards the reticule by a small mirror 
within the tube The direct illumination of the threads, which 

Voi IT— 2t 
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18 required when very faint objects are to be observed, is effected 
by two small lamps suspended at n and 5?- (See Transit InstrU' 
ment, p 134) 

The micrometer is provided with a position circle (Art 49) 

243 Any poiut of the heavens may be observed with the 
equatorial instrument in two different positions of its declina- 
tion axis For example, if the declination axis is at right angles 
to the plane of the meridian, — ^that is, horizontal, — ^the telescope 
will describe the plane of the meridian . and this, whether the 
cireU end of the declination axis is east oi west , and, iii general, 
the same declination circle of the heavens may be described bv the 
telescope with this circle end of the axis on eithei side These 
two positions are to be distinguished m the use of the instrument 
Let us suppose the declination axis to be produced through the 
circle end to the celestial sphere The point in which it meets 
the sphere may be called the pole of the declination cii cle If 
the hour angle of this pole is 90® greater than the houi angle of 
a star observed in the telescope, the circle is said to pi ecede the 
telescope , if the hour angle of this pole is 90° less than that of 
the star, the circle is said to follow the telescope Thus, for a 
star on the meridian (at its upper culmination) the circle py ecedes 
when it IS west aai follows when it is east of the meridian 


GENERAL THEORY OP THE EQUATORIAL INSTRUMENT 

244. Let US first consider the instrument in the most general 
manner, that is, wiihout supposing its hour axis to be even 
approximately adj'usted to the pole of the heavens That point 
of the celestial sphere towards which the hour axis is actually 
directed will be called the pole of the instrument, or the pole of its 
hour axis, and that point in which the declination axis produced 
on the side of the declination circle meets the sphere will be 
called the pole of this axis or circle 

The mstrument is designed to give, by means of its two circles, 
the hour angle and declination of a star observed in the sight 
line of the telescope. If the sight line were perpendicular 
to the declination axis, and if this axis weie perpendicular to 
the hour axis, the readings of the circles would give at once (by 
merely correcting them for any index error) the hour angle and 
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dec]iQstl!0& referred to the mendum and pole of the msirument. The 
deviations from perpendicularity being always veiy small in a 
'well constructed instrument, aj^oximate formuUe will fully 
suffice to reduce given readings to the proper values referred to 
■the pole of the instrument But an equatorial instrument may 
sometimes be used m a place for which it was not intended, and, 
having no adjustment by which the angle which its hour ams 
makes with the horizon can be greatly changed, the pole of the 
instrument may be so far from the celestial pole fhai- the reduc- 
■tion of the hour angles and dechnataons from their mstrumenial 
to their true values (referred to the celestial pole) will require the 
use of rigorous formulae In order to provide for such a case, I 
shall £rst consider the method of deducing the mstrumental 
quantities by approximate but sufficiently exact formulae , then 
give the rigorous formulae for reducing these to the celestial 
pole, and finally give the approximate formulae, most frequently 
required, for the case m which the deviation of the hour a-gm 
from the celeshal pole is very small As some flexure of the 
declination axis and of the telescope is always to be expected m 
an instrument of this kmd, I shall mclude its effect m the 
formulae 

245 To flnd the mstnmental declmaiion and Jwur angle of an 
observed pomi — ^Let the figure be a projection 
of the celestial sphere upon the plane of the 
equator of the mstrumeni, P' its pole, Z the 
zemth of the observer then P'Z may be 
called the mendum of the mstrument 

Let Q be the pole of the decimation axis of 
the mstrument While the instrument re- 
volves upon the hour axis, the pomt Q will 
describe a circle of which P' is the pole, and which would be a 
great circle if the aixes were at nght angles to each other, in 
which case we should have P'Q — 90° But we shall assume 
that there is a deviation from this condition, and suppose the 
arc P'Q to be = 90° — t * so tiiat t will express the declinatioi 
of the point Q referred to the equator of the mstrument 

Let us next suppose the decimation axis to remam fixed while 
the telescope revolves upon this axis and its sight hue is brough 
upon a star S As the telescope revolves, the sight line (whicl 
we may here suppose to be determined by a simple cross thread) 
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describes a circle in the heavens of which Q is the pole, and 
which will be a great ciicle if this sight line is perpendicular to 
the decimation axis, and a small circle, AS£, in any other case 
Let us suppose the polar distance of this small circle, or QS, to 
te 90° — c so that e will denote the collimation constant of a 
given thi ead 

The revolution of the instrument upon the hour axis is measured 
by the hour circle "When Q is 90° west of the meridian, the 
telescope should be in the meridian, and the leading of the hour 
circle, consequently, zero , but let us suppose the reading is then 
— X When Q is in the meridian and above the pole, the reading 
will be — a: — 90° If, then, for the actual position when the 
star IS observed at S the reading is <, we have the angle ZP’Q 
i X 90° 

Let the insti’umental hour angle ZP'S = i' Then we have 
the angle SP'Q = ZP'Q — ZP'S=t + a: — f + 90° ; and since, 
flora the construction of the instrument, this angle differs very 
little from 90°, the quantity t + x — t' will be very small. 

As the telescope i evolves upon the declination axis and its 
Bight line describes the circle ASB, the reading of the declina- 
tion circle will vary directly with the angle P'QS, smce Q is the 
pole of this circle If we denote the reading of the declination 
circle when the arc QS coincides Avith QP' by 90° — Ad. and the 
actual reading for the star at S by d, we shall have tlie angle 
P'QS= 90° — Ad — d, provided the leadings increase with the 
stai’s declination, as we here suppose 

Finally, let the instrumental decimation be d' , that is, let 
P'8=- 90° — d' 

We have then in the triangle QP'S the given parts 

P'Q=z90°—i QS = 9Q°—c 
P'QS =90° — (d + Ad) 

and m order to deteimine t' and d' we are to find 

SP'Q = 90° — 

P'S =90° —d' 

Prom this triangle we obtain the general equations 

sm d' = siu i Bin e + oos i cos c sin {d aA) 
(.Oh d' am {t' — t — x)= COS t sin c — sin i cos c sin {d -f- Ad) 
cos d' cos {t' — t — x)=» cos c cos (d -j- Ad) 
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But, as i and c are supposed to be so small that their squares and 
products are insensible, these equations give 

sin d' = sm (d + Ad) 
cos d' = cos (d + Ad) 

(^' — t — x) cos d' = c — i am (d -(- Ad) 

whence 

d' = d -j- Ad 

f = t + X c SQC d' — i tan d' 

246 Flexure — The flexuie of the houi axis may be supposed 
to be altogether insensible, since the centre of gravity of the 
whole instrument falls very near to the upper journal of this axis, 
and the pressure at this point is i elieved by a counterpoise 
The flexure of the declination axis, being assumed to result 
solely from the weight, changes the zenith distance of the point 
Q Denoting the zenith distance of Q by ^ and the increased 
zenith distance by + d^^ we shall assume the flexure to be 
proportional to sin (Art 204), and, therefore, put 

d(^ = e sm ^ 

in which e is the maximum of flexure of the declination axis 
corresponding to = 90° 

The flexuie of the telescope changes the zenith distance ZS, 
BO that, putting ZS = C'? wo can expiess this flexure by 

dZ' = e sm 

in which e is the maximum of flexure of the tube corresponding 
to C' == 90° 

The flexure of the declination axis changes the aic P'Q = 90° 
— and the angle ZP'Q = + 90° , but these changes (the 

flexure being supposed extremelj^ small) evidently produce no 
sensible eftect upon the decimation d' The flexure of the tele- 
scope, however, changes the arc P'S = 90° — d\ and thus also 
d' Treating the changes as differentials, we have 

d P'S =d (90^ ^d')^ d:' cos P'SZ 

If we denote the zenith distance of P' by 90° — <p^ (or let be 
the observei’s latitude referred to the equatoi of the instrument), 
the triangle P'SZ gives 

sm <p. cos d' — cos <p. sm d' cos t' 
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dd' = — e (sin COS d' — cos sin d' cos t') (m) 


Again, we have 


d 

d 


P'Q = d (90“ — t) = dC cos P'QZ 

, sinP'O^ 

ZP’q = dt = dZ ^ 

sin P'Q 


In wMcli we may put sinP^^ = cost = 1. Substituting also 


the values 


cos P'QZ = 
sm p'qz== 


sin y, — sin i cos C 
cos t sin C 
cos (f + cos y, 
smC 


and neglecting the product o£ dj and i as insensible, we find 

di = — e sin ^9, 1 

df = e cos pj cos (< + ®) i 


Finally, the flexure of the telescope changes the arc QS = 90® 
— c, and we have 


in which 


d = d (90® — c) = dC' eosZSQ 
cos C — Bin c cos C' 


cos ZSQ — 


cos c sin C' 


Neglecting terms of the second order, therefore, 


dc == — « cos C 

m which we have 

cos C = sm t sin pj — cos t cos p, sin (t + x) 

and m this we may put t' for < + a: Hence, agam neglecting 
terms of the second order, 

dc = e COB pj sint' (p) 

By the formulse for t' (253), we have 

dt' = dt + dc sec d' — di tan d' 


and hence, by (m) and (p), 

dt' = I (sm pj tan d' -f cos Pj cos <') + c cos p, sec d' sin f (j) 



BQt AaX)RIAL IFLESCOPE 


375 


Hence, applying the corrections (m) and {q) to rf' and t' (253), the 
complete formulae, including the effect of flexure, are* 

d' ^ d Ad -- e (sin cos — cob (p^ sin d' cos f ') 

f' =:zt X c sec d^ — ^ tan d' I (254) 

-f- e (sin tan ' -f cos ipi cost') + e cos <p^ sec eZ' sin V ) 

247 To reduce the instrumental declination and hour angle (d', V) 
to the celestial declination and hour angle (5, r) — ^Let PZ 
loo the true meridian, P the celestial pole, P^ the pole 
of the mstiument, S the observed star Let p and 
^ denote the polar distance and hour angle of P' , 
til at IS, let 

y = PP' ^ = ZPP' 

and, producing PP', let 

1^' = ZP'N— 180® — ZPP 

The instrument gives, by the aid of (254), the values of 
cV = 90® — P'fi^, V = ZP^S^ and we are to find 8 = 90® — PS 
and T = ZPS The tiiangle PP'S, in which PP'>Sr=180® 
— (f — <?') and P'PS = T — 9, gives 

sin d = cosy sin d' — sm y cos d' cos (t' — tV) 
cos 6 cos (t — ^) = sm y Sin d' + cos y cos d' cos (t' — V (256) 

cos d sm (r — ^) = cos d' sm (t' — j 

which will determine 8 and r from W and V when the instrumental 
constants ??, and 9' ai e known 

Putting 90® — ^ = PZ^ the relation between 9', <p^ 9^ and y 
is found from the triangle PP'^, which gives 

sm cosy' sm ^ + sin y- cos p cos ^ 

cos cos — sm r sm 9 ? + cos y cos cos V (256) 
cos sin = cos ^ sm ^ ) 

248 In the preceding discussion I have not distmguished 
between the case in which the declination eiicle precedes and 
that in which it follows the telescope (Art 243) The formulse, 
nevertheless, will apply to either case, provided we reckon decli- 
nations over 90® when they require it. "By Fig- 52, in which 
foi a star at S the declination circle precedes^ we that when 

* These formulce are essentially the same as Bessel’s See his Astron UnUr 

suehutiffen, Vol I p 7 
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the telescope is revolved from S towards B and passes beyond 
the pole, we shall have decimations exceeding 90° if we wish to 
employ the same formulae as have been found tor this position, 
but for these points beyond the pole the declination cu'cle/oKoios 
the telescope The declination in that case, leckoned in tlie 
usual manner, will be 180° — d', and the hour angle will be 
180° + t' We may, therefore, employ these formulae in their 
present form in all cases, but when d' falls between 90° and 
270° we must finally take 180° — d' and 180° + t' as the proper 
instrumental decimation and hour angle (See also Transit 
Instrument, Art 128 ) 

If, however, we wish to distinguish the cases in the formulae 
themselves, we shall have, token the circle •precedes, the readings 
of the circle being d^ and 

= dj + Ad — e (sin cos d’ — cos sin d' cos t’) \ 

V = X c sec d' — i tan d' I 

e (sm yijtan d' + cos y>, cos t') + e cos tp, sec d' sin t' I 

and when the circle follows, the readings bemg d^ and t^, \ (257) 

180° — d' = d, + Ad + e(sm tp, cos d' — cos 50 , sin d'eo 8 t')\ 

180° t' =t, -f a: — c sec d' + 1 tan d' j 

— e (sin <p, tan d '-(-cos <p, cos cos p, seed ' sin t '] 

249 The rigorous formulae (255) and (266) will be required 
only in the rare case in which the pole of the instrument is at 
a considerable distance from the celestial pole , but I will briefly 
indicate the methods of determining the instrumental constants 
tor this case It will always be possible to bung the houi axis 
of the instrument very nearly into the meridian of the place of 
observation, whatever may be the elevation of its pole above the 
horizon, so that the meridian of the instrument and the true 
meridian will nearly coincide 

If we observe a fixed point in both positions of the instrument, 
circle preceding and circle following, we shall have by (257), 
takmg the sums of the respective equations, 

180° = * 4 ' 2 Ad 

180° -|- 2t' = f, -|- tj -f- 2a: -(- 2e cos see d' sin t’ 

the first of which determines the index correction {&d) of the 
declination circle, and the second determines the value of t' — x. 
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if we have independently found the flexure c, or if the fixed point 
is in the mendian of the instiumeiit and consequently i'=0 
Taking the differences of the same equations, the observation 
of the fixed point also gives 


180 ° — 2d'= da — d^-\- 2 6 (sin 55,008 d ' — cos 55,8111 d' cos *') 

180°= % — t^ — 2 csec rf'+2 1 tan rf'— 2 e(sin ^,tan (i'+cosf,cost') 

The first of these determines d' when e is otherwise known, and, 
the value of d' thus found being substituted in the second, we 
have an equation of Condition for determining c, i, and s The 
obseiwation of at least thiee difteieiit points will be necessaij in 
order to determine these quantities, or of at least two points if 
we neglect e 

Upon the supposition that the pole of the instrument is veiy 
near the meridian, but at a considerable distance from the celestial 
pole , 18 a large arc, but d- is small, and we have firom the fiist 
of the equations (256), by putting cos (? = ± 1, 

55, = <5 ± r 

and the value of y may be found fi om the observation of a stai 
in the meridian and as far from the pole of the instrument as 
possible, since in this case we shall have very nearly 

±r = /S — d' 

in which d' will be known from two observations of the star in 
the two positions of the mstiTiment 

"When y has been thus approximately found, let a star be 
observed on the six hour circle both west and east of the meridijan 
"We deduce from (255) 

sm d' = sin 5 cos r + cos S sin y cos (r — t 9 ) 


Denoting the instrumental declination for the two observations 
by (i,' and d^', and putting t = 90° for the fb*st observation, and 
r =270° for the second, we have 


whence 


sin cZ,' = sin S cos y cos d sin y sin & 
Bin dj'= sin 3 cos y — COS 3 sin y sin 3 

„ Sin d' — sin dJ 

sin # = 5 2. 

2 cos 3 sin y 


This Will give a sufficient approximation to ■&, provided the star 
IS not very near the pole 



378 


IQUAIOEIAL XELESOOPB. 


A theoretically rigorous determination of both ^ and ?? would 
be found by observing two points whose dechnations {d^, 8^) and 
hour angles (tj, Tj) are known, and then solving the equations 

sin dj' = sin cos y cos 5, sin y cos (tj — 
sin dj = sin d^oos y + cos 5, sin y cos (t, — 

"WTien y and i? have been found, we have, from the observation 
of one known point, 

cos d' cos (t' — ^') — sin d sin y -] cos 6 cos y cos (t — 
cos sin (<' — (S') = cos 3 sm (t — d) 

which determine and, since will be known from (256), 

t' will also be known. Finally, the instrument gives the value 
of t' — x, as we have shown above, and thus x becomes known 

250 When the pole of the msirument is very near the celestial pole, 
y IS very small, but i^may have any value from 0° to 360°. Put- 
ting cos 7 " = 1 m (256), and neglecting terms of the same order 
as we find 

< 5 , = 55 -|- y cos 9 
# — sm ^ tan 55 

and (255) gives 

e = d'— y cos (t' — #') 

T = i' -t # — sin (t' — tf') sin d' sec $ 

or, within terms of the second order, 

S = d'— y cos (r — tS) 

T = t' — 7 ” Sin ^ tan 55 — y sin (r — 9) tan S 

Substituting the values of d' and t' from (254), and 
^tz=x — 7 ” sin ^ tan which is constant, we have 

^ = d Ad — r cos (t — ^) — e (sin 55 cos d — cos <p sin S cos r) 

r = t At — 7 ' sin (r — ^) tan S-\-c sec d — i tan 5 

e (sin {5 tan S -|- cos 55 cos r) -j- e cos 55 sec S sin t 

which aie the fonnulse usually required in practice Here 8 is 
to be reckoned beyond 90° when necessary, being then the sup- 
plement of the star’s declination (Ait 248), and then r is the 
star's hour angle mcreased by 180° 

The declination and hour angle are here apparent, that is, 
affected by refraction, &c If ivc w ish 8 and r to represent the 


putting 
I (258) 
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geocentric position of the observed point, we may apply the 
corrections for refraction, &c to d and t 

If we prefer to distinguish the cases in the formulae themselves, 

we shall have — 

For arch preceding \ 

^ = d _|_ Ad — cos (t — «) — e (sm ^ cos d— cos g> sm 6 cos t) | 

■r = t At Sin (t — tan d-\-c sec d — i tan S I 

+ € (sm 0 tan 5 + cos y cos r) + e cos sec 5 sm t [ 

- \ (259) 

For circle following 1 

180° 5 =d + Ad+/'C 0 s(T — (sm 9 cos S — cos jo sm 5 cost-) V 

180 °+T=t +At — j'sm (t — d)tan5 — c sec 5 ^ ^ I 

Q (sin ^ tan d -|- cos ^ cos t) e cos sec 5 sm r j 

in which d and t will always denote the dechnation and hour 
angle of the star reckoned in the usual mannei 

ADJUSTMENT OP THE EQUATORIAL INSTRUMENT 

251 The adjustment of the instrument with respect to the pole 
of the heavens consists of two operations 1st, bringing the hour 
axis into the plane of the meridian, and, 2d, giving this axis an 
elevation, with respect to the honzon, equal to the latitude of the 
place 

For a rough preliminary adjustment, place the declination axis 
in a horizontal position, and move the stand until the telescope 
points to a star at the computed time of its meridian passage 
The hour axis is then nearly m the plane of the meridian 
Then bring the declination axis into the plane of the mendian ^by 
revolving the instrument upon the hour axis thiough 90° by the 
hour circle), and direct the telescope upon a circumpolar star on 
the BIX hour circle The elevation of the axis should be changed 
so as to make the star appear near the optical axis at the com- 
puted time when the star’s hour angle is equal to 6* 

For the final adjustment, the outstanding deviations of the 
instrument must be found by properly combined observations of 
stars, taken in the two reverse positions of the declination axis, 
by the methods given hereafter 

The position of the pole of the instiument with respect to the 
pole of the heavens maybe expressed by the two quantities 

f = j- cos ij = sm ^ (26C) 

which are the distances of the pole of the mstrumeut from the 
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hour circle and from tlie meridian, lespeetively According 
our defimtions of 7 * and a posiiiie value of ? will indicate that 
3 instrumental pole is above the true pole, and a positive value 
7/ Will indicate that the pole of the iiibtrument is west of the 
Indian I pioceed to consider the methods of finding these 
entities, as well as the other instmiiiental constants 


252 Tb jind f — The most simple method is to observe the 
clinations of known stars at their culmination in both positions 
the declination axis, and to compaie the instrumental values, 
erected for reflection, with the troe declinations found from 
3 best catalogues or ephemendes By the instrumental values 
shall hereafter understand the values inferred directly fiom 
3 readmgs (d) of the ciicle 

A.S the two observations in leveise positions of the declination 
is cannot both be absolutelj^ in the metidian (unless observa- 
ns on different days aie combined), one of them is taken a 
V seconds before the meiidiaii passage, and the othei a few 
sonds after it In consequence of the gieat facility with which 
an the largest equatoiial instrument can be leverbed, tho 
erval between the two observatioiis will bo so small that the 
■an of the two values of cos (r — /?) Mill be sensibly the same 
cos r being a veiy small quantity with opposite signs for 
3 two observations Hence, we shall have for each pair of 
servations on a star, by putting r = 0 in (259), 

i = d, -f- Ad — c — e Bin (f> — f) 

180® — < = rfg -|- a«/ -(- f -f- c Bin (f — 

lere d^ and d, are the circle 1 eadiiigs 111 tho two positions The 
If sum of these equations gives the index coirection of the 
slmatiion circle, 

eir half difference gives 


If we put 


? + e sin(5P — «) = 90® — ^ (d,— d,) — i 
D = 90° — -H^dj— dj 


wiU be the mean of the instrumental values of the decimation, 
inferred from the two readmgs, whatever may be the mode in 
ich the circle is graduated A number of stars being thus 
lerved, we shall have the equations of condition 
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f + esin(p — d ) = D — d 
f + ® 8in (^j — S’) = jy — 
e + e sin (js - S") = D"—. d" 

&c &c 

which, treated by the method of least squares, will give both 
f and e 

Example — The declinations of ten stars were observed by 
Otto Steuve with the equatorial telescope of the Pulkowa Obser- 
vatory, 1840, June 22, according to the preceding method, and 
the values of D, corrected for refraction, weie as m the following 
table The values of <? for the stars 1, 4, 5 and 8 weie taken 
fiom tlie Nautical Almanac, for 2, 3, and 7 fiom Aegblandee’s 
Catalogue, and for 6 and 9 from Aiey’s Catalogue for the year 
1840 The latitude employed in computing the coefficient of e 
IS ^ = 59° 46' 3. The degrees and minutes of d, omitted to 
save room, are the same as those of D In order to apply the 
same formula to the stars obseived beloiv the pole, w^e have only 
to employ the supplements of their decimations instead of the 
declinations, that is, to reckon them over the pole (Art. 128 ) 


Stars 

Instr dec = D 

A 

1 

Eqaation« 

V 1 

1 fiSagittam 

— 21° 5' 55" 5 

40" 6 

— 14" 9 = ^ + 0 99f 

— 5" 4 

2 7} 8er]penti$ 

— 2 56 23 8 

3 4 

— 20 4 = |-f0 89e 

— 7 .7 

3 ^Serpentis 

+ 3 59 47 1 

59 5 

— 12 4 = e + 0 83e 

-f2 2 

4 ^ Aquilce 

13 37 34 6 

48 3 

— 13 7 = f-|-0 72e 

+ 4 .4 

5 a Lyrce 

38 37 47 1 

70 4 

— 23 3 = e-l-036e 

+ b .2 

6 >c Cygni 

53 3 55 5 

83 6 

— 28 l = e + 012e 

+ 9 0 

7 dDraconis 

67 21 51 6 

99 7 

— 48 l=f — 013e 

— 3 1 

8 8 TIrsce Min 

86 34 22 6 

81 2 

— 58 6 = ? — 0 45e 

— 3 4 

9 2iLyncis,sp 

120 55 12 0 

79 9 

— 67 9 = c — 0 886 

+ 0 9 

10 ^ Aung(B,s p 

124 19 4 5 

76 9 

— 72 4 = f — 0 90e 

— 3 0 


The solution of these 10 equations gives 

? = — 40" 9 with the probable error = 1" 2 
e = + 31" 7 “ “ “ “ = 1" 8 

The last column gives the residuals v after the substitution of 
these values m the 10 equations From these residuals we find 
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the probable error of a single equation to be 3". 9, which is com* 
posed of the error of observation and the error in the star’s decli- 
nation This degree of accuracy in the determination of abso- 
lute declinations, with an equatorial instrument of such dimen- 
sions, IS surprising, and is a striking proof of the peifection of its 
workmanship At the same time we perceive that very crude 
determinations will be obtained if we neglect the flexure. 

253 To find yj — This will be found by comparing the instru- 
mental hour angles of different stars, near the meridian, with the 
observed clock times of their transits over a given thread We 
shall, at the same time, find the instrumental constants ^ and c, 
and the index correction of the hour circle 

We shall suppose the thread on which the stars are to be 
observed to be placed in the diiection of a circle of declination, — 
that is, as a transit thread, — and to be in the optical axis of the 
telescope. This optical axis may be defined to be the line 
drawn through the optical centre of the objective, and the centre 
of the position circle of the micrometer: consequently, when the 
thread is revolved 180® by this circle, it should still pass through 
the optical axis As the thread may not be precisely adjusted 
in this respect, the error is to be eliminated by combining two 
observations taken in these two positions of the thread Two 
such pairs of obseivations aie to be taken on each star, one pair 
with circle preceding, and one with circle following A second 
star, in a widely different declination, being observed in the same 
manner, we shall have all that is required for the determination 
of our constants If we observe a greater number of stars, we 
can treat the observations by the method of least squares 

Supposing two stars to be observed, one near the pole and the 
other near the equator, the observations should be symmetrically 
arranged according to the following schedule, in which the posi- 
tion I denotes circle preceding, and H circle following, and the 
letters a and b refer to the two positions of the transit thread for 
the two readings of the position circle differing by 180®. We 
should endeavor to make the mean of the times of the four 
observations on a star coincide very nearly with the instant of 
its mendian passage. 
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Star 

Positjon 

Clock 

Means 

Hour circle 

Means 

1st Star 

I 

a 

b 

(2;). t 

== 


(^)a 1 

{tx 3 

= 

<1 

A = a 

Decl = ^ 

11 

b 

a 

(n). ) 

(TX i 

= 

T, 

(fX 1 
(SX 1 

= 





Mean 

= 

T, 

Mean 

= 

^0 

2(1 Star 1 

II 

a 

b 

(^’a •) 

= 


(<*'). 1 
3 

= 


R A = o' 

Decl = 8' 

I 

b 

a 

1 

i 

= 

t; 

(<;). \ 
(tD. i 

= 

V 




Mean 

= 

t: 

Mean 

= 

V 


The observations being very near the meridian, the flexure of 
the telescope (e) has no sensible eftect That term of the flexure 
(s) of the declination axis which is multiplied by tan d may 
become sensible for stars near the pole, but, as it will always be 
combined with i, it will be convenient to put 


?j = i — e sin v> (261) 

The term e cos f cos t, which is always less than s, will be 
practically unimportant, and will here be neglected A method 
of determining e will, howevei, be given herealter. 

"With this notation we find, by putting r = 0 in the second 
member of (269), for the observation at the clock time T^, 


Tj = -f- At V tan d -{■ c sec 8 — ij tan 8 

and if A J* IS the clock correction, we have also 

r,= r,+ Ar-a 


Hence, by puttmg 
we deduce 


A = At — aT 


i; tan 3 4- c sec 3 — \ tan 8= T, — t,— a — A 
In the same manner the observation at the clock time gives 
tan 3 ~ c sec « + iitan 8 = — o — A 
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and from these two equations, with the notation of the above 
schedule, 

ij tan 8= ^ 

c sec « — i, tan 3 = J [( r, — ti) — ( — *«)] 

The second star gives, in the same manner, 

fj tan S' = — o' — A 

c sec 5 ' — 1 , tan 3 ' = i [( 3\' — f,') — ( T/ — tj')] 

Ev combiiimg the two equations in ij, we have, therefore, the 
tollowing three equations 

5j (tan S — tan S') = (r„ — T^) — (to — V) — — »') '| 

c see 5 — ij tan S = \ [(t^ — q) — ( T, — T,)] > (262) 

c sec 5' - q tan S' [(t; — t,') — (?’/— T/)] J 

which determine ij, ij, and e from the observed clock times and 
the readings of the hour circle 
We can then find the value of A by the formula 

A=:To-to-a-,tan5= r„'-f„'-o'-,tana' (263) 

and finally, if the clock correction is otherwise known, the index 
correction of the hour circle, by the formula 

At = ar + A (264) 

Example — The followmg observations were taken, according 
to the above method, with the equatorial of the Pulkowa Obser- 
vatory, on June 3, 1840 



Clock times 

Houi chcle 

6 UrasR Mtn I a 
b 

II b 
a 

I 9 88 8}^«='8 28 22 4 

23* 58"»21*11 
59 37 9 J 

0 2 55 01 
6 17 7J 

q = 23* 58*" 59' 6 

= 0 4 6 4 

= 18 25 31 8 

?„ = 0 1 88 0 

a Lyrse II a 

b 

1 h 

a 

34 10 O'! — 18*36”* 2*7 

41 24 9 }^! = ^® ® 

7 ^ 0 ' = 18 37 45 9 

0 2 66 71 
4 42 5j 
8 23 41 
10 16 4 J 

■ ti= 0* 3”‘49'6 

0 9 19 4 

t^'=z 0 6 84 6 


The places of the stars, according to the Nautical Almanac, 
were — 

S TTtscb Min a = 18* 24"* 5* 8 S = 86° 35' 2 
aLym a' = 18 31 34 0 5'= 38 38 1 
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Hence our equations ( 262 ) become 


whence 


15 97ij = + 16*6 
1680c — 16 77 = — 17 2 
128c— 0 80«j = — 1 75 


= + 0* 98 = + 14" 7 
= — 0* 92 c = — 1* 94 


The values of \ and c are here not separately so well determinej 
as they would be if the second star were nearer to the equator 
Their difference, however, — c = + 1' 02, is accurately deter 
mined by the first star "We next find, by (263), 

1 = — 23*4 


and if the clock correction is A!r= + 20* 0, the index correction 
of the hour circle is, by (264), 


At = — 3* 4 

To give the reader some idea of the stability of a large equa- 
tonal properly mounted, I will here give the values of ^ and rj, 
together with the coefficient of flexure of the tube (c), deteimined 
by the above methods, for the Pulkowa instrument during a year 
They are taken from Struve’s Description de V Ohservatoire Central, 
p 204, only changing the signs of f and ij to agree with the 
preceding notation 





e 



V 

1840, May 

15 

— 41" 

2 

4-32" 

6 

1840, Apnll7 

+ 

18" 

9 

June 

3 

— 46 

4 

+ 21 

7 


28 

+ 

14 

8 

ti 

22 

— 40 

9 

+ 31 

7 

June 

3 

+ 

14 

7 

July 

3 

— 64 

3 

+ 19 

0 

July 

24 

+ 

10 

2 

IC 

24 

— 48 

3 

+ 34 

2 

Sept 

24 

+ 

10 

8 

Ang 

9 

-43 

0 

+ 36 

2 

Nov 

3 

+ 

4 

4 

Sept 

24 

— 43 

2 

+ 21 

7 
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26 

+ 

11 

4 

XC 

26 

— 53 

0 

+ 37 

2 

1841, Mai 

15 

+ 

15 

2 
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10 

-38 

5 

+ 35 
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12 

5 

Dec 

26 

— 44 

1 

+ 29 
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15 

— 43 

5 

+ 25 

5 
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The tempeiatuic dming tins peiiod varied fiom — 22’’ to + 86° 
Fahi The constancy of the coefficient of flexuie for the 
extieraes of tempeiature is as remarkable as the stability of the 
axis 

264 By the preceding method of finding ive also find the 
constants and c, but we can find ly independently of these 
constants by observing the declinations of stars on the six hour 
circle ’When r = ± 6*, we have, by (259), 

d = D Ti — esiny cos <5 

where D is the mean instrumental declination from the observed 
readings in the two positions of the instrument (the two obser- 
vations being taken in quick succession very near the six hour 
circle, and one on each side of it) If we put p = D — 6, we 
shall have the equation of condition 

±rj -If- e mn ^ coa S = p (265) 

and from a number of equations of this kind the values of yj and 
e will be found 

If the same star is observed both at r = -f 6'* and r = — 6*, 
we shall have, for the two observations, 

ri -\- e sin y cos S =p^ 

— ij -j- e sin COB S =Pf, 

’! = KJ’i —Pa) 

In which j?! — Pj will be the difiference of the observed instru- 
mental dechnations, corrected for any dift'ereiice of refraction 
that may result from changes in the meteorological instruments 
in the interval between the observations 

But it is not always possible to observe stars on the six hour 
circle in both positions of the mstrument, the pier or stand inter- 
fering with one of the positions foi stars within a certain distance 
of the pole "We must then find D from a single observation 
by applying the index correction, pi evioiisly found from mei idian 
observations by Art 252 The equations formed from such an 
observation should have a weight of only one-half in coiubming 
the equations according to the method of least squai es. 

256. Both I and tj can be found in a general manner from 
observations upon diflferent stars, without limiting the obser- 
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vations to the mendian or the six hour circle If each obser- 
vation of a star is complete, — ^that is, consists of the mean of two 
observations in the two positions of the declination axis, — we 
shall have for this mean 

3 = 2) — Y cos (t — d) — Be 
T = t -f At — Y sm (t — 1 ?) tan 3 B'e 

in which B and B ’ are the coefficients of e in (259) Developing 
Bin (t — ‘9) and cos (r — d), we find 

S cos T -f-^siDT Be = B — 3'| ^267^ 

A# — f Sin T tan 3 -(- )j cos t tan 3 -f- B'e = t — t J ^ 

and, from a sufficient number of such equations. At, f, :y, and e 
will be determined 

256 Again, $ and may be found from single observations, — 
that is, observations in but one of the positions of the declination 
axis, — ^by observing each star twice at very different hour angles 
We shall have for two observations of the same star at the hour 
angles Ti and Tj, circle preceding in both observations or follow- 
ing m both, 

r,=t, -|- At — f sin T, tan 3 -|- ij cos r, tan 3 ±csec 3 + itan3 ± J?,e 

'■fl f sm Tj tan 3 -f cos tan 3 ± c sec 3 =p i tan 3 ± A„e -f- Bp 

where the signification of A and B is apparent from (259) The 
difference of these equations gives 

— f(8inTj,— sinT,)tan 3-|-ij (cos cosq)tan 3±(Aa— A,) e-f- (JJ,— J,) e= 

T, — T, — (t„ — #,) = 2 g- 

Kow, suppose one series of observations in which each star is 
observed at equal or very nearly equal distances from the meri- 
dian, east and west this equation will then be reduced to the 
form 

— f sm T tan 3 e cos <p sec 3 sin t = gr (268) 

and from the whole series, embracing stars of very different 
declinations, f and e will be determined 
Suppose another series in which each star is observed at or 
very near to its upper and lower culminations the equation will 
take the form 


— ij tan 3 e cos p = J 


(269) 
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This series will, therefore, determine yj and e. The upper sign 
win here he used for a senes in which the circle is west of the 
mendian at the upper culminations and east of the meridian at 
the lower culminations This appears to he the most simple and 
satisfactory method of finding the flexme e of the declination 
axis Anothei method will he given in the next article 

257 All the preceding methods of determining the instru. 
mental constants depend upon the accuiacy of the graduations 
of the two cu'cles of the instrument Let us inquiie how far 
it 18 possible to determine these constants independently of the 
circles, or without involvmg their eiiors * 

Jijsi— The inclination 90“ — c of the telescope to the decli- 
nation axis can be separately determined, independently of the 
other constants, as follows Bnng the telescope into a honzontal 
position m the plane of the mgridian, the dechnation axis being 
then also honzontal Place two collimating telescopes in the 
prolongation of the optical axis, one north and one south, 
and, directing them towards each other, bring the cross threads 
in their foci into optical comcidence (the equatorial telescope 
being for this purpose temporarily moved out of the line joining 
the collimators by revolving it about the hour axis) Then, 
bringing the telescope upon one of the collimators, and clamping 
the hour circle, measure with the micrometer tlie distance 
between the fixed thread that marks the optical axis and the 
cross thread of the colhmator Pevolve the telescope upon the 
decimation axis, and measure the distance between its optical 
axis and the cross thread of the other colhmator The diflference 
of the two micrometer measures is the value of 2 c To elimi- 
nate any eccentricity of the fixed thread with respect to the 
optical a-'TiBj let each observation on a colhmator be the mean of 
two ta.Vp.T' m reverse positions of the thread corresponding to 
readings of the position circle differing 180° This method is 
identical m principle with the process given for the transit 
instrument, and more fully explamed in Art 145 Instead of 
one of the collimators, a distant teriestnal point may be used 
We may, at the same time, determine the flexure e of the 
telescope, with the aid of the dechnation circle, but without 
involvmg its errors of division (Art. 204) 


* See Bkssei*s Aatronom Untenuch , Vol I p 14 
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Second — ^An equation for determining the inclination, 90° — i, 
of the declination and hour axes, can be obtained from the 
observation of the transits of two different stars in the same 
fixed position of the declination axis, that is, with the hour circle 
clamped at any assumed reading If r and r' are the apparent 
hour angles of the stars, and T, T' the sidereal clock times of 
the transits (corrected foi clock mfe), the difference 2 g' of these 
hour angles will be known by the formula 

2g = r'-r = r'- T-(a'-,a)-(r'-r) 

where r and r' are the corrections of r and z' foi refraction , and, 
as the difference is very small, we may use r for r' in the second 
member of (259) hence, if the circle precedes, we shall fi.nd 
for this difference the expression 

2 g = — [y sin (t — <>) + i — e sm <f\ (tan h' — tan i') 
cos (p sin rye(Bee S' — sec S') 

Now reverse the declination axis, setting the hour circle at a 
reading differing 12* from the former reading, and repeat the 
observation on the same stars on the following day. We shall 
then have, in the same manner, 

2 q' = — [y sin (r — 15») — 1 + e Sin »>] (tan S' — tan S) 

— (c — e cos p sin r) (sec S' — sec S) 

The half difference of these equations is 

g' — g = (® — ® sm jj) (tan S' — tan S) — c (sec S' — sec S) (270) 

from which, c being previously known, we find the value of 
% — e sm The hour circle is here used only to set the instru- 
ment approximately in the reverse position, and so that the values 
of r in the second members of all the equations may be regarded 
as equal to each other in the computation of the small terms. 
We tlius find the combination i — e sin g? independently of the 
circle reading , but we cannot separate i witliout such reading 
Thud— The quantities f and yj may be found independently 
of the reading of the circles by obsemiig the same star at its 
upper and lower culminations, and also at its east and west 
transits over the six hour circle, witliout revolving the telescope 
upon the declination axis, and measuring the distance of the star 
m declination from the sight hue with the micrometer Thus, 
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f r = 0 and t = 180°, the reading of the decimation circle 
ing constant, and fi and /j the micrometer distances of the 
ir from the sight Ime in the two observations, and the 
fractions, and S the true declination, we have 

3 r, = S — e (sin <p cos d — cos sm S) 

54 -r, = d!-fAi+/a + f — e (sin y cos 5 + cos <f sin S) 

id the difference of these equations gives 

? = ^ (/j -/a) + ^(r, + ra) +e0OB^ sm S (271) 

Tor r = 90° and r = 270°, we have 

5 r, = d + + /i — — e sm <5 cos ^ 
s]-r^ = d-\- e^d+f^ + ■>! — earn ip cos S 

i which j-j and will be equal if no change m the meteoro- 
(gical instruments has occurred The difference of these equa- 
ons gives 

7 = K/.-A)-K^-^) (272) 

268 A precise deteimmation of the constants would be re- 
uired if the instrument were to be used for determining abso- 
ite hour angles and declinations But so large an instrument 
3 liable to be so much affected by its own weight and by changes 
f temperature that we could not rely upon the constancy of 
bs condition for the intervals of time that must necessaiily 
lapse between the determinations of its errors and its applica- 
ion to the observation of absolute positions of stars Hence its 
hief application is to the measurement of small differences of 
ight ascension and dechnation, oi of distance and position angle 
>f two stars with its micrometer The advantages of the equa- 
onal system of mounting foi this application aie obvious 
The methods of conducting these micrometer observations are 
liscussed m the next chapter. 
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CHAPTEK X 

MICROMETRIO OBSERVATIONS 

I SHALL confine myself to those micrometers which have been 
most generally approved by astronomers, eithei for their con- 
venience or their accuracy, and which are more or less in com- 
mon use at the piesent day 

THE FILAR MICROMETER 

259 This has already been fully desciibed in Chapter II, 
where also the methods of finding the angular value of a re- 
volution of the screw have been given Those applications m 
which this micrometer is but an auxiliary of some principal instru- 
ment — as 111 the transit instrument, meridian circle, &c — ^have 
already been treated of under their appropriate heads We are 
here to consider it as the principal instrument, and the telescope 
as the auxiliary consequently, we aie to suppose the tele- 
scope to be mounted with special reference to the convenience 
of micrometric observations, or, in short, to be an equatorial 
telescope We also suppose it to be furnished with a position 
circle, constituting it a fosiiion micrometer (Art 49). 

TO FINI) THE DISTANCE AND POSITION ANOLE OF TWO STARS* WITH 
THE FILAR MICROMETER 

260 With the equatorial mounting, the telescope can be 
readily directed to the stars at any time by setting the circles to 
the known hour angle and declination of the middle point 
between the stais Moreover, the automatic movement of this 
instrument (by the driving clock), by means of which the stars 

* T say “ stars,” in general, for breyity , but the methods given are obviously 
applicable to the measurement of the distance and position angle of any two near 
points, as the cusps in a solar eclipse, or to the measuiement of apparent semi- 
d^araeters, &c 
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are kept in a constant position in the field, is indispensable foi 
the exact measurement of their distance and position angle 
The micrometer is to he revolved until its transverse thread, 
•which is parallel to the screw, passes through the two stars 
The zero of the position circle (i e the reading when the trans- 
verse thread is in the direction of a circle of declination) being 
known = P#, and P being the reading upon the stars, we have 
at once the required position angle p, by the formula 

p = P-Po (273) 

The distance of the stars is measured at the same time, by 
placing the fixed micrometer ■thread (which is pei’pendicular to 
the transverse thread) upon one of the stars, and ■the movable 
thread upon the other The reading of the micrometer now 
being Jlf (revolutions), and its zero for coincidence of the thieads 
being the required distance in revolutions of the micro- 
meter IS 

m==ilf — ilf„ (274) 

If P IS the value of a revolution in seconds of arc (Arts 42, 43, 
&c ), and s — the observed distance in aic, we then have 

tan ^ s = «i tanP, or, nearly, s = mB (275) 

The distance m may also be found by placing the same thread 
successively upon the stars and taking the difference of the 
micrometer readings, thus dispensing with the fixed thread and 
With the determination of Jf, It will be still better to use two 
movable threads whose constant distance is known, as will be 
illustrated in Art 265 

In this process, we should bring the images of the stars on 
opposite sides of the middle of the field, and at very nearly 
equal distances from it The position angle measured is then the 
angle between the arc joinmg the stars and ■the circle of decli- 
nation dra-wn to the middle point between the stars Both the 
distance and position angle thus observed are apparent , the effect 
of refraction will be considered hereafter 

261 Cffireehm of the observed portion a7igle for the errors of the 
eqmtorvd instrument — The preceding process would be complete 
if the zero of the position circle always coi responded to that 
position of the transverse thread m which it coincided with a 
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circle of decimation Tlie adjustment described in Art. 49— 
namely, placing the micrometer thiead so that an equatorial stai 
in the meridian runs along the thread — assumes, 1st, that the 
micrometer thread is perpendicular to the transverse thiead, and, 
2d, that the equatorial instiument is in perfect adjustment in all 
respects, so that the transverse thread, once adjusted to the men- 
d.ian, will remain in the direction of a circle of declination in all 
other positions of the telescope 

The first source of error is avoided by adjusting the tiansverse 
thread independently of the micrometer threads This ivill be 
most readily done by directing the telescope upon a distant ter- 
restrial point, and revolving the micrometer until a motion of the 
telescope upon the declination axis alone causes the point to 
move exactly along the thread The tluead then represents a 
declination circle of the instrument, or rather a circle whose pole 
is that of the declination axis, and we take the reading in 
this position as the zero of the position circle 

The second source of error is next to be removed by commuta- 
tion, based upon the actual state of the instiument The distance 
of the stars is correctly obtained independently of the errors of 
the equatorial adjustment, and •we theiefoie have only to inves- 
tigate the effect of these errors upon the position angle The 
adjustment of the thiead by 'the method just described causes 
the thread to be at nght angles to the arc QS, Fig. 54, 
which joins the pole of the declination axis and the c 
star If P IS the celestial pole and A is the required K. 
correction of the observed position angle, we have \ 
the angle QSP = 90° - A Let P' be the pole of the \ 

instrument, and put 'y 

s 

Q8P' = 90® — e, PSP' = q 


we shall then have 

X = q+ Q 

The triangle QSP' gives, with the notation of Art. 245, 

sm i — sin c Bin d* 

sm Q t; 

cos c cos a 


pr, with sufficient precision, 

Q L sec <5 — c tan S 
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'o take tlie flexure of the decimation axis and telescope into 
ccount, we see, by Art 246, that we must increase i by the cor- 
ection di = — e sin and c by the correction dc = e cos (p sm r. 
lence, puttmg, as m Art 258, 


ij = i — e sin ^ 

re have 

Q = sec ^ — c tan i — e cos v tan 6 sm r 
Che triangle PSP', with the notation of A^^ 245 and 247, gives 


sm q = 


sin Y sin (t — d) 
COB d' 


)r, with suficient precision. 


q = Y am (t — sec S 

ind it is evident that tlie flexure produces no sensible effect upon 
his angle We have, therefore, 

l = Y sm (t — see 3 + ^ ^ ^ — e ®®s 9 ? tan 5 sm r (276) 

This formula can be used foi either position of the declination 
ixiB by observing the precepts of Ait 248 , but if we wish to lot 
5 always represent the actual decimation, and regal d (276) as 
applicable to the case m which the decimation eiicle precedes, 
we shall have, for the case m which it follows, 

l = sin (t — #) sec 3 — <1 sec 3 + tan 3 — e cos 95 tan 3 sin r (276*) 

The value of 8 must be that which belongs to the middle of 
the fleld, or the mean of the apparent declinations of the two 
stars. 

The position angle resultmg flom the observation will now be 


P = P-P, + X (277) 

262. The constant c expresses the angle between the optical 
axis and the axis of collimation , and it may he well to repeat 
here the definitions of these terms as we have used them The 
optical axis is the straight line drawn through the optical centre 
of the objective and the centre of the position circle , and the 
axis of collimation, the straight line drawn through the optical 
centre of the objective peipeiidiculai to the decimation axis 
Ifow, the transveise tiiread may not pass through tiie optical 
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axis, but may have a certain eccmtncity hence, to obtain the 
position angle according to the above formula with the utmost 
rigor, we must take the mean of two observations in leveised 
positions of the thread, corresponding to readings of the position 
circle diffeiing 180° 

The correction if the equatorial adjustment is good, will 
seldom amount to one minute of arc, and may usually be disre- 
garded The importance of a coriect determination of the posi- 
tion angle increases with the distance of the stars, since an error 
in this angle will produce errors in the deduced relative right 
ascension and declination of the stars which are directly propor- 
tional to this distance at the same time, the gi eater distance is 
favorable to accuracy in the observation of the position angle 
The field of the filar micrometer, howevei, is small, diminishing 
as we increase the magnifying power for the sake of increased 
accuracy , and, since for this observation both stam must be seen 
111 the field at once, we are obliged to use low powers tor the 
greater distances (from 10' to 20'), and thus lose, in a degree, 
the advantage which the increased distance would otherwise 
afford This difficulty does not exist in the use of the hehometey , 
for which, therefore, a greater degree of refinement in the deduc- 
tion of the position angle is requisite, and the above correction 
becomes of greater importance 

263 Reduction of the observed 'position angle to the mean of the 
position angles at the two stars — ^Let S and S', Fig 55, 
be the stars, P the celestial pole, Sq the middle point 
between the stars, and let the arc SS' be produced 
through the star S' towards A. Let 

jp' = PSA, p" = PS' A, p = PS,A 

It is usual to assume p to be the mean ofp' and p", 
but for large distances, and when the stars are near 
the pole, a correction becomes necessary If we put 

d, d'j == the decimations of S, S% S^, 
s = the distance SS', 

the triangle PSqS gives 

cos d cos p' = cos J s COB cos p -j- sin ^ 5 sin 
cos S sin p' COS sin p 
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whence 

008 S Sin (p' — p) = — sin Js sin sinj? -j- sin’iscos sin22) 
cos S cos {p' — p) = cos sin J s sin cos p — 2 sin* i s cos cos* j) 

and, developing sm J- s and sin J s in series, 

cos S sin (y — p) = — ^ s sm sin p -f Tg cos sm 2jp &c 
cos S cos (p' — p) = COB ^0 + i s sin 3,, cos p — &c 

Dividing the first hy the second, and putting for tan {p' — p) its 
value ill series, we find 

p' — p = — is tan sin p -|- J 5 S*sin 2p (1 -|- 2 tan* S^) — 

111 like manner, the triangle FS^S' gives 

cos 8' cos p" = cos i s cos 8^ cos p — sin } s sin 3,, 
cos 8' sm p" = cos 3„ sin p 

from which we see that the development of p" — p will he ob- 
tained from that of jj' — p by merely changing the sign of s • 
hence 

p" — i> = + i 3 tsn 3j sin p -J- -Jj s* sin 2 j) (1 -)- 2 tan* 3„) -j- &o 

Neglecting only the 4th and higher powers of s, we have, there- 
fore, 

i (J)' + p") - p = tJj s» sm 2^ (1 -f 2 tan* 3„) (278) 

which is the required correction to be added to the observed 
position angle p to reduce it to the mean J {p' -f p") When s 
is expressed in seconds of arc, the second member must be mul- 
tiplied by Bin 1". 

We also find, within terms of the 3d order, 

3 (i?" — p') = is tan 3, sm p (279) 

The purpose of the observation is usually to determine the 
place of one star from that of another which is given It will 
be convenient Jiereafter to considei the observed position angle 
as expressing the position of the unknown star referred to the 
known . thus, in the above formulse the three position angles 
p', p", p are all reckoned in the direction fi’om the known to 
the unknown star, f being the angle at the former, f the angle 
at the latter, and p the angle at the middle point between the 
two stars, 



FILAR MICROMETER 


397 


TO FIKD THE APPARENT DIFFERENCE OF RldHT ASCENSION AND 
DECLINATION OF TWO STARS WITH THE FILAR MICROMETER 

264 First Method — Observe the distance s, and the position 
angle p, of the unknown star from the known star, by the pie- 
cedmg method For a ngorous method of computation ue 
must first reduce the observed angle to the mean of the angles 
at the stars, by (278) Thus, if we denote this mean by p„, we 
fiist find 

Pi, = jp -(- -jJg s* Bin 1" sin 2p (1 + 2 tan* S^) (280) 

in which we may take Sq — the mean of the dechuations of the 
stars, which may be found with sufidcient precision by a lough 
preliminary computation If we also put np = i(p" P')) 
find in the neirt place, by (279), 

Ap = tan 6^ sin p (281) 

Now, a, S denoting the light ascension and declination of the 
known star, a', S' those of the unknown star, the triangle 
fomied by the two stars and the pole gives, by the Gaussian 
equations of Spherical Tiigonometry, 

sin J (d' — 5) cos i (o' — o) = Bin is cosp, 

. cos i (3' — 3) cos i (o' — o) = cos i s cos np 

Bin i (3' + 3) sin i (o' — o) = cos is sin ^ 
cos i(3'-i- 3) sm i(o' — o) = sm is sinp, 


The 1st and 2d give 

tan i (3' - 3) = tan is (282) 

^ ' cos Ap 


Having thus found ^{3'— 3), we also have l{3'+ S) = 3 + 
I _ 3 ), and then the 4th equation gives 


Sin i (of — a) = 


sm i s sm 
cos i (5' + 5) 


(283) 


Poi an approximate method of compiitation, sufficient in most 
cases, we can neglect the difteience between andjp^, and, con- 
sequently, also neglect terms in s* m (282) and (283), so that 
these equations will become 


d' — 3 =s cosp 

a' — a = S sin p sec i (3' + 3) 


} ( 284 > 
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Example — ^Tn 1846, November 29, at the "WaBhington Obser- 
tory, Mr Sears C ‘Walker observed the position angle and 
stance of the planet Neptune from a star as follows 

Sid time = 0* 17“ 52* P = 82° 85' 7 m = 20 576 rev 

Eor the zero of the position circle he found P, = 272° 88', 
id the value of a revolution of the micrometer was It = 15".406. 
ae star’s apparent place was 

» = 21* 51" 50* 69 a = — 13° 25' 52" 76 

ence we have, by (284), 

— P,=p = 169° 57' 7 log cos jp n9 99380 log sin 9 24182 

log mJS = log s 2 50105 log s 2 50105 

— a = — 5' 12" 14 log (a'— a) n2 49485 log sec ^ (a'-f a ) 0 01212 

a'-f a)=— 18° 28' 29" a'— a=+56" 82=-l-3* 79 log(a'— a) 1 75449 

hie computation by the rigorous formulse (282) and (283) gives 
e same results Neglecting the differential refraction, which 
ill be treated of hereafter, these differences applied to the 
ven place of the star give for the place of Neptune at the 
iereal time 0* 17” 52*, 

o' = 21» 51“ 54* 48 a' = — 13° 31' 4" 90 

L the case of a planet the place thus found has also to be cor- 
cted for its parallax (Arts 102, 103, of Yol I ) 

265 When one of the stars has a proper motvon, the mean of 
iveral observed distances and position angles will not corre- 
lond precisely to the mean of the times To proceed rigorously 
that case, we must compute the differences of nght ascension 
id declination from each observation , and, as these differences 
ay be regarded as proportional to the time, then mean will 
irrespoud to the mean of the times But a briefer method 
’ reduction consists in employing the mean of the observed 
stances and position ailgles corrected for second differences Let 
, Sg, &c be the observed distances, and s^ their aiithmetical 
ean, p,, Pj, Pj, &c the observed position angles, and p^ their 
'ithmetical mean, Tj, 2^, &c the corresponding observed 
mes, and T their arithmetical mean Let s and p denote the 
dues of the distance and position angle con espou ding to the 
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time T We have only to find s and p, with which a single com- 
putation of the differences of nght ascension and declination 
will give the quantities required for the time T 

Xiet Aa, A^he the changes of light ascension and declination 
in one sidereal second If o.', d' aie the values which corre- 
spond to the time T, we have 

S sin = (a' — tt) cos } (S' -f S) 
s eoBp = S' — S 

and, consequently, 

Sj sin y, = (a' — tt) cos i (S' -f- ^) -|- Att (Tj — T) cos i(S' S) 

s, cosp, = S ' — S AfJ (Tj — T) 

Put 

T^-!r = r„ T,-T=r„ T,-T=^r„ke 


and, also. 

f sin S = Att cos i (S' 5) 

/ cos ^ = aS 

} (285) 

then 

s^ sin Pi = s sm p -\-f sin ^ n 
?! cos Pi = s cosp 4 -/C 0 B ^ T, 


whence 




s,sin(2i— j>,)=/8in(i) — ->) r, \ 

S, cos (p — JPi) = .S -|-/C08(2? — «) T, J 


These equations give, first. 


tm(p —Pi) = 


■^sin(^ — -9) Tj 
- 

1 -j- Y cos (p — Tj 


which developed in senes [PI Tng Art 257] gives 


_ / SID (p-») _ r sm2(p- .») ^ 

' — Pi’' o sm r * Bin 1" A 


Each observation gives an equation of this form , and the mean 
of n such equations, observing that J'r = 0, is 


p sm 2 (jp — ^ 

P=Po — J sinl" 2n 
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where we neglect terms of the third and higher orders. Here r 
18 expressed in seconds of time, and we have, very nearly, 

T* 2 sm’ J T 

J ~ (15 sm 1")’ 

If we employ the quantity w given by Table V., — 

2 sin^ i T 

^ = TTT 

sin 1" 

our formula will become 

Again, the sum of the squares of the equations (A) gives 
V = + 2/s COS(i> - -9) r, + (/r,)« 

whence 

A, [i + 

= l + |.coe(y-S) ,, 

where the terms of the third order are neglected The mean 
of n equations of this kind is 

So /»sin^(j> — ») ^ 

s s* 2n 

and, if M is the modulus of common logarithms, we have, very 
nearly, 

1 1 Ti/rl f V S’*’’ (.P — ’^) j-no<r\ 

log , = log - Jf ( r-^ — (»> 

It Will be convenient to find the correction of in minutes 
of arc, and the correction of log s, in units of the fifth decimal 
place , for which purpose we have to divide the last term of 
(286) hy 60, and multiply the last term of (287) by 10® It will 
also be convenient to let Aa and nd be the changes of right as- 
cension and declination in one minute of mean time, as they will 
usually be given in this form , and then we must divide f by 
60.164 (= no of sid seconds m 1® of mean time) With these 
modifications our formulae will become 

J? = !>, - [2 93984] t sin — 

MV 

log s = log — [4 04135] ^ sin® (p ~ i^) ^ 
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where the logarithm of the constant factor is given. The quan- 
tities Att, A^,/, and s are supposed to he expressed m seconds 
of arc. 

266 Second Method — Set the declination circle of the equa- 
torial instrument to the mean declination of the two stars ; direct 
the telescope to a point a little in advance of the stars, and clamp 
the hour circle The telescope bemg fxed, the diurnal motion 
will carry the stars across the field Set the transit threads (i e. 
the tiansverse thread and the threads parallel to it) in the 
direction of a circle of declination, and, as the stars pass across 
the field, observe the clock times of their transits over the threads 
At the same time, set the micrometer thread upon the two stars 
successively as each passes the middle of the field, and read the 
micrometer interval between them, this will give at once the 
diflferenee of declination The difference of right ascension will 
be the difference between the observed clock times of transit of 
the two stais over the same threads, this difference being, of 
course, reduced to a sidereal interval when necessary, and also 
corrected for clock rate 

For the reduction of defective transits, it is necessary to know 
the intervals of the threads, which will be found as in the transit 
instrument (Art 131) 

If one of the bodies has a proper motion, the differences 
obtained are those which belong to the instant when this body 
was observed 

It IS usual, in observations of this kind, to avoid all consider- 
ation of the errors of the equatorial instrument, by adjusting 
the movable micrometer thread at the time of the observation 
so that the star runs along the thread * If the transit threads 
are exactly perpendicular to the micrometer thread, they will be 
(very nearly) parallel to a circle of declination drawn through 

* This method is, however, not strictly correct , for the apparent path of a star is 
not precisely perpendicular to the circle of declination, on account of the difference 
of the refraction at different points of this path The error is, indeed, extremely 
small, except when the zenith distance is very great, hut, if we wish to proceed with 
the utmost precision, we can set the threads by means of the position circle If the 
zero jPq of the position circle has been determined as in Art 261, and the circle Is 
set to this reading, the threads will make the angle ^ with a true circle of declina- 
tion, conseq^uently, 6 and d' being the declinations of the stars, we must add the 
correction 6 ) sin seed' to the observed time of transit of the star whose 

declination is d' The angle 1 will be found by (276) 

VoL 11—26 
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the centre of the field, but, to eliminate any error arising from 
a defect of perpendicularity, the threads should be revolved 180° 
by the position circle, and the observation repeated ; and in a 
senes of consecutive observations there should be a lihe number 
of observations in these two positions 

The slide moved by the screw is often provided with three 
micrometer threads the constant distance of which fiom each 
other IS known, and each of the two bodies is observed on the 
thread which is nearest to it By this arrangement we are 
enabled to measure a large difference of declination ivith but a 
small motion of the screw, which often facilitates the obseiva- 
tion, especially when the stars have nearly the same right ascen- 
sion, and, consequently, pass the middle of the field nearly at 
the same time. 

The equatorial mounting enables us to repeat the observation 
as often as we please, with the greatest facility After each ob- 
servation we have only to revolve the instrument a small dis- 
tance upon the hour axis and clamp it again a little in advance 
of the objects. 

Example — In 1846, November 29, at the Washington Obser- 
vatory, Mr Walker observed the difference of right ascension 
and declination of the planet Neptune and a star as below The 
micrometer was adjusted so that the star ran along a micrometer 
thread There were three micrometer threads, numbeied 1, 2, 3, 
of which 1 was nearest the micrometer head, and the constant 
distance between 2 and 3 was 29 983 revolutions. The readings 
of the micrometer increased with the declination. The value 
of a revolution was B = 15" 406 



Transit Thread 

Mean of threads 

Micrometer 


1 

II 

III 

Thread 

M 

Stai 

2*7 

16*2 

27*4 

23»30”*15*10 

2 

R«t 

54 564 

Keptune 

48 2 

0 5 

12 5 

“ 32 0 40 

3 

55 453 


*'— a = -t- 1 45 30 4- 0 889 

— 29 983 
m = — 29 094 
3'— « = = — 7'28"22 
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The star s place was 

o, = 21* 50" 8* 99 d = — 13® 23' 35" 11 

■and therefore, neglecting the differential refraction and the 
planet’s parallax, we have 

a' = 21* 51" 54* 29 d'= — 13° 31' 3" 33 

Winch belong to the time when ITeptune was observed. The 
clock correction was — 3" 31* 7, and therefore the place deter- 
mined corresponds to the sid time 23'* 28" 28' 7 

Five observations of the same kind were taken successively, 
which gave at the sid time 23* 30" 56*, a' — a = 1" 46* 23, 

S'— d = — 1' 29" 40. 

267 Thied Method. — W hen the telescope follows the motion 
of the stars automatically with great accuracy, we may measure 
the difference of right ascension by placing the micrometer 
threads at light angles to the diurnal motion and setting the 
fixed thread upon one star and the movable thread upon the 
other The middle point of the arc joining the stars should be 
as nearly as possible in the centre of the field If, then, m is 
the distance of the threads, and its equivalent in arc is s = mJ?, 
we shall have, very nearly, sin (a' — a) = 2 sin | s sec 8^, in which 
di) 18 the mean declination This method will not be used for 
stars far from the equator, and therefore in all practical eases 
wo may take a' — a = s sec do The objection to this method is, 
that the difference of declination is not found at the same time. 

THE HELIOMETEE 

268. This instrument belongs to the class of double image mi- 
crometers The object glass of an equatonally mounted tele- 
scope IS bisected, the plane of the section passing through the 
optical axis of the lens, and the two semi-lenses, set m separate 
metallic frames, slide upon each other in a diiection parallel to 
the line of section.* Either seini-lens can be moved, and the 
amount of its motion measured, by a micrometer screw. Each 
semi-lens forms a complete image of a distant object at the prin- 

* Tho duplicOitiou of the imago by means of two complete lenses was invented by 
'SJocoviK, m 1748 The improvement of substituting the two halves of a singU lens 
was si aftei made by John Dollond 
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cipal focus These images (iii a peifect instrument) are super- 
posed, and form hut a single image at the focus, when the two 
semi-lenses are in their pnmitn-e position forming a single cir- 
cular lens but when the optical ceiitios of the tw o sem^-lon^es 
aie separated by the sliding motion, the tuo images at the focus 
are separated fiom each othei by a distance equal to the distance 
of the centres of the semi-lenses The instrument thus arianged 
becomes a micrometer adapted foi the measurement of sina'l 
angular distances in general, but, from its supposed peculiar 
adaptation to the measurement of the sun’s diameter, has re- 
ceived the name of the helwmeter Thus, if 

— A (Fig 56) IS the image of the sun formed 

^ at the focus when the centres of the semi- 

( ^ A coincident, and one sorai-leiis is 

N. J then moved until the image it foims is in 

the position A'^ so that its limb is in appa- 
rent contact with that formed by the other semi-lens, the motion 
of the semi-leiis, as measured by the micrometer sciew, gives 
the measure of the angulai diameter of the sun as soon as the 
angular value of a revolution of the screiv is known 

Aga.m, if A and B (Fig 57) are the images of two stars when 
the semi-lenses are coincident, and if (the direction 
A B of the line of section of the lens being made to coin 

* * * cide with that of the line joining the stars) one semn 

^ lens IS moved until the image of A is seen at jB, 

while that of B is moved to B\ the motion of the lens as given 

by the screw determines the angular distance of the stars The 
position angle of the two stais will also be determined by the angle 
which the line of section makes with a declination ciicle, and 
for this purpose the whole lens is mounted so as to be revolved in 
a plane at right angles to its optical axis, and its position at any 
time is shown by a graduated position circle attached to the tube 


of the telescope 

Such 18 the general principle of the instrument , but in order 
to give precision to the obseivation, it is necessary that the 
observed point of coincidence of two images should be m the 
optical axis of the complete lens, and that these images should 
be separated by moving the semi-lenses in opposite diiections 
and equal distances on each side of this axis, oi, if these condi- 
tions are not exactly or approximately satisfied, that we should 
have the means of computing the correction which the observed 
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measure lequires For tins purpose, the ocular is also provided 
with a micrometer screw and a position circle, and the position 
of the point of contact of two images, with lespect to the line 
joining the centies of the two position circles, can be deteiminod 
f lie mode of using the data thus obtained will be discussed in 
tlie geneial theoiy of the instrument hereaftei given 

269 Plate XV represents the heliometer of the Eomgsberg 
Observatoiy, with which Bessel determined the parallax ot 
Gygui The focal length of the telescope is 102 inches, the 
diameter of the lens is inches The equatoiial mounting 
needs no special explanation, as it is essentially the same as 
tliat described in the preceding chapter, except that the stand is 
heie of i\ood and adjustable by means of four foot screws. The 
nlidiiig motion of the semidenses is produced bj" the micrometei 
sicrews a, which are moved b;y the obseivei by means of the 
rods and 6' The measuie of the motion is obtained either 
from the graduated heads of the micrometei screw or from two 
fj^raduated scales, which are lead by the microscopes e and / 
The latter method is, however, chiefy used as a check upon the 
formei, and also to veiifj the legulaiity of the screw The 
revolution of the lens about the axis of the tube is effected by 
rack {hh) and pinion, which is out of view in the drawing, 
but IS acted upon by the rod c In oidei to read the micioineter 
and position circle aftei an obseiwation is completed, the tele- 
Hcopo has only to be revolved upon the declination axis until its 
object end is brought to a convenient position for reading 

It greatly facilitates the successive lepetitiom of the observation 
to employ the automatic movement by clock-work , for after an 
observation the telescope can be revolved upon the declination 
axis loiihout stopping the clocks and after reading the micrometer 
and position circle it can be lestored to its former position m 
declination, and the objects will be still m the field 

It 18 one of the chief advantages of the heliometer that the 
precision of the obseivation is not impaired by the diurnal 
motion , for even when we do not employ the drivmg clock, a 
good result is obtained whenever we have made a contact of the 
images of the observed points near the centre of the fi.eld The 
automatic movement is, therefore, not essential to secure the 
accuracy of the observation (as it is in the ease of the filar mi- 
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croin6t6r), but is ebisfly rniportant Rs facilitating the repetition 
of the observation 

It has been objected to the heliometer that the optical pei- 
formance of a semi-lens is imperfect In fact, it appears that, 
although the correction for spherical aberration of a complete 
lens may be perfect, it is not perfect for each half of the lens,— 
at least, it has not been found perfect in the instruments of this 
kind heretofore constructed Theie is also some injkxion of the 
ravs of light produced at the line of section The combined 
effect of these causes is an elongation of the separated images iii 
a direction at right angles to the line of section Another ob- 
jection IS, that the brightness of each of the images is but one- 
half that of an image formed by the whole lens. It has also been 
found that when the two semi-lenses are in their primitive posi- 
tion, forming a single complete lens, the two superposed images 
do not always form a single constant image, but that iii a dis- 
turbed state of the air the images are frequently seen to separate 
momentarily This effect, of which no entirely satisfactoiy ex- 
planation has been suggested, has been observed in most if not 
all the heliometers 

But these optical defects are more than compensated by the 
superior accuracy m the measurement of distances, resulting 
from the great precision with which contacts and coincidences 
of images can be observed The elongation of the images, being 
in a direction at right angles to the observed distance, has no 
sensible eftect upon its measure, and its minute effect upon the 
position angle is eliminated by repeating the observation with 
opposite motions of the semi-lenses, that is, by interchanging 
the images The tremulous motion of stars arising from a dis- 
turbed state of the air is in general common to the images of 
both objects, and, therefore, does not affect the observation of a 
contact , and the momentary separation of the images above re- 
ferred to, which when the semi-lenses are separated produces 
a slight tremulous motion of each image, does not cause the 
images to appear so unsteady relatively to each other as the 
single image formed by a complete lens i elatively to. the thread 
of the filar micrometer. Pinally, the experience of Bessel and 
others in the actual use of the instrument has proved that the 
probable error of a single measure, whether of distance or posi- 
tion angle, is less than in the use of any other micrometer * 

See Bessel’s account of the Kouigsbeig lieliouietei, Astro^i Nach Vol VIII 
pp 411-426 
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The heliometer possesses a gieat advantage ovei all other 
micrometers in the measurement of comparatively large dis- 
tances With a filar micrometer the distances observed must be 
the less the higher the magnifying power employed, since the 
whole distance must be in the field of view , but no such restric- 
tion exists with the heliometer, where only the point of contact 
or coincidence of two objects is required to be in the field 
With the Eomgsberg instrument above described, a distance of 
1° 52' can be measuied 

GENERAL THEORY OF THE HELIOMETER 

270 In the following discussion of the mathematical theory 
of the heliometer I shall chiefly follow Bessel * 

I shall first investigate the general formulae which deteimine 
the position of any point of the celestial sphere observed with 
one semi-lens, the data being — 1st, the declination and hour angle 
of the point of the sphere which is in the helio)7iete7 cixis^ which 
point may be called the pole of the heliometer axis, 2d, the 
position of the semi-lens with respect to this axis, as given by 
the micrometer and position circle of the objective, Sd, the 
position of the point in the field where the image is observed, 
as given by the micrometei and j>osition circle of the ocular 
By the heliometer axis is here meant the straight line which 
joins the centres of the position circles of the objective and 
ocular, and we shall here appl> to this axis the notation which 
in the theory of the equatorial instrument (Art 245) was applied 
to the sight hue Thus, 90® — c will now express the distance 
of the pole of the heliometer axis from the pole of the decima- 
tion axis If then we denote by and the declination and 
hour angle of the pole of the heliometer axis, we shall have, by 
(258), 

= d + AiZ— r cos (tj — 

T^=zt + Bm (Tj — • tan + c see tan 6^ ) 

where d and i are the readings of the decimation and hem circles, 
and c, and are the constants of the equatorial in- 

strument, supposed known The terms depending on the flexure 
are here omitted, as not sensibly affecting micrometnc observa- 

^ AstronormcKe Unw suchungen, Vol T , Tkeone tines mii einem Heliometer 
^EquatoreaUInstruments See, how€\er, also Hvnsbn’s mit dm 

Fraunhofersehen Heliometer Venaehe amustellen^ 4to Gotha, 1827 
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tions, excepting only the term s sin ^ tan which, on account 
of the factor tan 3^, may be supposed to become sensible for 
stars very near the pole , and this teim is inchided in our for- 
mulse by the substitution of i, = i — e sin ^ 

It IS assumed that the images of infinitely distant points 
formed by each semi-lens are mathematical points, that they all 
he in the same focal plane perpendicular to the beliometer 
axis, and that the straight lines joining these points and their 
images pass through the optical centre of the semi-lens Let 
this optical centre be denoted by 0 The point 0 is moved by 
the micrometer screw in a plane which is at right angles to the 
heliometer axis and in a line which should pass through that 
axis, but a perfect adjustment in this respect will not be 
assumed, and we shall suppose that the line in which the point 
0 moves is at the distance b from the heliometer axis The 
position of the point 0 in this line at any time will be deter- 
mined by the micrometer reading m, together with the reading 
that corresponds to some assumed point of the line as an origin 
Let this origin be the point of the line which is at the least dis- 
tance (= b) from the heliometer axis, and let a be the reading 
when 0 is at this point , then the distance of 0 from this origin 
at any time will be expressed by m — a 

The direction of the line of motion of the point 0 at any time 
will be given by the position ciicle. The zero of the position 
circle will be the reaing when this line coincides in direction 
with a celestial circle whose pole is the pole (§) of the declina- 
tion circle of the instrument, as m Art 261 K we here denote 
tbiH zero reading by Tif,, and the readmg at any time by n, the 
position angle of the line of motion will be 

= n — -f- A 

In which we have, by (276), 

A = [)- sm (r, — -f ii] sec 5, — (c 4- e cos sin r,} tan 5, (290) 

271. Now, in order to express the position of the point 0 in a 
general manner, let us take two planes of reference at right 
angles to each other passing through the heliometer axis, and 
let one of these planes be the plane of the circle of declination 
passing through the pole of this axis Let A Y, Fig 68, be the 
intersection of the plane of the circle of declination with the 
plane of motion of the semi-lens, -4^1" the intei section of the 
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second plane of reference with the plane of motion , BO the line 
in which the optical centre 0 of the semi-lens moves, AO^ the 
perpendicular from A upon BO Then, according to the nota- 
tion above adopted, we have AO^=b, OjO = -w — a, and ABO 
— n — = n — 4, where, for brevity, we put 

k = X (291) 

Hence the distance of 0 from the two planes of reference, or 
its co-ordinates on the axes J.X and A F, are evidently 

X = (m — a) sin (n — k) b cos (n — k) 
y = (m — a) cos (n — k) — b sm (n — k) 

The position of the point m the field of the ocular, at which 
the image of the celestial point is observed, which point we shall 
call the point o, will be determined by referring it to the same 
two planes so that if //, a, v, x, ^ have the same signification for 
the point 0 that m, A., b have for the point 0, the co-ordinates 
of 0 . with reference to these planes are 

^ == (/i — a) Sin (y — x) -|- /9 cos (y — x) 

19 = (/X — ofc) cos (v — x) — /S sin (y — x) 


Tig 68 Big 

r p 



The direction of the sight line oO, or that of a star whose image 
is observed at o, can now be determined by means of these co- 
ordinates and the distance /' between the planes of motion of o 
and 0 Conceive a straight line to be drawn through o, parallel 
to the hehometer axis This line and the heliometer axis have 
the same vanishing point ui the celestial sphere, namely, the pole 
of the hehometer axis Let Tig 5S, be this point of the 
sphere, S the star in the sight line oO, P the pole of the heavens 
The plane passed through the line oA and the line ^ makes 
with the plane of the circle of declination PA the angle —^5 

and the angle between the lines oA and oO is measured by the 
arc AS =4 The distance of 0 from the line is / tan A, 
and Its distances from the plane of PA and the plane drawn 
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thi’ougli oA at nght angles to the plane of PA ai’e/^tan sin s 
and/'tan J cos n These distances are also expressed by a: — f 
and y — ij, and hence we have the equations 


f tan J sin I = a: — f 
/' tan 4 cos s = y — ij 

If we take the linear distance of the thieads of the micrometer 
screw of the objective as the common unit of measure of all the 
quantities m, a, b, fi, a, f, and if R is the angular value of one 
1 evolution of the screw, we have, since /'is the focal length of 
the lens. 


Hence, the above expressions divided by/' give 


tan J sin w = tan E [(m — a) sm {n — k)-\-h cos {n — K) 

— (jjL — a) sin (v — x) — jS cos (v — x)J 

tan J cos TT = tan E [(m — a) cos (n — A) — b sm (n — /c) 

— (ft — o) cos (v — a) + sin (v — je)] 


(292) 


These determine J and >t, with which the decimation S and hour 
angle r of the star are determined by means of the formulae, 
derived from the triangle PAS, 


sin 3 = sm cos J -f cos 3^ sm J cos x 
cos 3 cos (t, — t) = cos 3j cos J — sin 3, sm J cos x 
cos 3 sin (tj — t) = sm J sm z 


(293) 


272. We can now pioeeed to the determination of the relative 
position of two stars S and S' whose images have been brought 
into coincidence by giving the two semi-lenses different positions 
This relative position is expressed (as m the use of the filar 
position micrometei) by the distance s = SS', and the position 
angle at the middle point of SS' — p Thus, in Fig 55, p 395, 

(S^bemg the middle point of S8', we have PS^’ = p The 
declination and hour angle of S^i will be regarded as known 
Let us distinguish the two semi-lenses by the numerals I and 
n , and let the formulae (292) and (293) refei to the semi-lens I 
and to the image of the star S foimed by it Let the image of the 
star 8' be formed by the semi-leus 11., and let the several quanti- 
ties referring to this star be distinguished by accents, excepting 
those which are common to both stare These common quanti- 
ties are — 1st, the readings n and v of the position circles , 2d, the 
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micrometer reading fi — a and the constants (} and x of the 
ocular, since these refer to a single point of the field. But we 
shall suppose the lines of motion of the two semi-lenses to be not 
perfectly parallel, and shall therefore express the angle which 
the line of motion of the semi-lens n. makes with a declina- 
tion circle by n — k'; so that, n^' denoting the zero reading of the 
position circle when this semi-lens is used, we have 

A' = «; — A (294J 

tan A' sin w' = tan E [(m' — a') sm (n — ^) -|- b' cos (n — A') 

— (/! — o) sm (>- — x) — 13 cDs<v — x)] 

tan J' cos n' = tan E [(m' — a') cos (n — A') — b' sin (n — A') 

— l(i — a) COS (y — x) + sm (v — x)] 

sm d’ = sin cos A' -f- cos d, sm A' cos r' 

COS S' cos (tj — t') = cos cos A' — sm \ sin A' cos ' 96) 

C08<?'sm(T, — t') = sm sm Ti' ) 

The triangles PS^^S and PSqS' (Fig 55, p. 395) give 



and 


sm i s sm p = — cos 3 sm (t, — t) 
sm i s cos p = — sin d cos + co® ^ ®m cos (t^ — t) 
cos i s = sin 8 sm 8^ -{- cos 8 cos 8^ cos (r„ — t) | 

sm Isemp = cob 8' sm (r„ — /) 
sin i s cos = sm 3' cos 8^ — cos 5' sin ^„cob (Tj,— t') 
cos is = sin 5'sin 5,4- cosa'co8i5jC08 (T(,— t'1) 


(297) 


From these equations we must eliminate d, r, d', and r', since the 
values of s and p, resulting from the observation, are to be 
denved only from the declination and hour angle of the 
middle point between the stars, and from the data obtained from 
the instrument For brevity, let us write u and v instead, of 
tan A sin ;r and tan A cos n, and u' and «' instead of tan A< sin tz' 
and tan A> cos tt' Also, put r and r' for i/(l + ww + t») and 
-|- r'y') The equations (293) and (296) become 

r Sin 5 = Bin v cos 
r cos $ cos (tj — r) = cos — V sin 
r cos d sin (r^ — r) = W 

and . . ^ * 

r' sin d' = sin -f- v' cos 

r' cos 5' cos (tj — r') = cos — r' sm 

/ COB 5' sin (tj — T^)=zz 
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These, combined with (297), ^ve 

r sm J s sin^ = — cos 5,sm (tj— r,) — u cos (t, — t,) -f- v sin sin (r ^ — r^) 
r Bin Jsoosjj=— sm a,cos ^o+cos 5,sm 5 „cos(tj — rj— M8in3„sm (r,, — rj 
— 11 [cos 3, cos -f sin 5, sin cos (t^ — r,)] 
r cos J s = sin ^jSin cos 5, cos SpCos (t,— rj — m cos sin (rp— r,) 

+ V [cos sin 5p— sin cos 5p cos (Tp — t,)] (298) 

and 

r'sin § s sinp = cos sin (Tp — T j) -(- v! cos (r^ — r,) — ii' sm 5^ sin (r^ — t,) 
/sin } s cosjj = sm cos 5p — cos 5, sm ^p cos (tj — Tj) + u' sin 5p sin (Tp — T j) 
+ u' [cos cos i5p -f sm sin 5, cos (tj — t^)] 

/cos } 5 = sm ^ am ^p+ cos 3^ cos 8„ cos (tj — tJ — u' cos 3p sm (t,— t,) 
4-w' [cos 8 ^ sm 3p — sm 3j cos 3o cos (Tp — T j)] (299) 

These equations not only determine s and p, but also give a 
relation between d^, Tpand T^ To find this relation, multiply 
the first two equations of (298) by r', and the fiist two of (299) 
by r, and subtract the former products S’om the latter we find 

0 =■ (r + t') cos di sm (Tp — ri)+(r'u 4 . n/) cos (Tp — t,)— (t'u + rv') sm 3, sm (Tp — t,) 
0 — (r + r') [sm diCos 3, — cos 3, sm 3, cos (t, — t,)] + {r'u + ru') sm 3p sm (Tp — t,) 

+ (r'u -|- rv') [cos 3, cos 3p + sm dj sm 3p cos (tj — t,)] 

which, tf we put 

tangsing = ^“- +^^' \ 

r + / f 

, , J (300) 

tan g cos & = ( 

r + / j 

may bt written in the following form • 

0 = [cos 3j— sm 3,tani? cosff] sm (t,— T i)4-tanp’ sm<? oos(Tp_Tj) 
sindi+COw<Iitan^cos(? . 

= [oosdj— sm 3,taa Jr oos(?] oos(t,— Tj)— tan^r sm<? sm(Tp— -J 

If we multiply each of these by cosy, and then introduce the 
auxiliaries h and jB", determined by the conditions 


we shall have 


Sin h = sin g sin G 
cos A sin = sm g cos Q 
cos A cos S = cos g 


cos h sm (5, 4- JT) '> » 1 / 

tan 3j ~ ^ (^0 ~ ■^0 — sm h sm (tj — r^') 
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'wliich we deduce 

cos (r, _ rO = COS h COB («, + M) 

tan do 

cosA8m(a,_+^ 
tan «5 q 

squares of these gives, by a simple reduction, 
cos h Bin (5^ + -H") = sm 

l^yr -fclae combination of the last three equations we have, therefore, 

sin = cos h sm (d^ + S') 

cos d^ cos (tq — Tj) = cos h cos (^, + S) y (302) 

cos sin (tj — r^) = — sm h 

-vve regard and r^as given by the declination and houi circles 
1:116 instrument, with the aid of (289), we can employ these 
^q^txa^tions to obtain and or, if and r^be regarded as known, 
employ the same equations to obtain and r^, and then 
“tlx <3 reading of the declination and hour circles is altogether dis- 
'pensed with 

Tlie values of s and p will be derived from the following equa- 
-tiorLS, which are obtained by adding (298) and (299). 

^7'— 7"')sini5sm^=(w'--i«) cos ( t^ — r^) — (u' — 2;)sm 5 jSin(T^ — T j) \ 

—[— 7 ') sin is cosp = (ti'— w) sin d^ sm (r^ — t^) I 

4- (v'—v) [cos5j cos ^o+sin d^ sin ^^cos 
cos is =2 [sm sm d^ + cos d^ cos d^ cos (r^ — Tj)] ( 

— (u'+u) cos d^ sm (tq — Tj) I 

+ (v'+v) [cos d^ sm d^—Bin d^ cos d^ cos / 

Xxx these ngorous formulae, every thing in the second members 
is known But it will never be necessary to employ them in 
Xlais rigorous form, except when the two stars are so near to the 
;pole that the quantities w, v, u'yV' caxi no longer be regarded as 
small in relation to the polar distance. In almost all cases, 
isluLorefore, an approximate development of the formuUe will 
s'CL’flS.ce , and this I proceed to consider 

273 The approximate development of the equations (803), 
wtien the terms involving the third and higher powers of u, ? , ?4', v' 
a,i?e neglected, is extremely simple, and would lead us to the 
■for’xnulse usually given for the heliometer But it is easy to see 
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that such a development is not sufficiently exact, even for stars 
near the equator, when their distance approaches to the maximum 
limit (of about 2°) which the instrument is capable of measuring, 
unless a special method of observation is exclusively employed 
by which the terms of the higher orders are rendered practically 
insensible The nature of such methods of obseivation will bo 
seen hereafter, but, in order to obtain the most generally useful 
formulae, which can afterwaids be simplified and adapted to 
special cases, I shall follow out the very precise development, 
.tiven by Bessel, in which the terms of the third order are 
retained 

In order to develop the equations (303) as far as terms of the 
third order in m, v, u', v', it is necessary to develop the factors 
by which u' — m, v' — v, u' + u, v' + v are multiplied, as far as 
terms of the second order only If in (300) we substitute the 
values of r = -[/(I + uu + w) and r' = -/(I + u'u’ + r' v'), and 
develop the expressions, we shall find that when terms of the 
third order are neglected they are reduced to 

tan gr sin = ^ ( u' w) 
tan ^ cos (? = J (?;' -f r) 

and consequently we shall have, with the same degree of approxi- 
mation, 

sin gr sin <? = I («' -p u) 
sin gf cos G = ^ (r' + 

cos g = 1 — ^(u' uy — ^(v' vy 

The equations (302), by the substitution of the values of h and H 
according to (301), become 

sin = sin 3, cos g + cos sin g cos & 
cos cos (t-j — Tj) = cos cos g — sin sin g cos & 
cos 5j8in (r, — Ti) = — sin g sin G 

from which follow, also, 

cos g z= sin sm cos cos cos (r^ — t^) 
sin g coiG — cos \ sin 3, — sm 3, cos 3, cos ( t ^ — t,) 
sm <7 sin G! = — cos 3, sin(T, — 

With the aid of these equations the required development of 
(303) is readily obtained We find 
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(r + f) 8m}s sm j) = (u’—u) [1 — J(m' + «)• — + M)»taii> 5„] 

+ ( 1 / — V) [i (yd + tt) tan S^ — { (te' + m) (?/+ u)] 

(r + r') Bin }s oobjj = (u' — v) [1 — ^ (t/ + u)’ — ^ («' + «)’ tan* 

— ^ («' — u) (yd u) tan 

(r -j- r') COB } s = 2 [1 + g (m^ + w)“ + g • 

or, dividing the first two of 'these by the third, 

2tan is sinjp=(«' — m)[ 1 — |(w'+u)* — — |(M'-|-Mytan* 

+(«'— v)[i (u' + M) tan — I (u' +«)(«'+ w)] ( 

2 tan is cosp =(v' — n)[l — i(v'-\- vy — ^oll 
— ^(u' — u) (u' + m) tan / 

in which we are now to substitute convenient expressions for 
u' — u,v' — c, m' + M, »' + « 

It IS expedient in practice to make all our observations depend 
upon but one of the micrometer screws of the two semi-lenses, 
since all the time that we may have to devote to the investiga- 
tion of the errors of the screws may then be expended upon this 
one Let us suppose the micrometer screw of the semi-lens 11 
to be thus adopted, and let w denote the angle between the hues 
of motion of the semi-lens EE and of the ocular, so that 


w = (n — fd) — (v — x) 


and let/ and ^’be determined by the conditions 


f Bin J?" = tan S [(m — a)sin (/d — A) -j-6 cos (fd — A:) -|-(/« — o) sin w — cos w] 
/'co8J?'=tanB[(m— a)co8(A'— A)— 6sin (A'— A)— (/i— o) cosw)— /JsmM] 

(305) 

Multiplying these respectively by cos(n — k') and sm (n — V), 
and also by — sin (w — k') and cos [n — k'), the sums of the pro- 
ducts are, by (292), 


M =/ sm (n — A' -j- F) 
V =f cos (n — Id + F) 



from which it follows that / and ft — V -\- F are the same as 
tan A and ir. 

If we also assume S and E to be determined bj the conditions 


2 tan i/S sm ^=tan JB [— (m — d) sin (A'— A) -f h'— b cos (A' — A)] 

2 tan ifii 00 sJE=tan R\(jid — a') — (wi — a) cos (A' — A)-j-68in (A' A)] 

(307) 
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we shall find, by means of the multiplication and addition above 
employed, and by companson with (292) and (295), 

tt' — « = 2tanifi^sin(ji — J?) ) 

u' — u = 2 tani/Seos(n — jB) J ^ 

and from (306) and (308), 

^ (yl 4- w) = tan }(SiSin(n — A'+ ■®)+ / (^ — ^ “1" ■^) \ ^qqo-i 

^(u' + D)=tani»Scos(n — A'+^)+/cos(w — A' + J?) / ^ 

To facilitate the substitution of these values m (304), let us put 
q = n — K-lrE Ui = Km'+m) Vj=^(i/ + 1 ;) 

we shall then have 


■■ 1 8 m» = 8 in ^( 1 — «!»— + cosg («itan3„— w,i>,) 
tani5i 

cosp = cos q (1— Ui’— J V— 3 V ^o) — 81“ ? tan \ 

tanJ/S 

Multiplying these respectively by cos q and — sin q, and again 
by sm q and cos q, the sums of the products are 

sin(p— 2 )=Mitan cosg; [ 2 Ui(.MiCos g-— v,8m q)+(u^^-{-v’)siu g] 

tani5i 

eos(p— g)=l — (M j’ + ^ w,* tan* (u, cos g — sin g)» 

tani;3 

The square root of the sum of the squares of these equations, 
neglecting terms of the 4th degree in their second members, gives 

tan i s = tan i [1 — («,* + Vi*) + ^ («i cos g — u, sin g)>] 

and their quotient gives tan (gi — g), for which we may write 
p — q; whence 

p — g = M, tan ^ cos g [2 Vi («i cos g — Vi sin g) + (m,* + d,*) sin g] 

But with the notation just adopted, the expressions (309) become 

Wi= tan i/S sin g 4- / Bin (g + — E) 
t)i= tan J/8 cos g 4-/CO8 (g 4* — ■®) 

whence, also, 

m,» 4. Cji" =zz tan* i /S + 2/tani^ cos(i'' — E") -\-p 
«iCOS g — UiSin g =/ sin CP — E) 
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by th6 substitution, of whicb we obtain 

tan Js=tan JS { l-tan«i-S-2/tan iScoB<iF-E)-.if> [I+cobV F~ E)n 
P—9 + [tan iS sm gr +/ sm (g 4. J?> _ ^)] tan 

— cos 3 [tan* iS sin 3 + 2/ tan iS sm (3 -f Jf E) 

+r sm (3 + 2 i?- — 2^)] 

_ In the terms of the order of tan*^^, we may put 3, for g but 
in those of the order of tan Js, in the first line of the value^of n 
we shall employ the more accurate value * 

q=p~ [tanj^r smp 4/8in(p -f- F— jr)]tan«„ 

Dividing the first equation of (310) by 1 — tan* J/Sf, the first mem, 
her becomes J tan s, within the degree of approximation here 
adopted, and in the small terms we may put | s for tan JiS The 
equations thus become 

tan s = 2 tan iS {1 —fs cos {F — E) ~ /* [1 4 cos* (F— EJl I 
p = n — /!' 4 ^ 4 Q s sin jp 4 / sm (p 4 F — Ey\ tan 

— [| s* smp4^/s sm (p j^F—E) +^/*sm (p 4 2 J*— 2.B)]eosp 

— [| s* bin 2p4^/s sm(2p4iP— J^)4;J/*sm (2p42 J*— 2 J?)] tan* 

Those may, however, be still further simplified The angle E is, 
in geiieial, either very small or very nearly 180°, according as 
in' — a' — {m — a) is a positive or negative quantity m (307) 
The case must be excepted in which the distance s is itself so 
small as to be regarded as of the same order as k' — k and b' — b; 
but in this case the terms involving E are themselves so small 
that they can be wholly neglected Puttmg, therefore, in the 
small terms, E — 0 or = 180°, and also substituting the value 
of k' ~ — X, and of X by (290), we have, finally, 

tan 8 = 2 tan iS [1 =F fs cos F — ^ (1 cos* jP)] \ 

p = n — «/+ ® - 1 - [r sm(T, — <>) 4 ii] sec / 

4 [J«sinp 4:/sm (p + 1^) — c — e cos y sm t^] tan a', > (SH) 

— [J 8* sm p ± i/s sm (p 41^) + 2/® sin (p+2 J’)] cosp \ 

— [ J 8* sin 2p ±ifs sm (2 p 4-^) -f- i/“ sm (2p42 -P)] tan* a, / 

In which the upper or the lower sign is to be taken according as 
m' — a' — (m — a) is positive or negative. In the value of X 
(290), we have here substituted and 8^ for t, and d^, which will 
produce no appreciable error. 

The angle p here expresses the position angle /rom the star 

Vofc 11—27 
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whose image is formed by the semi-lens 1. to the star whose 
image is formed by the semi-lens H It is also to be observed 
that we have employed the formulse for the equatorial instrument 
as given for the ease in which the declination circle precedes the 
telescope, so that, according to Arts. 248 and 250, when the 
declination circle / oZZom)S, will be the hour angle increased by 
180°, and will be the supplement of the declination , conse- 
quently, also, p ^ill be the position angle increased by 180° 


274 The coincidence of the images of the two stars S and S' 
can be produced at the point 0 (Ait 271) in two different ways, 
namely, by opposite motions of the semi-lens II relatively to 
the semi-lens I By the combination of the observations made 
in these two ways, we shall be able to eliminate a, a',b,o ,k. , 

and it will no longer be necessary to determine these quantities 
Let us suppose the semi-lens I to remain m the sanm position 
as in the first observation, and that the semi-lens It is now 
moved m a direction opposite to that of its former motion until 
the second coincidence of the images is produced This will, in 
general, require a common revolution, to a small eictent, of the 
two lenses about the heliometer axis, thus slightly changing the 
reading of the position circle, which reading we shall now denote 
by n, Let the readmg of the miciometei in this observation be 
m ' and let the corresponding values of S, E, and p be denoted 
by’fi',, andpi The formulae (807) and (311), with these 
changes, will then apply to this second observation, and (807) 
will become 


2tan sin E, = tanS [- (m-o)8in (A'- k) -f 6'- 6 cos (A'- A)] 

2 tan i 8^ cos E, = tan B a'-(m- a) cos (A'- A) b sin (A' - A)] 


Since mj' — a' and m' — a' fall upon opposite sides of m a, the 
quantities 2 t&nlS,cosE, and 2tan cos have opposite signs 
but 2tani-Si sirxE^ and 2 tanJ-Sf emE are equal , from which it 
follows (since 8^ and 8 can differ only by terms of the 3d ordei) 
that E, differs from 180° - E only by terms of the order of the 
product of k' — k into s*, and this difference may be regaided as 
altogether insensible In the apphcation of (311) to the second 
observation, therefore, the meaning of the double sign will bo 
reversed "We can, however, avoid all the difficulty in distin- 
guishing the cases in which E is to be taken greater or less than 
90°, by calling that observation the first, for which E < 90°, and 
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applying to it the notation. n Under thi$ condition, the 
upper signs of (311) will be used for the first observation and 
the lower signs for the second , and the value of for the second 
observation will be 180° + P 

The formulae for the two observations may, therefore, be 
expressed as follows, where we introduce the value of 2 tan ^ 8 
given by the second equation of (307) after neglecting the insen- 
sible terms (which terms, however, even if they were sensible, 
would be eliminated by the subsequent combination of the two 
observations) 

1st Observation 

tan s = tan J2 n oos F - (1 + cos* i?)] 

COS E ^ 

p = n — n/ + 0 sm (tq ~ 1 ^) + sec 

Q 5 sin p + / sin (p -f -F) — c — e cos ^ sin tJ tan 

— 5* sin p + (i^ + ^) + sin (p + 2 jP)] cos p 

— 5 * sin 2p + ^fs sin (2p F) + sin (2 p + 22?")] tan* 

2d Observation 

tan s = tan iJ - a — a') j-j 

COS jE? 

JP = — JS? + 0 sin (t, — t?) + ij] sec 

^ [_^s sinjp +/sm( 2 > + jP*) — c — ecos ? sin tJ tan 

— s* sin p — ^fssm(p + F) + I /* sin + iFy] cos p 

— s* sin 2ji — ^fs sin (^p F)~-\-^P sin (2 jj + 22?')] tan* a. 

From the mean of the two observattons, we have 

tan s = tan B ^ ^ [1 — ^/* (1 + cos* 2?*)]] 

2 cos 

p _ sxn (j^ _ ,y) i j gee 

2 

-1- [/ sin ( 2 ? +2f) — c — e cos ?> sin tJ tan 

— y'j s’ sin 22 ? (1 2 tan* S^) 

— i/’ (.P + 2^) cos 2? + sin ( 22 ? + 22?*) tan’ 

The value of F, obtained from the difference of the two values 
of 2?, IS 

— — ^ssin2?tan^o 

^ 4- ^/s [sin (2? -t- 2?’) cos 2? + sm (22? + tan’ (313) 

But it will not usually be necessary to regard the divisor cos F in 
the formula for tans, for it can differ sensibly from unity only in 
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tliose caseu lu wliich s is an extremely small quantity, and in 

these cases we may take ^ J (nj — n) 

The method of observation with the heliometer, in which two 
corresponding observations in opposite positions of the semi- 
lenses are combined, may be regarded as fundamental and essen- 
tial The same degree of accuracy w'hich it affords cannot be 
attained by single observations, the reduction of which requires 
an acciu’ate determination of the quantities a, a', b, h', k' k, 
for, in addition to tlie uncertainty of such detei minations foi 
any given position of the instrument, it is not certain that the 
values of these quantities are really constant for all positions of 
the telescope with respect to the horizon It is true that our 
formulae still involve ^ and F, which depend upon u, o/, &c , but 
a precise determination of these quantities is no longer necessary, 
since they enter only into the small terms of the fbimulse 
Moreover, by a proper method of observation, f and F may be 
dispensed with altogether, as I next proceed to show 

275 Assuming that a complete observation always consists of 
twm corresponding observations, as in the piecedmg article, 
there are yet three different methods of making such an obsor- 
vation, each of which ofFeis some advantage over the others 
These I propose to consider separately 

Mrst Method of Observation —Let the semi-lens which is to 
remain fixed during the observation be set so that its sight line 
shall be parallel to the heliometer axis This will be effected by 
making m — a = p — ot, and at the same time n k — v x, oi, 
in the most simple manner, by making w? — a = /i — a = 0. 
"We shall then have/= 0, and the formulae (312) become 

_ m' — m' 

tan s — tan M — 

2 cos JS 

p == -n’+{y 8m(r, -^) + sec i, 

2 

— (c -|- e cos <p sin t^) tan s‘ sm 2jp (1 -j- 2 tan^ 

This method recommends itself by the symmetry which it gives 
to the obseiwations, as well as by the simplicity of their reduction 
Second Method —In this method, we make the lines of motion 
of the objective and ocular parallel, or lo = 0, and also make 
m = a, but the ocular is moved between the two observations, 
being set for one observation so that p — a = — a'), and 
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for the other so that [i — a = l{m^>- a') We then have 
/ - J 5 and F — 180° for one observation, hut JP = 0 foi the 
other These changes must be made in the two sets of formulse 
from which (812) w'ere obtained , for in the combmation expressed 
b.y (312) the ocular was supposed to have the same position in 
both observations. Here, however, we must put F = 180° in 
the first and = 0 in the second, at the same time’ substituting 
I s for/, and then make the combination we thus obtain 


tan $ 


P 


. o m' — m' 

, tan R ^ 

2 cos JEr 

■ ” — — < + Ir sill (^-o — ^) + h] sec 
— (c + e cos <p sin tJ tan 5, 


(315) 


2 


III this method, the rays from the two stars make the same angle 
Ja) with the optical axis of each scmi-leiis, whereas in the 
first method the rays fiom one star make the angle s with this 
axis and those from the other star are parallel to the axis The 
second method, therefore, offers the advantage of bringing both 
images at equal distances from the axis, thereby producing equal 
distinctness and accuracy of definition in them, and avoiding the 
defects of the lens, which appear moie prominently as the rays 
fall more obliquely The greater simplicity of the first method 
111 the observation will, however, give it the preference so long 
iiH the distance to bo measured is not so great as to carry one ot 
the objects beyond the limits of distinct vision 

ThrA Method— T\ixe combmes the advantage of the second 
method with the simplicity of the first. We place the ocular 
periiiaiiently in the heliometei axis, and make each observation 
with the semi-lenses at equal distances from that axis and on 
opposite sides of it The chief objection to this method is that, 
since both lenses are moved, it becomes necessary to know the 
value of a revolution of the screws of both, but, as has been 
already remarked in A.rt 2T3, it is expedient to devote all our 
attention to the investigation of the errors of but one screw It 
may also be objected to this method that, when the distance to 
bo measured is rapidly changing, time will be lost in effeefang 
the requisite svmiuetnoal arrangement of the observations This 
obiectioii, however, may bo made with even gi eater force against 
the second method , but the first method is free from it 

With any of these methods, if we wish to fiee ^ results from 
chc effects ot flexure of the declination axis and from the mcli- 
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natioa of this axis to the hour axis, without supposing h and 
c to be known, we take two complete observations (i e. pairs of 
observations) in the two positions of the declination circle, pre- 
ceding and following; for we see by (314) and (315) that and c 
will vanish from the mean of these two observations 

In Art 263, we have seen that ^s*ein2^)(l + 2tan=“3o) is the 
correction to be added to the position angle at the middle point 
between the two stars to reduce it to the mean (= jJo) of the 
position angles at the two stars consequently, if we neglect this 
term in the first method of observation above given, the result- 
ing position angle will be at once the mean position angle p^^, 
with which and the distance s we find the difteiences of decli- 
nation and right ascension of the stars, by Art 264 The results 
are yet to be freed from the effect of refraction, by the methods 
hereafter to be given. 

276 I have thus far assumed that the contact of the images is 
always produced at a certain known point (o) of the plane of 
motion of the ocular It will be well always to make the con- 
tacts at the middle point of the field, but the position of this 
point will usually be estimated only, unless it is indicated by a 
square formed of intersecting threads or some equivalent con- 
trivance, which, however, involves the necessity of illuminating 
the field or the threads Let us inquire, therefore, to what 
extent an erroneous estimate of the position of the middle of 
the field will affect the observed measures 

The quantities/ and determined by (305), express the actual 
position of the middle of the field (o), but if the point of con- 
tact is a different point (o'), the values given by the formulse 
require a correction 

Let h denote the angular distance of o' from o, and JE the 
angle which oo' makes with the observed arc SS', JS and w being 
reckoned in the same direction The quantities tan i? {ji—a)sm.w 
and tani2 (u — a) cosw, which express the angular distances of 
the point 0 from S8', and from a peipendiculai to SS' drawn 
through the heliometer axis, must be increased by h sin H and 
heoBH respectively Consequently, fainF and /cos will re- 
quire the corrections h sin if and — h cos JE hence, if we suppose 
h to be so small that its square maybe neglected, the effect upon 
tans will be, by (311), 

4; hs^ cos S -f- hsf (2 cos P cos JT — sin F sm S) 
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and the effect upon the position angle will he 

3: A sm ( p — JST) tan 8* ± 1 As [sm (p — S) cos p + sm (2 — S) tan* « J 
4- A/[8in O + J*— JST) cosp + sin (2p + if — JI) tan* 

Since h will he hut a few minutes in any case, it follows that the 
effect upon the distance will he usually inappreciable even for 
the greatest values of s and/ The fiist and principal term of 
the effect upon the position angle is proportional to the tangent 
of the declination, hut it vanishes when ein(p — ^ = 0, tnat 
IS, when H=p, ox + 180°, or when the point at which 

the contact is made lies in the decimation circle which passes 
through the centre of the field "When the telescope follows the 
diuinal motion accurately, and a contact has once been made in 
the centre of the field, the subsequent observations will all he 
very near this pomt The greater the declination, the moie 
careful must we he to make the contacts near the declination 
circle of the centre of the field, but it is evident ftom the pre- 
ceding discussion that we shall probably always he able to effect 
this with sufficient accuracy by estimating the position of this 
centre, without resorting to the use of illummated threads. 


DBTBBMINATIOir OF THE CONSTANTS OF THE HBLIOMBTEB 

277 To find, a, a', a — ^Direct the telescope to any fixed point, 
and, having brought the centre of the semi-lens I nearly into the 
heliometei axis (by estimation), revolve the lens 180° about the 
axis If the image of the point appears still in the same point 
of the field of view, the reading m of the micrometer is then 
evidently = a If the image has moved, we have only to move 
the semi-lens by its micrometer screw until the image has been 
earned to the middle pomt between its first and second positions, 
and, if this middle point has been correctly estimated, the wim- 
revolution will no longer affect the apparent position of the 
image By repeating this process, we shall very quicMy find 
the exact position of the semi-lens when its centre is at the 
minimum distance from the heliometer axis, for which m a 
In the same manner, a' will be found for the semi-lens H , and, 
by a niTmlar process, revolvmg the ocular 180°, a will be found 

278 To find V —k,h'—h —These quantities produce the 
greatei influence upon the readings of the position circle, tlie 
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aller the distance between two points whose images are 
ingbt into coincidence They will, therefore, be most accn- 
ely determined by eompUte obsenratioiis (Art 275) of the dis- 
Lce and position angle of the eompoiients of a double stm. 
ice s is m this case extremely small, we shall have JS=^{n^—n), 
1, neglectmg the insensible terms in (307), tho single observa- 
ns will give 

« Bin J(n, — n) = J? [(»i — o') (jk — A') + 6' — J] 

< COB i (n, — Ji) = [m' — a' — m -f a] 

i (since m the second observation we put 180® — JE for M) 

< sin i (nj — ft) = [(m — «) (A — A') + 6' — J] 

« oos}(Mj — ft) = S [ffi — (2 — »4' + a') 

m the combination of which we derive 

(Ml — a) (A — A') + V — b = i(ift' — Mij') tan^(n, — n) (316) 

which the second member and also the coefficient of A — A' are 
own from the observation By setting the semi-lens I at various 
idings m, and making the contacts by moving the semi-lens 
, we shall thus foi eadi complete observation have an equa- 
n of condition of the form (816) , and smce the coefficients of 
— A' in these equations may be made to have very different 
lues, the combination by the method of least squares will give 
retj accurate determmation of both A — A' and 6' — 6 
We may here observe that it is not necessary, nor is it advan- 
^eous, to bniig the images of the stars into coincidence It 
11 be better to bring the image of one of the components 
"med by one semi-lens to the middle point between the two 
ages of the two components formed by the other semi-lens 
Lus, if a and h are the images of the two components formed 
the semi-lens I , a' and h' those formed by the semi-lens IL, 
the first observation the images will stand thus : 

a' a V b 
« » * « 

d m the second observation thus , 

a d b hf 

* ♦ ♦ * 
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As the components are supposed very close together, the bisec- 
tion of their distance will be more accurately estimated than a 
coincidence of superposed images. This method of observation 
18 always advisable when the distance to be measured is but a 
few seconds 

I should have remarked before that the quantity k - k' is the 
difference of the index errors of the position circle foi the two 
semi-lenses, since from the values of k and k' (291) and (294) 
we have 

k — k! = \ — < 

279 To find the index error (V) <2/ the position circle — This is the 
index error for the semi-lens IL , with which we suppose all oui 
observations to be made. Let the semi-lenses be separated to 
any assumed distance (by setting m — a and m' — a' to diffeient 
readmgs), direct the telescope upon a fixed pomt, and i evolve 
the objective until a motion of the telescope upon the houi axis 
(the declination circle being clamped) causes the two images of 
the fixed point to come successively into the sight line, that is, 
into the centre of the field of the ocular The positou angle (rf 
the line joining the two images is then nearly ± 90° , but it vull 
vaiy with the distance by which the semi-lenses are separated 

If the hour ciicle is clamped and the objective is levolved 
until a motion of the telescope, upon the declination axis only, 
causes the images to come successively into the centre of the 
field, the position angle of the images will be nearly 0° or 180 , 
but wdl also vary with the distance of the centres of the semi- 
lenses The relation between the reading (n) of the position 
circle and the distance of the lenses will be investigated for 

each of these methods . t ^ 

In either method, I shall suppose that the sight line 
semi-lens I is made to coincide with the heliometer axis, w^ch 
will be effected by setting the micrometers so that m — a — 
and p — a = 0 

Ist When the telescope is revolved upon the hour axis it is od- 
viously unnecessary to consider the position of the instrument 
with respect to the pole of the heavens, and we may therefore 
express the position of the heliometer axis by foimulffi which 
give the instrumental hour angle and declination of the axis, in 
order to show the effect of flexure, let us return to the general 
formula (258), which, by omitting the terms reos(r - »} and 
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j Biu (t -d)icaa9, -will express the deehnation and hour angle 
Tj of the hehometer axis referred to the pole of the lustrameut. 
Pattuig D for d Mi and T for t + Ai, and 1^=1 — e sin f, we 
shall put 

— e(sin jPOOsD — oosf sinDoos T) =D+aJ) 

r,=2’-|-cseo^ — i|tan^-t* *oos jpoosT-l-e ooBj»8eo2)Bin T=T t^T 

in which y will now denote the latitude of the instrument Tho 
equations (293), under the form given to them in Ait 272, will 
now become 

r sini = 8inD + wco8 J? + r co83oo8(2’ — t) aD 
roos»ooBCr^)=oo8D— »8inD— rsini AJ)+rco8i8m(r— r) aT 
roos^Binfr — t)s=:« — r 008 ^ 008 (T — t) aT 

^ ^ (817) 

in which 9 and r are the deehnation and hour angle of the fixed 
pomt 

In the revolution about the hour axi8, D remains constant 
If the preceding equations are assumed for the case in which the 
image produced by the senudens I is in the sight line, and we 
distinguish by accents those quantities which vary when the 
second image is brought into the sight hue, we shall have, smee 
9 IS fixed, 

Bin d =— smD 4- — oosD -t- COB ^ oos(T — t) aD 
r r 

1 

= — sm J) 4- — cos D 4- cos d cos (T' — t) aJ^ 
f' r' 

as the expression of the condition that the two images of the 
same pomt are successively brought into the sight line But, as 
we may neglect the products of the small quantities c, t^, s, e, by 
the squares and products of u, v, u', v', we can m the last terms 
put cob(2’— t) = C0B(r' — t) = 1 , and then give the equation 
the form 



j sin D -f 008 d (aD — Aiy) 

, j sin D-f 8 COB sinDcos 4 (cosT — cos TO 


Prom the second and third equations of (817) we have, with the 
degree of approximation here required. 


cos d cos T = cos i) COB r — v sm D cos t — « sin r 
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and, therefor©, aJso 

cos d cos T' = cos D C 50 B T — r'sin D cos t — u' sm t 
by means of which our equation becomes 

=(i_i\tanD+ecos?.tanD[Ci/— v)8mZ)cosT+Cw'— u)smT] 

/ r \r f] 

The mode of observation above proposed, by which we have 
^ _ a = 0 and — a = 0, leads to a simplification of this equa- 
tion, for these conditions give al8o/= 0, and consequently, by 

(806),u = » = 0.“‘'l’' = '/(l + ““ + '*) = l- 

by (308), under the same conditions, 

«' = 2 tan J /S sin (n — ft' -f- -S') 
i/ = 2 tan J 8 cos (n — S' -t- -E) 


and, consequently, 

/==!_}. ^(mV + vV) = 1-1-2 tan*i<S 

Substituting these values, and neglecting terms of the order oi 
«tan*J(Sf, we deduce 

cos (n— A'-t-E) =tan J St&n D-j-ceos ^ tan P [sin Pcosr cos (n — A'+P) 

-1- sin r sm (n — A' -+- -E)] 

from which it follows that cos {n — k'+ E) is of the same ordei 
as tan JS, and 71 - A' -f is nearly = ± 90° We may, there- 
fore, in the last term, put cos (n — A' -H -®) = 9 and sin (n 
+ E) = ±l, Rnd write the equation in the following form : 

sm [90° =p (n — A'-f P)] = tan } /Stan P ± e cos tan P sm t (318) 

We shall here have to distinguish between the cases in which 
n - A' IS nearly = 90° or nearly = - 90° The angle ^is nearly 
= 0 or nearly equal 180°, according as m' — a' is positive or 
negative m (307). When n - A' is nearly = -b 90° and E is 
neLly = 0, we have « - A' -t- JS7 nearly = + 90°, and the upper 
sign in the second member must be used Under the sanm 
conditions, 'the upper sign in the first member makes 
(n - A' -H E) nearly = 0, and the angle may be put for its sine. 
When n - AMs nearly = + 90° and E is nearly =180 , the 
lower signs must be used Hence, if we wi-ite sin E iov E or 
for 180° - E, we shall have, when n — A' is nearly = -H , 

up (,i _ _ 90°) — Bin J? = tan } /S tan P e cos jo tan P sm r (318al 
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and similarly, when n — k' le, nearly == — 90°, 

— + 90°) + sin JS=tan i/StanD + e cos <5 tan D sin t (3186) 

The valne of V, according to (294) and (290), when we refer A to 
the pole of the instrument, is 

It! = w„' — ij see + c tan + e cos <p tan 5, sin Tj 

where the last term is equivalent to the last term of (318). If, 
therefore, we neglect this tenn in (318), the value of A', which 
the equations then determine, will be 

= Jij' — ij sec + c tan 

If we suppose k' — k and h' — 6 to be known, we shall know 
E from (30T), and a single obseivation will determine k' by (318) 
But it will be preferable always to combine two corresponding 
observations m which m' — a' — m + a and — a.' — m + a aic 
numerically equal but have opposite signs , then, n and being 
the readings of the position ciiele in the two observatious, wo 
shall have from their mean 


»(,' — i, sec 6, + c tan = i (iq + w) -t- 90° (319) 

If we set the micrometer at vaiious readings in making these 
pairs of observations, and assume that the weight of the resulting 
determinations is propoitional to J(wii' — tn'), and if we denote 
the several values of J — m') by if, if', if", &c , and of 
^ (n^ + w) q: 90° by iV, iV', N", &c , we shall have the final mean 
by the formula (see Appendix, Method of Least Squares) 


and then 




MN + M'N' + M"N" + &c 
M + M' + M"+&c 


sec 6, + c tan 5, == (iV) 


To ehmmate the terms involving tj and c, we take observations 
in the two opposite positions of the declination axis, — circle pre- 
ceding and circle following, — and if (iV) and {N') are the general 
means found in the two positions, we shall have 

<=K(^ + (^')] (320) 

We see that the index eiior wifi be found independently of all 
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>ther quantities, by taking the mean of the readmgs m four 
observations, two in each position of the decimation ayia 

2d. Whm the telescope is i evoloed upon the decimation axis — ^In 
this case T is constant and J) vanes The condition that the 
two images are suecessii ely brought into the centre of the field 
will be expressed bj equating the two lalues of cos 3 sin(2’ — t) 
given by tlie last equation of (317) Putting cos ( T — r) = 1 in 
the last term of this equation, we find 

ii — cos 5 uT——, — cos 3 aT' 
r r 


or, by the same method of obseivation as we employed above, 
making / = 0, and, consequently, also m = w = 0, and r = 1, 


u' = r' cos 3 (a T' — A T) 

= / cos 3 [;, (tan D — tan IX) — (c + e cos ?> sm T) (sec D— secD')J 

which, witli the same degree of appioximation as was observed 
above, may be reduced to 

It' = r'a' [t, sec 3 — (c 4- e cos (p sin T) tan 3] 

Substituting tan (w — h' JEJ) for and r' = 1 (which involves 
only errors of the order of tan* J S multiplied by ?i, e, e^, w© 
Imve 

tan (n — ¥ + S) = d — (^c + e cos v sin T) tan 3 

Hence n — k' + U is very small oi very nearly = 180° When 
H — k' IB nearly = 0, we shall have, for the two cases of H, 

n — A' ± sin JS = see 3 — (c + e cos sm T) tan 3 C821al 


and, when n — is nearly — 180°, 

„—¥^: smB = sec 3 — (c + e cos ? sin T) tan3 (8216) 

If we omit all the terms in the second member, the vdue of ^ 
which these equations determine will be that J 

tlion, two observations are taken in wbicb m d « 

_ rt' _ m + a are numencally equal but have opposite 
ami if « and n^are the two readmgs of the position circle, we shaU 

have 
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Regarding tlie weights of the several determinations thus made 
as proportional to the values of I (w/ — m'), a general mean (JV) 
will he found as above, and then we shall have = {N). 

280. Rrom the preceding article it appears that by revolving 
the telescope upon the declination axis the index error of the 
position circle is found independently of all other (Quantities, 
and without reversing the declination axis W e should expect, 
therefore, that when this method is followed in both positions of 
that axis — ^that is, both with circle preceding and with circle 
following — the same value of n/ will be obtained Bessel 
found, however, that this was by no means the case with the 
Komgsberg heliometer . for the difference of the resulting values 
was sometimes as great as 4', which is too great a difference to 
be ascribed wholly to errors of observation He explains the 
discrepancy by supposing the telescope to have a tendency to 
revolve (so far as the elasticity of its materials will permit) 
about the point at which it is secured to the declination axis , a 
revolution which has the same effect upon the position angles as 
a revolution of the tube about the heliometer axis, and which is 
clearly to be distinguished from a flexure of the declination 
g-ins Supposing the amount of the revolution to be proportional 
to the force which tends to produce it, the law which it follows 
in all positions of the insti’ument is easily assigned , for this 
force is merely that part of the weight of the telescope which 
acts at right angles to a plane passing through the declination 
g.Yia and the heliometer axis, and is, consequently, proportional 
to the cosine of the zenith distance of the point of the heavens 
towards which the perpendicular to this plane is dmected. The 
hour angle of this point is the same as that of the heliometer 
axis = Ti, and its declination differs 90° from that of the helio- 
meter axis = 90° + Denoting the zenith distance of the 
point by Cj shall have 

COS C = sin 4p cos — cos <p sin cos 

and the amount of revolution will be expressed by ij/ cos C, in 
which 4/ IS its maximum The observed position angles must be 
corrected by adding this quantity, or 


4 (sm y cos Si — cos y sin cos r,) 


(322) 
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which term must, therefore, he annexed to the formulse for p in 
(314) and (SI 6) * 


281. To find the index error (x) of the position circle of the ocular — 
Set the semi-lens II at any assumed distance = m' — a' from 
the hehometer axis, and the ocular at an equal distance = // — a 
from that axis Revolve the ocular about its axis until the image 
of a fixed point is seen in the centre of the field Let n and v 
be the readings of the position circles of the objective and ocular. 
"Without moving the telescope or changing k, repeat the obser- 
vation with the distance — (m' — a') = — (ji — a), and let v' be 
the new reading of the position circle of the ocular. Then, 
n — n' being the true direction of the line of motion of the 
semi-lens n , we have v. = \{v + v') — [n — vf) It will be well 
to adjust the index of this circle so that its readings wiU agree 
svith those of the position circle of the objective 

Foi the fixed point m the preceding methods of determining 
the index error of the position ciicles, it will be expedient to 
employ the intersection of a cross tbiead m the focus of an 
auxiliary telescope, mounted in the observing room, with its 
objective turned towards the hehometer, the two threads of the 
Cl OSS making an angle of 46° with a declination circle 


282 To find the distance (j3) of the line of motion of the ocular from, 
the hehometer axis —Set the ocular at an assumed distance p-a. 
from the axis, and bring the image of a fixed point mto the centre 
of the field Keeping the telescope fixed, set the ocular at a 
leadmg p' such that p'-a = -{p-a), and revolve it until 
the image is again seen in the centre of the field. Let v and v 
be the readings of its position circle m the two positions, then 
we evidently have 


d=/S=' 


■ tan } (180° — v -1- )/) 


(32S) 


It will be easy to adjust the ocular, by means of the 
adjusting screws, so that its line of motion passes through fte 

hehometer axis, and thus make ^ = 0. A f " 

adjustment will have no sensible effect upon the observations, as 

our formulse show ^ 

* See Bessel’s Atiron Untertueh , Vol I pp 46, 72 In the Uttw p^ ie 
for the Kouigsherg hehometer 4 (which he there denotes hy /.) = 1 .914- 
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283. finally, the value of a revolution of the micrometer 
screw (= JS) is to he determined with the utmost precision. Of 
the methods given m Chaptei II for the filar micrometer, we 
may regard the following as the most suitable for the heliometer • 
1st By the measurement of tlie focal length of the lens and 
of the distance between two successive threads of the micrometer 
screw 

2d By the Gaussian process, or the observation of a thread in 
the focus of the lens with a theodolite 

3d By the measurement of a distance otherwise known, as, 
for example, the distance of two stars in the group Pleiades de- 
termined by meridian observations 

By the thud method, however, we cannot expect to reach the 
degree of accuracy which is necessary to give the heliometer all 
the advantage which it should possess as a micrometer This 
objection is obviated in a degree by measuring the successive 
distances between a number of stars which are nearly in the 
same great circle, and, having reduced these distances to the 
great circle joining the extreme stars, comparing the total reduced 
distance with the distance of the extreme stars as deteimined by 
meridian observations 

Bessel, after a careful trial of all these methods with the 
Konigsberg heliometer, gave the preference to the first I must 
refer the reader to his elaborate researches upon this instrument 
(already referred to) for his very precise method of determining 
the focal length of the lens These researches include also some 
optical investigations of great elegance and importance 


OBSERVATIONS UPON THE CUSPS OP THE SUN IN A SOLAR ECLIPSE 

284 In the general discussion of eclipses in Yol I , I omitted 
to speak of the use that may be made of these observations in 
determining the corrections of the elements of the echpse The 
omission may be appiopriately supplied here 
in connection with the heliometei , with which 
the observations are most accurately made 
Let Jf and S (Fig. 60) be the apparent places 
of the centres of the moon and sun, CG' the 
common chord of the intersecting discs The 
observation consists in measuring the distance of the cusps G, G', 
and the position angle of GG' with reference to the ciicle of 
decimation drawn to its middle point. This distance, as well as 
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the position angle, will he affected hy refraction, the correction 
for which will he inwcstigated hereafter Let s and p here denote 
the diRtanco and position angle deduced from the ohservalion hy 
the formnlfe above given for the hehometer, and also corrected 
for refraction 

The local time of each measure must be accurately know n 
For this time, let the par.illaxes of the two bodies m right ascen- 
sion and declination be computed (by Vol I Art 98), and let a 
and a' denote the resulting apparent right ascensions of the 
moon and sun lespectivoly, <5 and d' their apparent dechnations. 
I ji't (T denote the apparent distance of the centres = 8M, and it 
the position angle of 8M with icference to a circle of declination 
drawn through its middle point, reckoning this angle from the 
moon towards the sun We have, with suflicient accuracy. 


<r sm r = (o' — o) cos i (5' -f 5) 
(T cos = d' — S 



which determine <t and tu 

For the same tune, the apparent semidiameters of the moon 
and sun, which we shall denote by 8 and S' respectively, will 
ho computed by Vol I Ait 181 We then have given the 
throe Hides of the triangle 8CM, and, denoting the angles at M 
and 8 by n and //', wo may find these angles by the usual formulse 
of plane trigonometry, or by the following formulse, which m 
the present case are somewhat more convenient 

^ cos AI -f- S' cos fi') = ^ ff 

^ cos fi — S' cos m') = 

With either of these angles and the value of 8 oi 8', we can 
compute the value of CC Let this computed value of CC be 
denoted by s' ; we have 

s' =: 2>S sm = 28' sin / f326) 

The difference between this computed value and the observed 
value s will determine the corrections which the elemmts ofjhe 
eclipse req^uire in order to satisfy the observation ut s s 
■+ ds' Differentiating (326), we find 

dd=2S cos fi dfi 2 sin li dS 


'U8-8') _ ^ V 

2(r -» 


(325) 


Vol 11—28 
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and from the formula 


2Sff cos = <r* -f- >S* — 

we find 

— 8(t sin fx dfx = (jf — S cos ix)da {^S — <s cos yx) dS B dS 

whence, with the aid of the known relations between the parts 
of the plane triangle, we leadily find 

c tan ^ tan ix tan ix 

But, since d<r vanes with tt, we must leplace it by coirections 
which will have the same value in all the equations of condition 
thus formed By putting 


ff Sin TT == (a' — a.) COS i (d' d) — X 
OOB7C = d' — d =y 


we shall find 

d(T = dx sin t: -{- dy cos tc 

in which 

dr = cos i (5' -1- $) d (a' — a) 
dy = d(^'— 

and we may regard d{a> — a) and d{8'- 8), and, consequently, 
also dx and dy, as constant for the duration of the eclipse We 
then have 


•■tan/i' fftaaiJ. <Ttaii/i 


2>S cos/ 
(T tan fX 


y cos7rdy=5 — s' 


This will be the final form of our equations of condition if the 
distance s is fully corrected for the instrumental errors. H, how- 
ever, the zero of the micrometer is uncertain, wo should make 
observations on opposite sides of the zero, (with the heliometer, 
by placing the movable semi-lens alternately m opposite positions 
with respect to the stationary one,) and if c is the unknown error 
of the miciometer zero, we must write s ± c for s in the above 
equation, taking s c for one series of observations and s - c 
for the othei The resolution of all the equations of condition 
by the method of least squares will then determine dS, dS', dx, 
dy^ and c. 
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It will usually, however, be inexpedient to retain dS', as its 
coefficient wiU differ very little from that of dS. The value ot 
the sun’s semidiameter is now so well determined that in dis- 
cussions of this kind it will be quite allowable to put dS' = 0 
"We may also form equations of condition from the position 
angles. ’The angle n is formed by SM and a circle of declina- 
tion drawn to the middle point of SM, while p is formed at the 
point jD Denoting the middle point of SM by JE, we have DJE 
•= ^<T — S' COS fi'= ^{S cos p — S' cos p') =A; and we can now 
compute the position angle of CC' at the point D from the 
known parts of the triangle formed by the points D, U, and the 
pole Let p' denote this computed value , we readily find 

p' = :r — 90® -f ^ sm TT tan } (a' -|- S) (328) 


Putting the observed value p=p'+ dp’, we have, by neglecting 
the insensible variations of the last term of (328), dp' = djz, and, 
consequently. 


cos TT dx sin izdy , 

^ = P P 

(t sin 1' a Bin 1' 


(329) 


where dx, dy, and a are expressed in seconds and dp' in minutes. 
Prom all the equations thus formed, we can find dx and dy, or 
wo can combine all the equations of the forms (327) and (329) m 
a single discussion We see that the corrections of the semi- 
diameters cannot be determined from the position angles alone 
When the observations are made with the hehometer, each 
must be a single observation, for the chord s changes so rapidly 
that we cannot combine two opposite observations, as has been 
supposed in Art 275. We must, therefore, reduce each obser- 
vation by the general formula (311), m which, however, we may 
make/=0, by making all the contacts in the hehometer axis 
or middle of the field The angle JE in these formulae must then 
be known; but if it has not been determined with certainty, we 
may introduce it into our equations of condition as an additional 
unknown quantity For one senes of observations we must 
write p + lin the place of in (329), and for ^e other senes 
ill opposite positions of the semi-lenses, we must wnte y - Am 
the pface of A But, as E varies inversely with the distance s, 

it will be necessary to put 


E = 


s sinl' 
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in which 3^ 18 a constant which will he expressed in seconds, 
since s is in seconds and E in minutes The equation (329) may 
then he put under the form* 


i cos :r da; — - sm it dy =F /- = s sm — y) (329*) 

C <T 

For some observations of the cusps of the solar eclipse of J nly 
28, 1851, made with the heliometer of the Eonigsbeig Observa- 
tory and reduced by the preceding method by the Director 
WiCHMANN, see Nach^YcA XXXIII p 309 


THE RING MICROMETER 

285 This IS simply a thin metallic ring, exactly circular. 
IDlaced in the focus of the objective, with its plane at right angles 
to the optical axis ' Fiom the times of tiansit of two stars across 
its edge, the telescope remaining fixed throughout the observa- 
tion, we can find both the diffeience of light ascension and the 
difference of declination of the stais Although infeiior in 
accuracy to the filar micrometei and the heliometer, it possesses 
the advantage over the former of not requiring illumination, and 
over both in not requiring an equatoiial mounting of the telescope 
Let represent the innoi edge of the iing. Denote by 

and ^ 2 the observed sidereal times of ingress 
and egress of a star at the points A and B; by 
and /g' tbe same for a star observed at 
A' and B' Upon the supposition that the 
paths of the stars across the field are recti- 
linear, the straight line CMM\ diawn from 
the centre C of the ring perpendicular to the 
chords AB and A'B', will coincide with the 
( echnation circle of the point G The time 
of the transit of the first star over this circle is the arithmetical 
mean of the times and t^=\ Qi + U) ? that of the transit of the 
second star over the same circle is + 1/), and, hence, if oc and 
a' are the right ascensions of the stais, we have 

a' - a = ^ (t/ + V) - i (^1 + ^ 2 ) C330) 


Fig 61. 



* By (807), we perceiye that y is here the value of the quantity (m a) (A: k ) 

^ ft' — ft expressed in seconds, and hy putting its value found from the discussion 
of the equations (329) in the second member of (316), and also the true value of 
w — a found from the value of c by (327), we shall have an equation for determining 
k — k' and b' — b 
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Let r denote the radius of the ring expiessed in seconds ot 
arc, S and d' the declinations of the stars, and put 


then we have 


r = BGM 
d = MG 
,1 — BM 


15 > 

a = — T COS a 
2 


A 

sin >< = - 


d = r cos Y 


Y>=B'GM’ 
d’= M'G 
^=B'M' 


, 16 , 
ti! = — t' cos i 
2 


sm/ = ^!- 
r 

d' = r COS / 


and hence the difference of declination of the stars: 

s' — S = d' — d (332) 

The signs of cos and cos y' are not deteriniiied by the second 
equations of (331); consequently, eithei sign may be used in 
computing d or d' To remove the ambiguity, it is necessary 
that the observer note the positions of the stars with respect to 
the centre of the iitig then d or d' will be pos^Ule when the star 
passes no)th and negative when smth of the centre. 

Example *-On the 11th of Apiil, 1848, at the Observaton of 
Bilk the planet Flora and a neighboiing star were coinpaied ) 
of . .be feet reftector The obeerved «aereJ 

times were as follows 


Flora (N of centre) 

= IP 16^^ 35* 0 
tJ = \\ 17 25 5 
^ — 50 5 


Star(N of centre) 

t = 11^ 17* ^ 

/ = 11 19 46 6 
^ = 1 53 5 


The appioxmate deelmaaon ot Ploraw.3 «'= + The 

apparent place of tlie star was 

^ ^ 4”* 51* 93 

j = 4- 24° 1' 9'' 91 

HM.. Of the nng wae r ^ H26" ^5, ..d heoee 

. . Spb.n!»l. p 6»- 
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log t' 1 70329 
log cos s' 9 96043 
log ju' 2 53878 
log sin / 9 48715 

log cos / 9 97850 

\ogd' 3 03013 
d'=: + IT 51" 9 


logr 2 05500 
log cos S 9 96067 
log ft 2 89073 
log sin r 9 83910 
log cos y 9 85940 
log d 2 91103 
d = +13' 34" 8 


The planet and star being both observed on the north side of the 
centre of the field, d' and d are both positive, and hence 


S'—d = d’—d=-\-i’ 17" 1 


For the times of transit over the decimation circle of the middle 
of the fiield, we have 

Flora, ^ (t,' + t,’) = 11* 17“ 0* 25 
Star, l lti +t,) = ll 18 49 75 
a'—a= — 1 49 50 

Hence we have for the planet 

o'= 6* 3“ 2*43 

a'= + 24® 5' 26"! 


which values express the planet’s apparent place at the time of its 
passage over the declination circle of the middle of the field, that 
IS, at the sidereal time 11* 17“ 0* 25 But the effect of refraction 
has not yet been allowed for See Art 300 

286 Correction for curvature — The correction which the pre- 
ceding method requires, m consequence of the curvature of the 
paths of the stars, may be found as follows In the spherical 
triangle of which the three angular pomts are the pole, the centre 
of the ring, and the pomt where the star enters or leaves the ring, 
we have 

sin 5 = sin D cos r -f cos D sin r cos y 

where D is the declination of the centre of the ring For the 
second star, we have 

sin a'= sm D cos r -b cos D sin r cos / 
and the difference of these equations gives 

2 sin i (S' — S) cos i (J ' 5) = (sin r cos f — sm r cos y") cos D 
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or, very nearly, 

(S' — s) cos i (i' + d) = (r cosy' — r cos y) cos D 
= (<Z' — d) cos jD 

in which d'—diB the approximate diflerence found by the pre 
ceding aiticle But we have, very nearly, 

I> = d — d D = S' — d' 


the mean of which ib 

i) = + <0 

and we may, therefore, put 

cos D = cos ^ ip' + a) + ^ (d' + d) sin 1" sin i (S' + 5) 


fio that we obtain 

S'_s = d'-d + iCd'+d) id' - d) sin l"tan i(«' + *) (333) 

Hence, the correction of the diflerence of declination found upon 
the supposition that the path of the star is rectilmear, is 


^ (d' + d) (d' — d) sin 1" tan i id' + S) 


The correction disappears 
that IB, when the stars are 


when d' and d are numerically equal, 
obseived at equal distances from the 


of the preceding art.de, to conr^.ot. 
»movint8 to + 0".62, and the corrected difference of declination la 


S'— d= + 4 :' n" 62 

28T K the enter edge of the nng .. ^ fte S 

of the inner nng, we put 


y «i)co 8 3 




sin / = — 
' r 


Bmri = 7 


so that with the outer ring we find 

d =^r cos Y 
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and with the inner ring, 

d = ri cos Yi 


and the mean of these values will be taken as the true value of 
d. In the same manner d' for the second stai will be found, 


after which 5' — d = d' — d 

But when the four observations have been obtained, the pro- 
cess of reduction may be slightly abridged, as follows 
The sum and difference of the values of d^ give 


Putting 


we find 




2a 2a 

T — r, = ^ = 2a sm A sin B 

^ 2a 

r*+ = 2 a* (1 + sin^ A sm* B) 

ix^ = 2 a* (sin* A + sm* B) 


(334) 


which, substituted in the above value of d\ give 


or 


(Z* = a* cos* A cos* B 
d = a cos A cos B 


(386) 


so that, A and B being found by (334), d is found by (335) The 
formulae (334) for determining A and B may also be written as 
follows: 


sin A 


15 (t 4- O cos ^ 
4a 


sm jB == 


15 (t — Tj) cos d 
4a 


tn which t = and T^=ti — 

Example — On the 24th of June, 1850, at the Observatory of 
Bilk, Petersen’s comet and a star weie observed with a double- 
ling micrometer, as follows 


Comet (N of centre) Star (S of centre) 


K 

18* 15“ 

64* 


18* 18“ 

55*3 

V 

16 

20 

% 

19 

13 

V 

17 

21 

% 

21 

20 5 

*♦' 

17 

48 


21 

37 5 


* Brlnnow s Spliaiiscbe Astronoime, p 549 
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The approiomate decimation of the comet wae J' = + 59" 20', 
and the apparent place of the etar tree 

o = 14* 53“ 30* 75 « = + 59 7 12 1 

The radii of the rings were— 

Oater, r = 11' 21" 09 
Inner, i’,= 9 26 29 


whence 
Then we find 


a = 10 23 69 


Comet 


log (t' + t/) 
logCr' — t/) 

, 15 COS 5' 

log sra A' 
log sin B' 
log cos A' 
log cos B' 
log d' 
d' = 


1“ 54* 0 
1 1 0 
2 24304 
1 72428 

7 48667 

9 72971 
9 21095 
9 92623 
9 99419 
2 71589 
: ^ 8' 39" 27 


log (t + n) 
log (t — n) 
15 cos d 
'“ 8 — 

log sin A 
log sin B 
log COB A 
log cos B 
log d 
d = 


Star 

2" 42* 2 
2 7 5 

2 46195 
1 54033 

7 48938 

9 95133 
9 02971 
9 65137 
9 99750 
2 44384 
:_4' 37" 87 


d'_d = + 13'17"14 

and for the difference of right ascension, 
a' — o = — 3“ 25* 83 

the time of an observation, its path will no 
be at right angles to the declination circ 
drawn Sirongh the ceiitie of the ring bo 
that the differences found by the preceding 
methods will require a con-ection 

Let Ab, Fig 62, be the path of the planet 
across the ring, On the declination mrck 
through 0, the centre of the ring Draw 
<iB perpendicular to Cm, O? perpendicular 
to Ab, bp pei-pendicular to AB Put 


Fig 62 
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Aa' = the increase of the planet's right ascension 
in one sidereal second, 

= the increase of the declination in one sid 
second, 

f/, = the sid times of ingress and egress of the 

planet at A and b, 

X = the correction of the mean of and or 
of the right ascension of the planet found 
by the preceding methods, 

i (fi + ^ = the sid time of the planet's transit at m, 

P = the angle BAb = mCn 

The arc bp may he regarded as a poiiion of the declination circle 
drawn through b The angle at the pole included by this circle 
and the declination circle of A is the hour angle described by the 
planet in the time r', which hour angle is r' — t' . Aa' = r' (1 — Aa')* 
Hence we have, very nearly, 


We have, also, 
whence 


4p = 15 t' (1 — Aa') cos 
6jp = t' a^' 


tan 


A($^ 

15 cos (1 — Aa') 


or, since the squares of Ad' and Aa' or their product may be 
neglected, 

tan B = 

15 cos d' 


The correction x is the time in which the planet describes the 
line nm, and this time is found by the proportion 

= Abinm — AbiCn tan 

for which we can take 


t' : X = 15 t' cos 5' : c?' tan 


whence, substituting the value of tan 

__ d' A<?' 

^ (15 cos (5')^ 


(336) 


Since Ab = Ap sec /?, and sec ^ difiers from unity only by 
terms involving (a 5')^, we may take Ab = Ap^ and hence 
15r'cosd' 


2 


{1 — Aa') = /it' (1 — Ad') 


An = ^Ap 
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80 that to compute df —On m this case we have 


sin / = ^(1 — A®') 


d' = r cos / 


C33Ti 


that is, the computation hy the preceding methods wiU give the 
MiUio of d', corrected for the proper motion, if we employ 
„/ (1 _ instead of // lu the method of Article 287, with a 
douhlo-ring micrometer, the logarithm of 1 - ^a' may be added 

, . , „15cosi5' 

to the logarithm ot — * 

KXAMPBB.-In the example of the preceding article ^e comet’s 
motion in one mean day was, in right ascension - 5 0 , and m 
declination - 1° 17' ; and therefore, since one mean day contains 

86686 sidereal seconds,* 

300* log(l_Aa')= 0 00150 

“ 86686 

^ 4620^^ ][Qgr = yi8 72694 

~ “ 86636 

Hence, in the computation of d' we have 

7 48817 


4a 


log Bin A' 9 7B121 
log sin J5' 9 21245 
log cos A^ 9 92563 
log cos B ' 9 99415 
log 2 71475 

38" 50 


(„0X60 

= 15 X 2 X 

‘ ® ' 0 43429 (&<»’) 

log (1 — Ao') = — = 43318 

ot, tery nearly. — 0 00001 (Ao') 

the 48 hour Increase of right ascension 
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and, therefore, 
By (336) we find 
whence 


d'— i = -l- 13 ' 16"37 
a; = — 0 * 47 

a' — a, = — 3 «‘ 26 * 30 


The correction of d' — d for the curvature of the path is, in this 
case, by (333), + 0".78, whence 

= 17 " 15 

BO that the corrections for curvatuie and proper motion here, 
accidentally, almost destroy each othei 
The apparent place of the comet (still affected, however, by 
parallax and planetary aberration, as well as the differential 
refraction) is, therefore, 

a'= 14*50” 4*45 

y = 4 - 59° 20' 29" 34 

at the sidereal time 18’^ 16“ 50* 75. 


289 It is yet to be shown under what conditions errors of 
observation or of the data will have the least effect upon the 
lesults obtained with the img miciometer For the effect of an 
error at m the observed intei val, we have, by differentiating (331), 

15 COB 8 At 

= — T 

2 r COS Y 

Ad = — r sin Y ay= — * 2 * cos 8 tan 7 at 

which shows that the error in the observed time produces the 
least effect upon d when tan y is least, and, therefore, for the most 
accurate determination of the declination, the chords described 
by the two stars should be as far fiom the centre of the iiug as 
possible, or the difference of declination should be but httle less 
than the diameter of the ring If d is not much less tTin,n j , it 
will be advisable to let the stars pass across the field on opposite 
sides of the centre, at nearly equal distances fiom it But if d is 
very small, both stai-s should pass as far from the centre as 
possible, on the same side of it. 

For the effect of an error in r, we have 

T 

Ad AT ^ sec 
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which IB also least when the star is farthest from the <.entre of 
the field 

For the second star, we have also ad' = ar sec f, and hence 
a (d' — (?) = ar (sec / — sec y) 

so that if the stars are on the same paiallel of declination (when 
Y — y') the error in r has no effect upon the computed difference 
of declination, as, indeed, is otherwise evident 

For the accurate determination of the difference of right 
asceiiBioii, it is plain that the stars should pass as near to the 
centre of the field as possible, since the immersions and emer- 
«ioiis can then bo most accurately obseived. 


290. To find the radius of the ring — First Method — Observe the 



T = <4 — *1 v = f, — tj 

we have, by Art. 285, from the external contacts, 

2 (r + jR) = 15 r cos d 
2 (r + jR) cos j' = 2 d 

and from the inner contacts, 

2 (r — B) sin / = 15 t' cos ^ 

2 (r — A) cos / = 2 d 
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Eliminating y and y', we have 

4(r + J2)* = (15 r cos 3)» + 4£p 
4(r — J?)’ = (15 t'co 8 3)* + 4d> 

and eliminating <?, we obtain 

(IScos^yCr+OCr-/) 

16 


(388) 


In order to take into account the sun’s motion in nght ascension, 
the intervals r and r' should be expressed in apparent time. 

It IS easy to see that the formula (338) will still be applicable 
when the sun’s diameter is greater than that of the ring 

Example * — The sun was observed with a ring micrometer at 
the Observatory of Bilk as follows 

External Contacts Internal Contacts 

f, = 10* 31” 8* 2 Sid time % = 10* 32“ 30* 8 
t*=10 34 47 5 = 10 33 25 3 


The sun’s declination was d = + 23° 14' 50" , the semidiameter 
Jt = 15' 45" 07 , and the sun’s motion in right ascension was 
4” 8* 7 in one day. 

The sidereal intervals 3“ 39* 3 and 54* 5 must be reduced to 
intervals of apparent time by multiplying them by the factor 


whence 


248 7 
86636 


= 0 99713 


T = 218*67 1^=54*34 


and hence, by (338), 

r = 9' 23" 57 


Second Method — Observe the transits of two stars the differ- 
ence of whose declinations is accurately known Then, r and r' 
being, as before, the intervals between the ingress and egress of 
the two stars respectively, we have 

cos 5=rsmy d=±r cos y 
ft' = ^ cos S' = r sm / d’ = ±:r cos / 

Smce for detemumng r it will always be advisable to select a 


* Brunnow, Sphanaohe Astrononue, p 661 
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pair of stars whose difference of declination is not mnch less 
than the diameter of the ring, the stars will he observed on 
opposite sides of the centre we shall, therefore, have 

d' — d = r (cos Y + cos /) 


Let A and B be assumed, so that 

A = \(y + r) J 


W-r) 


d' — d = r [cos (A -t- 5) + cos (i. — B)] = 2r cos J. cos B 

IJi’ ^ H = r [sm (A B) + sin {A — B)] = 2r sin A cos B 

ft! — fx = r [sin (J. -|- -®) — (-^ — ■®)] = ^ 


Hence we derive 


tan A = 


m'4-m 

d'—d 


tan B = 


d'—d 


* 2co8JLcoeB / 

W e may also use any one of the following forms for r 

m'+m //-m _ g 

^ 2 sin cos B 2 cos A sin B 8in(jl-|- B) sin(J.— B) 

In order to render this method exact, the atmospheric refrac- 
tion should be taken into account Its effect upon micrometric 
observations in general will be considered hereafter, but, since 
for determming the radius of the ring micrometer it will be 
advisable to take the observations near the meridian, the refrac- 
tion may be allowed for in a very simple manner, for we ^y 
then neglect Its effect upon the right ascensions of the stare The 
effect upon the declinations is found by the formiilse (234) and 
(20) of Yol I , according to which, if 5 and d' are the true decli- 
nations, the apparent valu^ are 

i 4- jl'cotca -f BT) 
ifcotid' + N) 

where taniV= cotf cost,, <p being the latitude of ^ 

observation, and To the hour angle of the centre of the nng. 
Hence the apparent difference of declination, which we will 

denote by (d'- 5), e sin (S' -S') 
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for whicli we may take 

(d' — s) = d'—d — 


esin(d' — S) 
sm‘ + 


( 840 ) 


which IS to be used for d'-dm (339) It will here generally 
suffice to take k' = 57" , but it may be accurately found by 
Column B of Table II. 

When the stars are not very near the equator, the correction 
foi curvature must be applied If r were given, the observations, 
computed upon the supposition that the paths of the stais are 
rectilinear, would give the approximate difference d' — d, and 
hence in the inverse process we have only to use d' d instead 
of (d' — d) in order to obtain the true value of r How, by (333), 

d' — d = (iS'—S)—i sin 1" (d'» — dO tan i («' + 5) 


or, since d'* — (P = — (/i'* — /**), 
d' — d~(^d' — ^) + i sm 1" (// + /t) Qji! — ft) tan J (S' + 5) (341) 

in which (d' — d) is the difference of declination corrected for 
refraction 


Example — The radius of the ring of the micrometer em- 
ployed in the example of Art 285 was deteimmed by the stais 
Asterope and Merope of the Pleiades, the declinations of which 

= + 24° 4' 24" 26 5 = -f- 23° 28' 6" 85 

and the observed intervals were 

t' = 18* 5 T = 66* 2 


In order to illustrate the use 
angle of the centre of the ring t 
the latitude of Bilk being f = 

N = 37° 49' 6 
j (^3 _|. a') + Jf = 61 35 9 
3'— J = 36' 17" 41 
corr — 0 78 
(3' _ 3) = 36' 16" 63 


I (340), let us suppose the hour 
have been = 1'“ = 15° , then, 
\- 51° 12' 25", we find 

log A' = log 57" 1 7559 

log cosee® [J ^ 0 ® 1114 

log sin (S' — 3) 8 0235 

log corr 8908 


We find, m the next place, 

/= 126" 68 
log O' + a) = 2 71038 


fi= 386".68 

log(jtt' — M) = 312 41489 
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•whence the correction for curvature is, hy (341), = — 0".14, and 
therefore 

d'—d = S& 16" 48 
"With "which we now find, hy (839), 

log tan A = 9 37263 log tan B = Q 07714 

log sec ^ 0 01175 

log sec B 0 00308 

log 3 33775 

log 2 r 3 35258 

r = 18' 46" 03 

Third Method — ^Direct the telescope of a theodolite towards 
the objective of the telescope which cairies the micrometer, and 
measure directly the angular diameter of the nng by either the 
vertical or the horizontal circle of the theodolite, as in the case 
of the filar micrometer. Art 46,* 


291. The filar micrometer, the heliometer, and the ring micro- 
meter are now almost the only micrometers in use I will, 
therefore, here only briefly mention two or three others, as it is 
not within the plan of this woik to enter upon the history of the 
numerous instruments of this class which have been proposed 
The duplication of the images of objects, which is efie^ed in 
the heliometer by dividmg the objective, has also been effected 
by dividing the ocular, constituting what has been known as the 
double-image ege-BUce micrometer The principle of this instrumen 
18 identical with that of Eamsden’s Pynameter, which is sbU 
used for measuring the magnifying power of teles^pes (Art. ). 
It IS evident that by separating the two halves of a simple y - 
lens until the image of one star coincides with 

the angular distance of the starsbecomesknownfrom the too 

angular value of a revolution of the screw by 

tion IB produced Amici, of Modena, is said tp have produced 

the best micrometers of this kind i -u +>,0 hrp a 

The duplication of images is also effected by , 

4 ^nnhlv refracting prism of rock crystal, originally p p 

of aetermmmgthe 

Sven position of the crystal and the angnlai distance of t^ 

* Upon the rmg rnicronteter. see also paperT ty B^ssk. « the Corr. 

,j,ondenz,yo\B XXIV and XXVI 
VoL. 11—29 
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objects wliidi have been biouglitinto contact, is a consideiable 
obstacle to its geiieial use, to say nothing ot the optical difficul- 
ties 111 obtaining well dehiied images free lioiii coloi 

Struie ha& pioposed the use of a giaduated plate of trans- 
parent mica placed in the focus of the equatoiial, and this method 
has been emplojed by the Messis Bo^D in cataloguing small 
stars Upon a plate of mica of an inch in thickness are 
drawui two sets of paiallel lines, one sjstem lepiesentmg decli- 
nation cades, the other, at light angles to the first, representing 
parallels of declination* The relative dechnatioii of two stars 
which pass o^ei the field is determined by meiely obseiving the 
divisions of the graduated declination scale over wdiich oi near 
which they pass , and their relative right ascension is found 
fiom the obseived times of their transits over the lines wdnch 
represent declination ciicles, these times being noted by the aid 
of the electro-chronograph f 

An ingenious mode of employing a double eye piece micro- 
meter (consisting of two complete eye pieces), apparently giving 
veiy piecise results, is suggested bj^ Mr Alvan Olakk, of Boston, 
m the Proceedings of the Am Association for the Adv of 
Science, 10th meeting, p 108 

' 4 

CORRECTION OF HICROMETRIC OBSERVATIONS FOR REFRACTION 

292 Since the position of each of the two observed stars is 
aflfected by the atmospheric refraction, their relative position, de- 
termined by the miciometei, is also affected by it The object 
of the following investigations is to determine the correction of 
the nucrometiic measures themselves, without requiiung a sepa- 
rate consideration of the absolute places of the two stars t 

293 To find the effect of refraction upon the obseried angular distance 
of two stars and upon the angle which the great ciicle joining the stars 
makes with a vertical circle, — This mode of observation is indeed 
not practised, hut the investigation of the effect of refraction m 


For a description of a number of double mage micrometers, see Peabson’s 
Practical Astronomy 

-(• See Annals of the Astronomical Observatory of Harvard College, Vol I 
J I have foUo'wed Bessel’s methods {Astron Vhiersuch , Vol I ) m the investiga- 
tion of the greater part of the formulae That portion of Ins article which relates to 
the ring micrometer is, however, considerably abridged and simplified 
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th.is case is very simple, and will serve as the ground-work of 
the subsequent applications. Denote by 

C, C', and the true and apparent zenith distances of the 
two stars S and S', 

A, their difference of azimuth , 
r, their refractions, 

i , and I, P, the true and apparent angles which the great 
circle joining the stars makes with their re- 
spective vortical circles, all reckoned in the 
same direction, 

<r, s, the true and apparent distances of the stars 


We have, in the triangle formed by the zenith and the appa- 
I'ent places of the stars, by the Gaussian equations of spherical 
Trigonometry, 

8inissinJ(l + V) = sinM 8inJ(z + /) 
sin is cos + l') = coBiA 8ini(z — «') 

and in the triangle formed by the zenith and the true places of 
the stars, 

sm i<r sin i(A -|- X') — sm i JL 8ini(C C') 
sin i ff cos i (A -f- X!) = cos i A sm i (C — C ') 

If we put 

+ A, = i (A A') c:^ = i(C-f-C') 

and also substitute f - r and C' — r' for z and z', the ehmmalion 
of A from the above equations gives 


sin i <T sm A^ = sm § s sm 


8mC„ 


sm — iCr-fO] 

^ , 8ini(C-0 

sini<rco8Aj = sini«eosf„ — /)] 

We may evidently, in the first equation, put for 
which 18 equivalent to assuming that the mean of the refractions 
for the zenith distances C and C' is the same as the refraction for 
the mean of these zenith distances, an assumption producing here 
no sensible erior in the factor sin [Co — i (i* + ^ )] 
may also take 

aCa 
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m winch the differential coeffieieat^ expresses the rate of change 
of the refraction eorresponding to {['q. Then, in the fraction 

am4(C-C') 

smJ[C — O] 

which differs hut little from unity, we may put the arcs for their 
sines . so that, denoting this fmction by b, we have 

r C — C' 1 ^ 


C— — (r— o 1 ^ 

f-r 


1 


If we also put 

7 - ^ - 

sin (Co— ro) 

and substitute and Js for their sines, our formulse become 


From these we have 


<r sin A, = s a sm Z, 
<rcosA. = s 6cosZ. 


tan A, = — tan 


which developed* gives 


b — a 


"0 *0 ' 

0 a 

From the same formulse we derive 


sin 2Zo -|- V ( 7 \ sm 4Zo — &c (342), 

~\b 4- al 


<s cos (Aj — Zj) = 5 (Z> — Cl) cos* ZJ 

and, dividing this by cos (A,, — Z,) = 1 — KA, — + &c , we obtain 

tf_s==s|;a — 1+ (6— a)cos*Z„ + ||^^j sin*2Zo+&c] (343) 

294- To facilitate the computation of (342) and (343) a con- 
venient method of finding c. and h is necessary e have, for 
any indeterminate 

BinC sinr^f+r) , sinr 

a = — - — - — = — ^ ^ ^ = cos r 4- t 

sin (C — r) sin z tan z 

^ dr _d(2 + 0_i _L^ 

^ dZ — dr dz '' dz 

Adoptmg for the refraction the form (V ol. I Arts. 107 and 
117) 


r = k tan z 
* By PI Trig Art 254 
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tn which 

we have, putting cob r = 1, 

a = 1 “1“ A 

b — a — 1( tan* z + — tan z 
az 

These quantities may therefore he found by the aid of Column 
A of Table n But, as the argument is there the apparent 
zenith distance, while in micrometer observations it is 
the true zenith distance that is given, it is 
new table, by which a quantity x, depending upon the refraction, 
may be found with the argument C, such that 

5 — a = K tan® C 

In order to obtain the value of x for any state of Jbe air, 
Bbssbl gives it the same form as that already adopted for ft, 
and assumes ^ ^ 

in which the factors jS and r, depending on the barometer and 
thermometer, have the same values as befoie p, , n 
The quantities log a", A", which are given in Column 0 of 
Table II , must be determined so as to satisfy the abo 
bon of X for all values of ^ and r We have 

tan* « ^ =( A + - cot 

* ~ * t^ tan* C \ f 

Takmg the Kapienan logarithms, 

= <(‘ + S -t »)+ 


From the defimbon of ft, we have 
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Smce ^ and y differ but bttle from unity, and aie so small 
that we may neglect their squares, so that the logarithm of the 
last factor of the above expression, under the form I (1 + x), may 
be put = X, and hence 


l{k + f^cotz^=la + Al^+Xlr + li^l + ^'' 


+ 


1 I 7 

+ ‘>-3 


1 + 


da 

rdz 


cot - 


(S45) 


Now, let (2) denote tnat value of z which corresponds to the 
given ^ when ^ = 1, 7* = 1, a value which can be found from 
Column A of the table, as in Art 119 , Vol I Let the corre- 
sponding values of ft, A, A, as found from that column, be denoted 
by (ft), (A), (A), and the corresponding refraction by (r) , then, 
a'. A', A' being taken from Column B for the given we have, 
as in the article just referred to. 


(r) = (a) tan (2) = a! tan Z 
2 = (2) — o' tan f (A' X' ly) 


The second member of ( 345 ) is a function of 2, which may be 
transformed into a function of (2) The small terms multiplied 
by and ly will not be sensibly affected by substituting (2) for 
2, (A) for A, &c The other terms may be developed by the 
formula 


m which 


/2=/(2) + 


d/(g) 

d(2) 


2/ + 


y = — a' tan C (A' i /9 -f A' ly) = — (o) tan (2) (A' iyS -|- X' ly) 
We find 

d(a) 




(o)^ ' 

^)tan(2)-M!l 

d(2) 1 + 


d(o) 


(A'i/ 9 -f A'Zn 


+ 


+ lym' 

^ d{2) ^ ^ a(x) 


1 + 


ir)d{z) J 


(r)d{z) J 
cot (2) 
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We have, also, 

tan g _ tan C(g) + y] tan (z) 

tan C tan C tan C cos’ (z) 

Hence, substituting m (344), 

U> + A" Ifi + A" Ir = 2Za' - ?(a) + z(l + 


+W 

-h’r 


(a)<I(a) 

, {r)d(z) 

8 ec’( 2 )A'+^ cot(z) 

+ 

1 1 


' (’■)<*(’) J 


cos’ (3) d(z) 

W iMsecUz)X'+^. cot (r)l 
2(a) „ dfa-) , ; - I (’•) ^ ^ 1 

^ + C7)i(*) J 


cos’ (z) d (z) 


amce tins must be satisfied foi all values of ^ and r, the coefficiente 
of and Ir in the two members must be equal, respectively. 
Now, we have found, in Vol I Art 119, 

c^i = '*'1' + W,)" '‘i’ ^ 

(») A'(l + » [l + W »<«>■ w + •“ I*)] 

Substituting these values m the above equations, and comparing 

similar terms, we find , d(a)\v 

Za" =2Za'-?(<») + ^(l+ (r)d(Z)) I 

by wMd, 

r"?n CriuLi Tis in parts of the radius, so that we must add to 
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the value found hy the first of the equations (346), the constant 
log sin 1" = 4 685675. In the second member of the other two 
equations we must also put (a) sin V for (a), and d [z) sin 1" 
for d{z) 

295 "With the table thus prepared, the computation of k is 
precisely like that of k in finding the lefraction For example, 
to find log x for f = 80°, Barom. 30.35 inches. Attached Therm. 
40° F , Ext Therm 35° F , we have 

A"= 0 994 )!' = 1 099 log a"= 6 3947 

log 5 = -|- 0 01092 log y = + 0 01185 A" log /J = + 0 0105 
log r = — 0 00031 A" log j' = + 0 0130 

log i9 = + 0 01061 log jc = 6 4182 


296 Our fundamental equations (342) and (343) may now be 
reduced to a much more simple form It is evident that on 

account of the small value of x we may omit the terms in (6 — df, 

^ b — a „ b — a . 

&c For the same reason, we may put „ for - > from 

^ 0 “j— Ct 

which it differs only by terms involving x® In (343) we may 
put a — 1 = X mstead of its true value k, without sensible error , 
for even at the zenith distance 85° the difference of x and k is 
only 0 00006, and consequently the error of substituting one for 
the other in this term will be less than s X 0 00006, so that even 
if s were as great as 1000" the error would not amount to 0" 06 
We therefore adopt as fundamental the following simplified 


forms 


ff — s = sx (tan® C cos’ + 1) 
Aj — \ = — X tan’ Z cos \ sin 



In these equations C is the mean of the true zenith distances of 
the two stars, and x the corresponding quantity in the refraction 
table. The quantity is that which would be given diiectly by 
the observation. 

The mean zenith distance ^ will be found, by a single com- 
putation, from the mean of the hour angles of the two stars and 
the mean of their decimations Denoting these by and S^, and 
the latitude of the place of observation by <p, we have, by equa- 


tions (20), Vol. I , 


tan N = cot <f cos 


tan C sin g = 


tan Tj sin W 
sin W) 


tan Z cos g = cot -j- iVQ 
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Tlie parallactic angle q which, these formulae give at the same 
time with ^ will he required in the subsequent problems In 
the observatory the computation is facilitated by a table, com- 
puted for the given latitude, which gives the value of N, and of 
log n = log (tan Vg sm N), for every minute of the hour angle r. 
We then have only to compute the equations 


tan C sm g = n cosec (Jg JV) 
tan t cos q = cot (5g -j- N) 



297 Correction for refraction of mieromeinc obseriatms of the 
distance and position angle between two stars —The obseived position 
angle p is the position angle at the middle pomt of the are joining 
the two stars (Art 260) Let n denote the true value of this 
angle, q the true parallactic angle found by (848) , then we have 

X^=n — q 

and if q' is the apparent parallactic angle, we have 

From the diifferential formula (47) of Vol. L we find that if C 
varies by c?C = angle i vanes by the quantity 

q' — q = r Bin q tan 

and if we take for r the form (Vol. I Art 119) 


r = Jd tan C 

we have ^ . 

^ = g + ^ tan C sin g tan 

and, consequently, 

l^ = p — g — A' tan C sin gtan 

This value of is to be substituted in (347), but in *e terms 
already multiplied by 5 x we may take = p - 3 Hence w 
have 

: z; = c™ ,.-3. 

Since the position angle cannot be 
ber of seconds, the error of putting x for A' m the last term or 

, 14 ? m will he of no practical importance , and, 

the formula for ic—p will oe or no vp reduced 

mo.eover, Binee the teims of the senes (842) have to he ^ueea 
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to seconds by multiplying by the radius m seconds (= cosec 1''), 
we have, finally, 


(t — s—sx [tan* C cos* (p — q) + 1] 

rc—p=z — x cosec 1" [tan * Z cos (jt — q) sm {p — q') + tan C sin q tan 5„] 

Having obtained a and n by adding these corrections to s andjp, 
the true difference of light ascension and declination of the stars 
may then be computed by Art 264, employing a and for s and 
p; that IS, by the formulae 

sin i (o' — o) = sin \ a sin n sec Sg 1 (350) 

sin i (3' — 5) = sin J cos tc sec i (o' — o) ) ^ 


or by the approidmate formulae 


a' — a = <r sm tt sec 
S' S =: ff COS TT 



298 If the apparent difteienees of right ascension and decli- 
nation have already been computed fiom s and p by Ait 264, 
and we wish to correct them foi lefractioii, we have, by eonipaiing 
the formulae (284) and (350*), and denoting the corrections which 
the apparent values of a' - a and 5' — d lequire by the symbol a. 

— o) = (it sm ir — s Sin p) sec 
^({' — 8) Z=: IT cos n — S cosp 

A(o' — o) = [(<T — s) sill p + IT (sin TT — sinp)] sec 
— 3) = (<r — s) cosp iT(cosjt — cosp) 

or, again, with sufficient accuiacy, 

A(o' — o) = [(it — s) Sin p + s (ir — p) Bin 1" cos p] sec 5, 

= (<; — s) cosp — s (r — p) sin 1" sm p 

and, substituting the values of it — s and tt — p from (349), 

A(o'— o)=s X [tan* J cos (p— 2) sm?— tan C sin q tan 5g cosp+smp] see i?„ 
[tan*C cos(p— 2) cos 2 -|-tan C sm q tan 8^ smp-f cosp] 

These formulse are somewhat abridged by introducing an 
auxiliary u such that 


tan w = tan r sm q tan 3g 
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by wliich they become 

A(,oi' — a) = s X [tan= : cos ip—q) sm g+sec u sin (p— it)] sec \ 

5) = sx[tan®Ccos^— g)cosg+8ecMC08(p— m)] J ) 

Example. — ^In the example, Ai't 264, we had the observed 
quantities s = 316" 993, p = 169° 57' 7 The latitude of the 
place of observation was <p = 38° 58' 7, and the sidereal time 
was 0* 17” 52* The right ascension and declination of the 
middle pomt between the stars were, approximately, 

a, = 21* 51“ 52* = — 12“ 28' 5 

The corrections foi refraction being exceedingly small in the 
case of so small a value of s, the observer did not thmk it 
necessary to record the state of the atmosphere ; but, for the 
sake of illustration, I shall assume Barometer 30 29 inches, Att. 
Therm 49°, Ext Therm 41° Eahr 

m have, first, the hour angle of the middle pomt between the 
observed bodies, to = 2^ 26“ = 36° 30', wuth which and the above 
values of <p and we find, by (348), 

A = 44° 53' 9 C = 62° 28' 5 q = 31° 28' 2 


and by Column C of Table II , 

log H = 6 4555 


Then, by (349), we find 


<r 

and hence 


s = + 0" 277 
= 317" 270 


„ _g, = + 2* r.T 

s = 169° 59' 73 


Prom aose, 1>J (860*), *0 tore drfferenee of riglt aaceodoo 
declination are found to be 


_ a) = + 56" 68 (3' - 3) = - 5' 12" 45 

But, supposing the apparent differences to have been already 
computed as in Art. 264, namely. 


L .'SB" 82 


3 = -5' 12" 14 


we should compute the corrections 
which give 


of these quantities by (351*1, 
^,^y_3) = -0"30t. 
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whoh. added to a' — a and d'—8 give the same values of 
(a' ~ a) and (3' — S) as above foand. 


299 Connection for refraction of micromete7 observations in which 
the difference of right ascension has been obtained from the difference of 
the times of transit of the stars over threads lying m the direction of 
circles of declination, and the difference of declination has been directly 
measured (2d Method, Art 266) 

Let t and f denote the observed sidereal times of transit of the 
t^vo stars over the same declination cncle A star upon the 
same parallel of declination as the second star, but having the 
right ascension a' — (t^ — t), would have been observed simul- 
taneously with the first star, and would, therefore, have had the 
same apparent right ascension The effect of refi action upon 
the time of transit of this supposed star is evidently the same as 
111 the case of the real star ; and the effect upon the difference 
of decimation is also the same : so that this case is reduced to 
the preceding by supposing the stars to have been observed with 
an apparent position angle p = 0, and apparent distance s = 
3' — 3 These substitutions in (351) give the required corrections 

— a) = jc (5' — 5) [tan® C cos qBmq — tan C sin q tan sec 
= K (5' — 5) [tan® C cos* 2 + 1] 


These formulae are simplified by introducing the auxiliary N 
already used in the computatioii of Substituting the values of 
tan ^ sing and tan eosg from (348) and (348*), they aie readily 
reduced to the following 


— d) ncos(2^o+jy) 
sin* (d^ + A') cos* 




sm* + JST) 


1 (352) 


Example. — ^In. the example, Art 266, ve have the observed 
diflference of right ascension and declination of Neptune and a 
known star, 

o' — » = 5' — a = — 7' 28" 22 
and tie place of the star. 


a = 21‘ 50" 8* 99 


« = — 13° 23' 35" 11 
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common hour angle at which the objects w« 

1* 36” 34* 4 = 24° 8' 6 

,„tkwhoh and ^ = 88» 68- T, d.= - 18“ »' 8- 

,/ = 48° 31' o log ft = log (.tan t, sin iV) = 9 S-'SI 
C = 57 0 1 

and assuming Barom 30-29 inches Att T^ 49°, Ext. Therm. 

41° Fahr , we find, by Column C of Table li , 

log )« == ^ 4577 

Hence, by (352), 

The diflerenoee corrected for refcaotion ate, therefore, 

,-_. = + l-46-29 )-_J=-r28"61 

aod heace the apparent place of Neptune, rfected now only hj 
pdiallax, was 

.. = 21- 61- 64- 28 »' = -13-81'S"72 

on Novemher 29, 1846, at 23* 28- 28-7 ndereal time at Wash- 
ington 

800 Cm-ectmfor ^ 

mtermeiue — At each tranai o a s g^qoaltothe 

TJZrTTZ h” fo « 'tran.it it. «e dietance i. 
c„ we shall hare, hy (849), putting r for a, 

,[l + « + at.n-tco#Cy-7): (***> 

.n which P 1. ’the “taSlct'aSe 7^^* 

The senith distance ; and f„,y .fen that 

noddle point between tte Vem eir for the 

t cCt; a” m“r";renTrstar. compared We 

E(l”^'4,\ere.n^pose : and 
U otae^ahone^e 

n,e l^^dir«hon a. for the tet tranmt from the declination 
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circle througli C, will be 360® — p • so that, if ^2 is then the true 
distance of the star from C, we have 

(T, = r [1 + X + X tan* C cos* ( 4- j)] (364) 

Kow, let 

= the time of the star’s transit ovei the tiue declina- 
tion circle of C, 

Tp Tj = the tiue hour angles of the star, reckoned from the 
declination circle of G, at the two observed transits^ 

J> = the dechnation of the stai and of G, 

then we have 

^0 = “ 1 “ ‘'*3 

and in the two triangles formed by the pole, the pomt C7, and the 
two true places of the stais at the two observations, we have 

cos = sin D sin d -j- cos D cos d cos tj 

cos = sin D sin d + cos D cos d cos 

From the difference of these equations, namely, 

2 sm i (<Ti + (Tj) sin } — <7,) = 2 cos JD cos d sm } (t^ + t^) sm } (t^ — 

we derive, approximately, 

X /<r, — (r,\/<r, +<7,\ 2 8eci) sec^ 

To reduce this expression to a practical form, we have fibrst, from 
(358) and (354), 


^ _ ff,) = rx tan* C Bmp cos pBm2q 


in which we may use the approximate values of sin^j and cos^ 
given hy (381), where y is the same as p, namely, 


emp = 


(tj — O QOS 3 

2r 



where d is the approximate value of d — D found hy neglecting 
the refraction 

For J(<r, + <Tj) we may here use r, for, bemg only a multiplier 
of I («Ti — tfj), the remammg terms would give only terms in x* 
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in the product For + r, we put - t. These substitutions 
being made in tlie value of ^ (tj Tj), we have 

^ (rj — T,) = d it tan^ C sill 2 3 sec P (355) 

which IS the correction to be added to the mean of the observed 
times, m order to obtain the true time of the star’s transit over 
the decimation circle of the centre of the nng; for we have 




To find the correction of d for refraction, we observe that if 
Vi and Tj were known, the true value of the difference — 
would be found by the formuloe 


— (r, COS df 

(S —Dy = — (tj COS sy 


In these forinulse, indeed, the path 
rectilinear , but the correction foi 
investigated, and is given by (333) 
may be expressed as follows 


of the star is supposed to be 
curvature has already been 
The mean of these values 




and, consequently, by neglecting terms in 


(«- 



file difference d is found from the formula 


and therefore, observing that Vj — t*— 


== x [1 + tan“ C (sm* q + C 08 *p cos 2 g)l 

Substituting d for r cosp, and then dividing both membera by 
(d — P) + d, (or by 2d, since this will involve only errors of th 

order v.% we find 

(i _D)_d = ’-y(tafrCsin*g + 1) + dxtafrCcos (356) 
which is the required correction to be added to d 
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For a secoad star, we have, in like maimer, 
^ (ti' — r/) = d' * tan* C sin 2 j sec J) 





The difference of right ascension of the stars found by neglect- 
ing the refraction is 

while the true value is // — * so that the correction for the 

refraction is 

A(»' — a) = i (r,' — t/) — i (^1 — O 

or, by (355) and (357), 

a.(o' — a) = (d' — d) X tan* f sin 2 y see (359) 

m which we have put d') instead of 2) The eoiTec- 

hon of the difference of the declinations of the stars for lefrac 
tion 18 , by (356) and (358), 

aCJ' — S) = (d' — d) X tan* C cos 2 a — — * (tan* f sin’ J -j- 1) 

(360) 

The values of ^ and g to be used in these formulse will be 
found by (348), employing do= J(6 + d') and the hour angle 
of the centre of the nng, which will be found from the transit 
of one of the stars by the formula 

*•0 = ^ Gi + <?) — O’ 

Example — To correct the results in the example of Art. 285 
for refraction — W e have there found 


d' = + 17' 61" 9 
d = + 13 34 8 
d' — d = + 4 17 1 
»' — »=— 1«49*50 

We find, by (348), 


p == -1- 61“ 12' 4 
5, = -t- 24 3 3 

r„ = 5‘ 18« 68* 

r= 1126" 25 


N= 9® 6'7 
S = 42 53 7 


log n = 9 89088 
C = 64® 26' 0 
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Th-ft indicatioiiB of tlie Taarometer and thormometer are not given , 
but, assuming a mean state of the air, the refraction table gives 
for tins zenith distance log x = 6 4882, with which we proceed 
to compute (869) and (860) as follows : 


logC^' — d) 2 4101 
log x 6 4382 
log tan* C 0 6898 
9 4881 
log cos 2 2 8 8658 
Ist term of (360) = + 0" 02 

log sin’ q 9 6658 
log (tan*C sin' } + 1) 0 4802 
log(d' — d)* 8 8483 
log r’ 6 1032 
5 4317 
logdd' 5 9412 

2 d term of (860) = + 0" 81 
a(«' — 5) = — 0"29 


log sec 0 0395 
9 4881 
log Bin 2 g 9 9988 
log a(o.' — tt) 9 6264 

A(*'-a) = + 0"84 = +0*0?, 


The corrected values are then 
a' — o = — 1*49*48 
S' — d = + 4' 16" 81 


The corrections for refraction are in this instance less than the 
probable errors of observation. Indeed, with the nng micro- 
meter, it will seldom be worth while to consider the refraction 
unless the zenith distance is over 60° and the difference of 
dechnation over 10' 


OOEBBOTIOir OF MIOROHBTEIO OBSBRTATIOMS FOE PRBCBSSIOH, 
KUTAIION, AND ABBRRATIOIT. 

801. In most cases, micrometer observations of the difference 
of position of two celestial bodies have for their object the 
determination of the apparent place of one of these bodies from 
that of the other supposed to be given. Tbe apparent place thus 
found 18 then usually to be reduced to the mean place for the 
beginning of tbe year, or any adopted epoch, by applying the 
corrections for precession, nutation, and aberration with reversed 
dgn. Sometimes, also, it is desirable to reduce tbe data tar- 
nisbed by the micrometer on different dates to a common date. 
The only case of interest, however, is that in which the distance 
and position angle have been observed I shall consider trst 

the effect of aberration. 

Voi IL-SO 
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802. To find the effect of aberraium upon the angular distance of 
too aters.— Let us denote by E the point of the ecliptic from 
which the earth is moving (as in Art. 387 of Vol I ) ; by 9^ 9„ 
the true an g ular distances of the stars from E, \ij d-f, the 
apparent distances from E affected by aberration , by o and a, 
the true and apparent distances of the stare from each other, by 
7 'j, the angles formed by a with and 9^ , by j"i\ yf, the angles 

formed by a with the same arcs Then, since the aberration acts 
only in the great circle joining the star and the pomt E, the 
angle atE between the ares and 9, remains unchanged, and 
we have, precisely as m the investigation of the differential 
refraction in Art 293, 


smitfsm i(r, + r.) = Bin is sin i(r^ + n') 

tan 4 tfcos J (tx + rO = Bin i a cos } (r,' + y/) j 


If we write y, and y.' for i (y, + y,) and J (y/ + y/), we may put 
these equations under the form 

«■ sin y, = aa sm y,' 
g cosy, = 6a cosy,' 

in which we have put 

_8 in», ^ _ Bin 4(^1—*,) 

* Bin sin 4 (fii — 


Now, we have (Art 885, Vol I) 

* sin#. 

In which k = 20".4451 , and hence 


a = 1 — ft 008 #, 

5 = = 1 — ft cos #, + ft* cos* #, — &o 

1 -f-ftOOB#, 

so that if we neglect ft?, as we may, we have a = 6, and hence 
our equations give, simply, 

y. = To 

= as 


Hence it follows, Ist, that the angle which o makes with the arc 
9^ is not sensibly changed by the aberration , 2d, that the effect 
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of aberration upon the distance a is the same in whatever dnec- 
ticm, the arc a may he, and depends only on the distance of 
its middle point from the point JE, or, in general, upon the right 
ascension and declination of this middle point This latter 
principle suggests the most simple means of investigating a for- 
mula for computing the aberration in distance , we have only to 
assume the distance <r to coincide m direction with a declination 
circle, so that <r may be treated as the difference of declination 
of the stais Then the effect of aberration upon a jrill be found 
by differentiating the expiession Cfc' + I>d', which, expresses the 
correction for aberration (Art 402, Vol L) , thus, 


A(T = 




Taking the values of a' and b' for the middle point of a, or 
for the right ascension and declination 5,, we put 

dc' 

Y— a — = — «T (tan e sin 5^ -|- sin o„ cos d,) 
dd 

. dd' 

0 ft — - (S COS do OOS Uq 


and then for .computing a<t we have the simple formula 


as- = -t- Cy -I- D5 (361) 

for which C and D can be taken from the Ephemens for the 
given date The correction thus found is to be added to the 
true distance to obtain the apparent distance 

The position angle p, at the middle point of a is composed of 
the angle Xa of angle which the declination circle makes 

with the arc so that the change in is the same as that in 

the latter angle, that is, it is the difference of directions of the 
declination circles drawn through the true and apparent places 
of the stars This difference vnll be obtained at the same time 
with that produced by precession and nutation in the next article 

303 To find the effect of precessim, nutation, and aberration upon 
the position angU of two stare— -Lei a„ d„ be the right ascension 
and declination of the middle point between the two stars The 
change in the position angle is simply the change of direction 
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of the declinatioii circle drawn through this point so that we 
have 

do/Q cos ^0 

tan = Apo = — — — 


c>r, taking = (a^) + Aa + JBb + a -\- Dd as the expression of 
the apparent right ascension at any time, where (ao) is its mean 
value at the beginning of the given year (Yol I- Art 402), we 
have 


AJ9o=COS 



=A n sin a 


— + D— 1 

(ISq didf^ d^Qj 

^ pec ^0 + ^ ao sec -^5,, -f Ceos ao tan sin a^ tan % 


Hence, putting 

a =; n sm ttj, sec (\ / = (Oh a^ tan ^5^ 

// =: cos a„ sec Jo o' — sin ao tan 

in which, for a given year 1800 + < (Yol I p 617), 

n = 20" 0607 — 0" 0000863 ^ 

we have 

^p, = Aa^+ + 

The annual increase of Pq is n sin ocq sec If we wish to i educe 
the mean value of Pq from one given year 1800 + t to another 
1800 + f , we must, therefore, add the quantity {f — t) n sin ao sec d^, 
in which Uo and should be taken for the date 1800 + ^ (^ + ^') 
The mean value of heing thus reduced to the beginning of the 
year 1800 + i', its apparent value for the day of the year will 
then be found by adding the correction £^po given by (363), A, 
(7, and D being taken for the day from the annual Bphemeris 
or the Tabuloe RegiomontomcB, 

The precession and nutation, evidently, do not affect the appa- 
rent angular distance of two stars. 


} (362J 


(363) 
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METHOD OF LEAST SQUARES^ 


1 A NUMBER of observations being taken for the purpose of 
detei mining one or more unknown quantities, and these obser- 
vations giving discordant lesults, it is an important problem to 
detenniue the most ^probable values of the unknown quantities 
The method of least squaies may be defined to be that method 
of treating tins geneial pioblem which takes as its fundamental 
principle, that the most probable values are those which make ike sum 
of the squares of the residual errors a mmmmn. But, to understand 
this definition, some degree of acquaintance with the method 
itself IS necessary 


* The hrst published application of the method is to be found m Legendee, youvelUs 
rnSthodes pour la dStermination des orbites des comltes. Pans, 1806 The derelopment, 
however, from fundamental principles is due to G\tjss, who declared that he had 
used the method as early as 1795 See his Theona Motus Cor^orum Coelesttum, 1809, 
Lib II Sec III , Disqumtio de elemeniis ellipticis Falladis, 1811, Batimmung der 
Qenauigkeit d$r Beohachtungen (v Lindenau und Bohnbnbebger's Zatschnfi, 1816, 1 
8 185), Theona combinatioms ohs&rvationum ei'tonbus mtntrm ohnoxtse^ ^ Stipple- 
mentum theonse combinatioms, &c , 1826 all of which have been rendered quite access- 
ible through a French translation by J Bbbtbavd, Mithode des moindres carries Mi- 
moires sur la combmaison des observations, par Ch Fr Gauss, Pans, 1855 

For a digest of the preceding, together with the lesults of the labors of Besses- 
and Hansen, see Enckb, Uehei die Methods der klemsten Quadrate, Berhner Astron 
Jahrbuoh for 1834, 1835, 1886 , in connection with which must be mentioned es^ 
daily the practical work of Gebiino, Die Aiisgleichungsrecknungen der practuchen 
Qfometne, Hamburg, 1843 

See also Lapiaoe, Theoru analyUque de» pi ohabiliUs, JjV! II Chap IV , Poissos, 
SttrlaprobahilUddea rMtaUTnoyena det observations, in the Connaissance des ““P® ^ 
1827, Bsom, m the Berlin Jahrbnoh for 1863, Bessel, m Astron , Nos 868 

869, 899, Hansen, in Astron ITaeh , Nos 192, 202 ,/ thelne 

rouiml (Cainhndge,Mass ), Vol II No 21, Liaque, Oalcul des probabdUS, et thions 

des e) mil s, Bruxelles, 1852 
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BREORS TO WHICH OBSERVATIONS ARE LIABLE 

2 JSvery observation wMch is a msaswre, however carefully it 
may be made, is to be regarded as subject to error , for expe- 
rience teaches that repeated measures of the same quantity, when 
the greatest 'precision is sought,^ do not give uniformly the same 
result Two kinds of errors are to be distinguished 

CkfnsUtnt or regular errors are those which in all measures of the 
same quantity, made under the same circumstances, obtain the 
sanfe magnitude , or whose magnitude is dependent upon the 
circumstances according to any determinate law The causes of 
such errors must be the subject of careful preliminary search in 
all physical inquiries, so that their action may be altogether pre- 
vented or their effect removed by calculation For example, 
among the constant errors may be enumerated refraction, abei- 
ration, &c , the effect of the tempeiature of rods used in mea- 
suring a base Ime in a survey , the error of division of a graduated 
instrument when the same division is used in all the measures , 
any peculiarity of an instrument which affects a particular mea- 
surement always by the same amount, such as inequality of the 
pivots of a transit instrument, defective adjustment of the colli- 
mation, imperfections of lenses, defects of micrometer screws, &c , 
to which must be added constant peculiarities of the observer, 
who, for example, may always note the passage of a star over a 
thread of a transit instrument too soon, or too late, by a constant 
quantity, or who, in attempting to bisect a star with a micrometer 
thread, constantly makes the upper oi the lowei poition the 
greater, or who, in observing the contact of two images (in 
sextant measures, for instance), assumes for a contact a position 
in which the images are really at some constant small distance, 
or a position in which the images are really oveilapped, &c &c. 

Thus, we have three kinds of constant errors : 

1st Theoreiioal, such as refraction, aberration, &c , whose effects, 
when their causes are once thoroughly understood, may be cal- 
culated a pnon, and which thenceforth cease to exist as errors 

* The qualification, “when the greatest precision is sought,” is important, foi if, 
eg, we were to determine the latitude of a place hy repeated measures of the meri- 
dian altitude of the same fixed star w^th a sextant divided only to whole degrees, all 
our measures might give the same decree The accordance of observations is, there- 
tore, not to be taken os an mfalliblp evidence of their accuiacy It is especially 
when wo approach the ImaU of our rneaaunng poiiert that we become sensible of the 
discrepancies of observations 
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The detection of a constant eiroi in a ceitain class of obserxa- 
tions very commonly leads to investigations by which its cause 
IS levealed, and thus our physical theories are impioved 

2d. Instrumental, which are discovered by an examination of 
our instruments, or fi oni a discussion of the observations made 
with them These may also be removed when their causes are 
fully understood, either by a proper mode of using the instru- 
ment, or by subsequent computation 

3d Personal, which depend upon peculiarities of the observer, 
and in delicate inquiries become the subject of special investiga- 
tion under the name of “ personal equations ” 

"We are to assume that, iii any inquiry, all the sources of con- 
stant erroi have been carefully investigated, and their effects 
eliminated as far as practicable. W hen this has been done, 
however, we find by experience that there still remain discrepan- 
cies, which must be i eferred to the next following class 

Irregular or aecidenial erroi s aie those which have irregular 
causes, or whose effects upon individual observations are gov- 
erned by no fixed law connecting them with the circumstances 
of the observations, and, therefore, can never be subjected 
a priori to computation Such, for example, are errors arising 
fiom tremors of a telescope pioduced by the wind : errors in the 
reft action produced by anomalous changes of densitj- of the 
strata of the atmosphere , from unavoidable changes m the 
several parts of an instrument pioduced by anomalous variations 
of temperature, or anomalous contiaction and expansion of the 
parts of an instrument even at known temperatures ; but, more 
especially, eriors arising fi'om the imperfection of the senses, as 
the imperfection of the eye in measuring veiy sm^l spaces, of 
the ear in estimating small intervals of time, of the touch m 
delicate handling of an instrument, &c 

This distinction between constant and irregular > 

indeed, to a certain extent, rather relative than ^l^solute and 
depends upon the sense, more or less restricted, in which we 
consider observations to be of the same nature or made under the 
same cirmmskinccs Foi example, the eriors of ^ 

instrument may be regarded as 

instruments 
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After a fall myestigatioD of the constant or regiilai errois, it 
is the next business of the observer to dimmish as much as pos- 
sible the irregular errors by the greatest care in the observations , 
and finally, when the observations are completed, there remains 
the important operation of combining them, so that the outstand- 
ing, unavoidable, irregular errors may have the least probable 
effect upon the results For this combination we invoke the 
aid of the method of least squares, which may be said to have 
for its object the restriction of the effect of iriegular errors within 
the narrowest limits according to the theory of probabilities, and, 
at the same time, to determine from the observations themselves 
the errors to which our results are probably liable. It is propei 
to observe here, however, to guard against fallacious applications, 
that the theory of the method is grounded upon the hypothesis 
that we have taken a large number of observations, or, at least, a 
number sufficiently large to determme the errors to which the 
observations are liable 

COEREOTION OE THE OBSERVATIONS. 

3. When no more observations are taken than are sufficient 
to determine one value of each of the unknown quantities 
sought, we have no means of judging of the correctness of the 
results, and, in the absence of other information, aie compelled 
to accept these results as true, or, at least, as the most probable 
But when additional observations are taken, leading to diffbient 
results, we can no longer unconditionally accept any one result 
as true, since each must be regarded as contradicting the others 
The results cannot all be true, and aie all probably, in a strict 
sense, false. The absolutely true value of the quantity sought by 
observation must, in general, be regarded as beyond our reach, 
and mstead of it we must accept a value which may or may not 
agree with any one of the observations, but which is rendered 
most probable by the existence of these observations 

The condition under which such a probable value is to be 
determined, is that all contradiction among the observations is to he 
removed This is a logical necessity, since we cannot accept for 
truth that which is contradictory or leads to contradictory results. 

The contradiction is obviously to be removed by applying to 
the several observations (or conceiving to be applied) probable 
corrections^ which shall make them agree with each other, and 
which we have reason to suppose to be equivalent m amount to 
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the accidental eirors severally But let us here remark that we 
do uot m this statement by any means imply that an observer is 
to arbitrarily assume a system of corrections which ivill produce 
accordance : on the contrary, the method we are about to con- 
sider is designed to remove, as far as possible, every arbitrary 
consideration, and to furnish a set of principles which shall 
always guide us to the most probable results The conscientious 
observer, having taken every care in his observation, will set it 
down, however discrepant it may appeal to him, as a portion of 
the testimony collected, out of which the truth, or the nearest 
approximation to it, is to be sifted 

Admitting, therefore, that the observations give ns the best, 
as indeed the only, information we can obtain respecting the 
desiied quantities, we must find a system of corrections which 
shall not only produce the desired accordance, but which shall 
also be the most probaMe corrections, and further be rendered most 
probable by these observations themselves 


THE ARITHMETICAL MEAN 


4 In order to discover a principle which may serve as a basis 
for the investigation, let us examine first the case of direct ob- 
servations made for the purpose of determinmg a single unknown 
quantity 

Let the quantity to be determined by direct observation be 
denoted by x (Suppose, for example, to fix our ideas, that this 
quantity is the linear distance between two fixed terrestrial 
points ) If but one measure of x is taken and the result is a, 
we must accept as the only and, therefore, the most probable 
value, x = a Let a second observation, taken under the same 
or precisely equivalent circumstances, and with the same degree 
of care, so that theie is no reason for supposing it to be more in 
error than the first, give the value b Then, since there is no 
reason for prefenmg one observation to the other, the value of 
X must be so taken that the differences x — a,x-b shaU be 
numerically equal , and this gives 

x = 


This result must be regarded as the only one that can be 
from the two observations consistently with our ® ^ 

accidental eirors, foi positive and negative accidental errors 
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equal al)Solute magnitude are to be legaided as equal errors and 
as equally probable, since, from the care bestowed on the obser- 
vations and the supposed similarity of the eircumstanees under 
which they aie made, there is no reason a prion for assuming 
either a positive or a negative error to be the more probable 
Kow let a third observation be added, giving the value c. 
Since the three observations are of equal reliability, or, as we 
shall hereafter say, of equal weight, ive must so combine a, h, and 
c that each shall have a like influence upon the result , in other 
woids, X must be a symmetrical function of a, b, and c If we 
first consider a and b alone, then a and c, then b and e, we shah 
find the values 

!(« + *)> i(6 + c), 

with each of which the additional observation c, b, or a is to be 
combined Each combination must result in the same sym- 
metrical function, which, whatever it may be, can be denoted by 
the functional symbol 4* must, therefore, have 

a: = 4' Cl "1“ ^)) ^3 
= 4- [}(« + c), 6] 

= 4- Cl “H ^)> ^3 

Introducing the sum of a, b, and c, oi putting 

S CL — j— b c 

these become 

a: = 4 [1 (s — cj, c] = 4- [s, c] 

= 4 [1 (s - &), &] = 4 C«. 

= 4 [1 (s — «), «] = 4 C«> «] 

But s is already a symmetrical function of a, b, and c, and there- 
fore these equations cannot all result in the same symmetrical 
function unless e, b, a, in the respective developments of the 
functions, disappear and leave only s Hence we must have 

a; = 4^ (s) 

How, to determine 4') observe that, as it must be general, 
rts nature may be learned from any special but known case 
Such a case is that in which the three observations give tiiree 
equal values, or a = i = c, and in that case we have, as the 
onlv value, x — a, or 

a = 4 *3 
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and, consequently, the symbol ij/ signifies here Ihe division by 3. 
Hence, generally, 

a + b -{-c 
® ~ 8 

In the same manner, if it had been previously shown that for 
m equally good observations the most probable value is 

a b c n 


it would follow that for an additional observation p we must 
have 

■ a + b + c+ + « +J? 


for, putting s = a + 6H-c4- +w+p, we shall have 


= 4 (s — p),2>] = 4 [s,i?] = 4 is), See 


But we have shown that the form is true for three observed 
values hence, it is true for four , and since it is true for four 
values it IS true for five , and thus generally for any number * 
The principle heie demonstiated, that the arithmetical mean 
of a number of equally good observations is the most probable 
value of the observed quantity, is that which has been universally 
adopted as the most simple and obvious, and might well be 
received as axiomatic The above demonstration is chiefly 
valuable as exhibiting somewhat more clearly the^ nature ot the 
assumption that underlies the piinciple, which is that, under 
strictly similar circumstances, positive and negative errors of the 
same absolute amount are equally probable 


5 If now n', n", n"' . are the m observ d values of a 

required quantity x, and if a:, denotes their arithmetical mean, 
the assumption of as the most probable value of n gives 
X n" - n"' - x,, &c , as the most probable system of cor- 

rections (subtractive from the observed values) which produce 
the required accordance But the equation 


X, 


ro' -4- n" 4- n'" -f +n 


,(m) 


(i: 


m 


* Enokb, Berlinei Astron Jahrbucli for 1834, p 162 
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may also be put under the form 

(n' — a;,) + (n" — Xo) + (»"' — a:,) + — ajj) = 0 


that IS, the algebrata sum, of the eorrecUons is zero. 

This IS, however, not the only ehaiacteristic of the system of 
corrections resulting from the use of the arithmetical mean Let 
us examine the sum of the squares of the coriectioiis For 
brevity, let us denote the corrections, or, as they will be here- 
after called, the residuals, by the symbol v so that 

— sCo, v" = n" — a:,, v'" = n'" — &c 

and also denote the sums of quantities of the same kind by 
enclosing the common symbol in rectangular brackets . so that 


[b] = b' b" -j- v"' -f &c 
[bb] = v'v' -|- v"t/' -|- v"'v'" -|- &c 


a notation usually employed throughout the method of least 
squares W e have 

[b] = 0 (2) 

and 

[bb] = (n' — x,y + in" — x,y (n'" — a;,)* + . . 

= [nn] — 2 [»] x„ -}- wujo* 


But since we have also 


Xo 


[»] 


m 


this equation becomes 

[BB] = [nn] — 2 [n] ^ m ^ 

= [nn]_W 

Let x^ be any assumed value of x, ^ving the residuals 

Bi = n' — B,= n" — a;, B,= n'" — a^, &o 

then, as above, 


(8) 


[BiB j] = [nn] — 2 [n] aij -f mx^ 

Sabatituting in this the value of [nn] given by (3), we find 

fnl’ 

[BibJ = [bb] -1- 2 [n] a^ mxi* 

771 

— ^ I 

= [bo] -j- m iio— aj - 


( 4 ) 
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This equation determines the sum of the squares of the residuals 
for any assumed value of x Since the last term is always posi- 
tive, we see that this sum for any value of x differing from the 
arithmetical mean is always greater than [i;??]. Hence it is a 
second characteiistic of the arithmetical mean, that it makes ifu 
ftum of the squares of the lesidualsa minimum. 

G Observations may be not only direct, that is, made directly 
upon the quantity to be determined, but also indirect, that is, made 
upon some quantity winch is a function of one or moie quanti- 
ties to be determined Indeed, the greater part of the observa- 
tions ih astronomy, and in physical science generally, belong to 
the latter class Thus, let x, y, z he the quantities to be 
determined, and M a function of them denoted by/, or 

M=f(x,y,z ) (5) 

and let us suppose an observation to be made upon the value of 
M We then have but a single equation between x,y,z . . and 
the observed quantity if, and the problem is as yet indetermi- 
nate Yaiious systems of values may be found to satisfy the 
equation, either exactly or approximately Let us, however, sup- 
pose that the most piobable system (as yet unknown) is expressed 
— z = r , and let the value of the function, 

u hen these values are substituted in it, be denoted by 7, or put 

F=/(p, q, r ) (6) 

then if — V IS the residual error of the observation In like 
manner, if a number of observations of the same kind be taken, 
111 which the observed quantities if', if", if'" • • are functions 
detei mined by the same elements p, g, r, . , and if 7', I ", 

V" .are the values of these functions when p,q,r.. are 
substituted m them, then if'— 7', if" — 7"", if'" — 7' ' ... 
are the residual errors of the observations If there are 
unknown quantities and also jx observations, and no moie, there 
will be fx equations between the known and unknown quantities, 
which will fully determine the values of these unknown quanti- 
ties: so that the probable values p, q, r . are, m that case, 
those determinate values which exactly satisfy all the 
and, consequently, reduce every one of the residuals M — V , 
M" — 7", &c to zero But, if there are more than fx observations 
the deteiminate values found from fx equations alone -will nol 
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necessarily satisfy the remaining equations, in consequence of 
accidental errors in the ohseivations The problem, then, is to 
deierimne from all the observations^ or // om all the equations^ the 
most pi obahle system of values of the unknouii quantiiieSy or, which is 
the same thing, the most probable system of residual errors In the 
case ot direct observations, we have seen that the most probable 
value of the unknown quantity was that which made the alge- 
braic sum of the residuals zeio, but this principle followed fiom 
taking the arithmetical mean of the same quantity, and is ob- 
viously inapplicable in the piesent case The second principle, 
that the most probable value is that which makes the sum of the 
squares of the residuals a minimum, is of a more general 
character, and might be assumed at once, as at least a plausible 
principle, to serve as the basis of the solution of our problem , 
V>ut it will be more satisfactory to justify its adoption by the 
calculus of probabilities 

THE PKOBABILITY CUKVE 

7. Although accidental errors would seem at first sight to be 
of a capiicious and irregular nature which would exclude them 
from the domain of mathematics, yet, upon examination fiom 
theoretical considerations, confirmed, as will be shown, by expe- 
rience, we shall find that they are subject to lemaikably precise 
laws In tbe first place, we remark that they aie subject to the 
following fundamental laws 1st Errors in excess and m defect 
— ^ e positive and negative, but of equal absolute value — are 
equally probable, and in a large number of obseivations are 
equally frequent 2d In every species of observations, there is 
a limit of error wbicb the greatest accidental errors do not 
exceed thus, if I denotes the absolute magnitude of this limit, 
all the positive errors are comprised between 0 and + and all 
the negative errors between 0 and — and, consequently, all the 
errors are distributed over theinterv^2Z 3d. The eirors are 
not distributed uniformly over this interval 2Z, but the smaller 
errors are more fiequent than the larger ones 

Thus the frequency of an erior of a given magnitude may he 
regarded as a function of the error itself so that, if we denote 
an error of a certain magnitude by J, and its relative frequency 
in a given large number of observations by this function 
should obtain its maximum value for J = 0, and become zero 
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when A = ±l If, then, we denote probahxUy* of an error 
^ by or put 

we may regard tkis aa the equation of a curve, taking A as Ihe 
abscissa and y as the ordinate The nature of this curve will be 
accuiately defined when we have discovered the form ot the 
function (pA, but we can see in advance that a curve such as 
Fig A is required to satisfy the conditions already imposed upon 

Eig A 


T 



'this function For its maximum oidinate must coi respond to 
4 = 0, it must be symmetrical with reference to the axis of y, 
since equal errors with opposite signs have equal probabilities, 
and it must approach very near to the axis of abscissse for values 
of A near the extreme limits, although the impossibility of as- 
signing such extreme limits of error with precision must prevent 
us from the point at which the curve will finally meet the 

ass 

8 The number of possible errors in any class of observations 
is, strictly speaking, finite , for there is always a limit of accuracy 
to the observations, even when we employ the most refined 
instruments, in consequence of which there is a numerical suc- 
cession 111 our results Thus, if 1 ^^ is the Rmallest measure in a 

That IS, if the error J occurs n times m m observations, y — ^ J — 
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given case, the possible errors, arranged in their order of magni- 
tude, can only differ by 1" or an integral number of seconds 
Hence, our geometrical representation should strictly consist of 
a number of isolated points , but, as these points will be more 
and more nearly represented by a continuous curve as we increase 
the accuracy of the observations, and thus dimmish the intervals 
between the successive ordinates, we may, without hesitation, 
adopt such a continuous curve as expressing the law of error. 
W e shall, therefore, regard J as a continuous variable, and <pA 
as a continuous function of it. 

N'ow, by the theory of probabilities, if (pA^ <pA\ ^A'' 
are the respective probabilities of all the possible errors A, A\ 
we have* ' 

<pA -j- =1 

when the number of possible errors is finite But the assumed 
continuity of our curve requires that we consider the difference 
between successive values of A as infinitesimal, and thus the 
number of values of (pA is infinite, and the probability of any 
one of these errors is an infinitesimal To meet this difficulty, 
let us observe that if a finite series of errors be ex- 

piessed in the smallest unit employed in the observations, these 
errors, arranged m the order of their magnitude, will be a series 
of consecutive integral numbers , the probability of the error A 
may be regarded as the same as the probability that the error 
falls between A and A 1; and the probability of an error be- 
tween A and J + i will be the sum of the probabilities of the 
errors A, A + 1, A + 2, . J + (^ — 1)- If ^ is small, the pro- 
bability of each of the errors from A to A + i will be nearly the 
same as that of A so that their sum will differ but little from 
If A As the interval between the successive enors diminishes, 
this expression becomes more accurate ; and hence when we take 
dA, the infinitesimal, instead of we have fA dA as the rigorous 
expression of the probability that an error falls between A and 
A + dA Hence, it follows, in general, that the probability that 
an error falls between any given limits a and h is the sum of all 

* For if there are n errors equal to J, n' equal to A\ &o , and the whole number 

of errors is w, the probabilities of the errors are respectively 0j = A, <pA'= — , &c . 

and the sum of these is — ! ! = — = 1 

m m 




METHOD OF LEAST SQUARES. 


481 


tlie elements of the form dJ between these 
integral 



limits, or the 


and this integral, taken between the extreme limits of error, and 
thus embracing all the possible errors, will be 



We have heretofore assumed that the function fj is to be zeru 
for J — ± I It must also be added that, since the probability 
of any erroi greater than ± I is also zero, we should have h) 
determine this function in such a manner that it would be zero 
for all values of J from + Z to + and from — Z to — oo The 
obvious impossibility of determining such a function leads us 
to extend the limits ±: Z to ± oo, and to take 



This will evidently be allowable if the integral taken from 
± Z to ± 00 18 so small as to be practically insignificant Besides, 
the extreme limits of en-or can never be fixed with precision, and 
it will suffice if the functiotf^J is such that it becomes veiy small 
for those errors which are regarded as very large 


9 Eeturiiing now to the general case of indirect observations, 
Art 6, in which we suppose a quantity M=f{x,y,z,. ) to be 

observed, let J, d', J" be the errors of the several observed 
values of M, and <pJ, <pJ', (pd" their respective probabihties, 
then, the probability that these errors occur at the same time in 
the given series being denoted by P, we have, by a theorem of 
the calculus of probabilities,* 

The most probable system of values of the unknown quantities 

* If a single notion of n cause can produce the effects a, o', o , vith the re- 
spective probabilities p, p', p", the probability that two successive independent 
actions of the cause will produce the effects o and o' is pp', and similarly for any 
number of effects Thus, if an urn contains 2 white balls, 3 red ones, and 6 black 
ones, the probability that in two successive drawings (the original number of balls 
being the same at each drawing) one ball will be white and the other red is X fr 
Von, II —31 
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x,y,z. . will be that which makes the probability P a maxi- 
mum. Consequently, since x^y, z . are here supposed to be 
independent,* the derivative of P relatively to each of these 
variables must be equal to zero, or, since log P varies with P, 
the derivatives of log P must satisfy this condition, and we shall 
have 


i ^ 

P dx 


0 , 


1 dP n , 

= 0, &c 

P dy 


which, since 


log P = log (pd + log <pA' -f log ¥> J" -f . . . . 


give the equations 


,, dA ^ ,,,dA' dA" 

dy~ dy dy 

dA , ,.,dA' . ,.„dA" 


&c 


&c 


= 0 
= 0 
= 0 


( 10 ) 


in which we ha/e pu^ 
^A- 


if Add ’ 


tp A 




^ 


pA'dA 


( 11 ) 


The number of equations in (10) being the same as that of the 
unknown quantities, these equations will serve to determine the 
unknown quantities when we have discovered the value of the 
function f' A, as will be shown hereaftei 

Since the functions and ip'A are supposed to be geneial, and 
therefore applicable whatever the number of unknown quanti- 
ties, we may determine them by an examination of the special 
case in which there is but one unknown quantity, or that in 
which the observed values M, M', M" belong to the same 
quantity In that case, the hypothesis that x is the value of this 
quantity gives the errors 


A = M — x, A' = M' — x, A" = W—x 


* That IS, subject to no restrictions except that they shall satisfy the observations, 
or the equations Jlf =/(a;, y, ) J’or the case of “ conditioned” observations, 

see Art 63 of this Appendix 
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whence 

=_1 

dx dx dx 

and the first equation of (10) hecomes 

< 1 ^ (M — x) -{■ <p' (M' — x) -if- {M" — x ) =0 (12) 

This being general for any number m of observations, and for 
any observed values M, M’, M" , let us suppose the special 
case 

M'=M" =Jf — mjyr 


Since the arithmetical mean of the observed quantities is here 
the most probable value of x, we have 

X = - (M -ir M' M " ) 

= ^ [^+ (»» — 1) C-^— 

Tib 

= M — (m — 1) iV 

whence 

M—x = (m — \)N 
M'—x = M"—x = — ir 


and, consequently, (12) becomes 


or, 


— (m — 1) J\0 = 0 

/[(m-i).zy] _ y'(-.zv) 

(m — l)iV — iV 


That 18, for all values of m, and therefore for all values of {m — l)iV, 

we have ■ equal to the same quantity ■ - - 

(m — l)i\r ^ — N 

Hence we have generally ^ equal to a constant quantity, and, 

denoting this constant by k, we have 


or, by (11), 

Integrating, 

whence 


A = kA 
^ = kA dA 

<pa 

log <pA = -(- log H 

(pA = X f 


in which e is the base of the Napierian system of logarithms. 
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Since <pJ niutet dociease as J nici eases, must be essentially 
negative representing it, therefore, bj — our function becomes 


Po determine the constant x,let this value be substituted in (8), 


which gives 


Putting 

this integral becomes 


t = hA 


A Z' + ® 

j\ e-»dt 


1 


(IS) 


The known value of tke definite integral in tke first member is 
V;T(seeVol I p 163); whence 

h 

“ “l/v 


and the complete expression of fJ becomes 




p — 7ih AA 

~V^ 


(14) 


The constant h must depend upon the nature of the observa- 
tions, and will he particularly examined hereafter. If we here 
take xt as the unit of abscissse in the curve of probability, the 
equation (7) becomes 



by which the curve may be constructed The values of y for a 
few values of J are as follows 


J 

y 

Diff 


A 

y 

Diff 1 

1 

00 

02 

04 

06 

08 

10 

12 

14 

1 16 

0 5642 

0 5421 

0 4808 

0 3936 

0 2975 

0 2076 
01337 

0 0795 

0 0436 

— 0221 

— 0613 

— 0872 

— 0961 

— 0899 

— 0739 

— 0542 

— 0359 


16 

18 

20 

22 

24 

26 

28 

30 

00 

0 0436 

0 0221 

0 0103 

0 0045 

0 0018 
0.0007 

0 0002 

0 0001 

0 0000 

i 

1 

— 0215 

— 0118 

— 0058 

— 0027 

— 0011 

— 0005 1 

— 0001 
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The curve, Fig A, in Art 7, is constructed from this table , hut, 
to exhibit its character more distinctly, the scale of the oidinates 
IS four times that of the abscissse (which, indeed, coiiesponds to 
the case of h — 2) We see that the curve appioaches veiy near 
to the axis for moderate values of J, and that the assumption of 
± CO instead of finite limits of A can involve no piactieal error 
It IB evident that the axis JTJf is an asymptote to the curve 
The differences in the above table indicate that the cuiwe 
appioaches the axis most rapidly at a point whose abscissa is 
between 0 6 and 0 8 The exact position of this point, which 
IS a point of inflexion, is found b^^ putting the second differen- 
tial coeflicient of y equal to zeio, which gives 

d^y 
dA^ 

whence 


The ordinate Mm is drawn at this point We shall have occa- 
sion to refer to it again hereaftei 

THE MEASURE OF PRECISION 

10 The constant h i equires special consideration. Since the 
exponent of e in (14) must be an abstract number, | must be a 
concrete quantity of the same kind as A In a class of observa- 
tions 111 which A IS small for a given probability <pA, ^ will be 

small, and h will be large. Thus, h will be the greater the more 
precise the nature of the observations, and is, therefore, called by 
Gauss the measure of ‘precision If in one system of observa- 
tions the probability of an error A is expressed by 

_A_ g — hhAA 

and in another, more or less precise, by 

V 

_1!_ g—m’AA 
l/-r 

the probability that in one obseivatioii of the first system the 


2 AAA 

= — e— ^-| — e— AA — 0 

l/n yit 


J = -^ = 0 7071 

\/A 
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error coiBiiiitted will l)e comprised between the limits d and 
+ d will be expressed by the integral 

J-} i/ic 

and, in like maimer, the probability that the error of an observa- 
tion m the second system will be comprised between d' and 
-1- d' will be expressed by 

yv 

These mtegrals are evidently equal when we have hd = h'd' If, 
for example, we have h' = 2A, the integrals will bo equal when 
d = 2d', that IS, the double error will be committed in the first 
system with the same probability as the simple error in the 
second, or, in the usual mode of expression, the second system 
will be twice as precise as the first "W e shall presently see how 
the value of h can be found for any given observations. 

THE METHOD OE LEAST SQUARES 
11 The preceding discussion leads directly to important prac 
tical results We have seen (Art 9) that to find the most probable 
values of x,y, 2 • from the observed values of 2 ;, ) 

we are to render the probability P= 
mum, that is, by (14), 

P=A*«— ^**«~** (AA + A'A' + A"A"+ ) (16) 

must be a maximum, and this requires that the quantity 
dd -1- + should be a minimum Thus, the prin- 

ciple that tke most probabk values of the unknoim qmnMtiAs are those 
which make the sum of the squares of the residual errors a nummum, is 
not limited to the case of direct observations, but is entirely 
general 

The principle is readily extended to observations of unequal 
precision For if the degree of precision of the observations 
M, M', M". . be respectively h, h', h" , and we compare 

these observed quantities with the values V, V', V" , computed 
with the most probable values of x,y,z ,wheieby we obtain 
the residual errors M-V= J, M' -V' = J' , it is the same 
if had taken observations of equal piecibion (repic- 
sented by 1) upon the quantities AM, h'M', h"M", ., and had 
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compared themwitli the computed quantities A h"V" . 

whereby we should have found the enors hM — hV — hJ 

h'M> — h'V— AM' , m which case we should have to reduce 
to a minimum the quantity 

AM‘+ A'M'*+ A"M"» + 

that 18) c(tcK 6TT0T hcvKig T/iultiplicd by its mcctsuTc of jirscisiGifi^ wftdL 
thereby redvced to the same degree of precision, the sum of the squares 
of the redicced errors must be a miramum 

In what precedes is involved the whole theoiy of the method 
of least squares. I proceed to develop its practical features 


THE PROBABLE ERROR 

12 Prom the preceding articles it follows that the probability 
that the error of an observation falls between A and A + dA is 
expressed by 

JIl e— 

l/” 

and the probabihty that it falls between the limits 0 and a is 
expressed by 

7l /'A = a 
JL. I e-7tftAA^J 
j/^r 4/ A = o 


and this integral expresses the number of errors that we should 
expect to find between the limits 0 and a when the whole num- 
bei of errors is put = 1 [equation (8)] If we put t = hJ, the 
integral takes the form 

I e-«dt 

•|/7t»/( = 0 


The whole number of errors, both positive and negative, whose 
numerical magnitude falls between the given limits is twice this 


integral, or 


o — ah 

4- I e-**dt 
■j/n«/« = 0 


(16) 


The value of this integral (which may be computed by the 
methods of Vol I Art 113) is given in Table IX The number 
of errors between any two given limits will be found by taking 
the difference between the tabular numbers corresponding to 
tliese limits Since the total number of errors is taken as umty 
lu the table, the required number of eirois in any particular case 
IS to bo found by multiplying the tabular numbers by the actual 
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number of observations Thus, if there are 1000 observations, 
•we fibud that 

between t = 0 and 1 = 05 there are 520 errors 
« 1 = 05 “ 1 = 10 « “ 322 “ 

« 1 = 10 “ 1 = 15 “ “128 “ 

« 1=15 “ 1 = 20 “ “ 29 “ 

« 1 = 20 “ 1= 00 “ « 5 « 

18. The degrees of precision of different senes of observations 
may be compared together either by companng the values of h, 
or by companng the errors which are committed with equal 
facility 111 the two systems The eirors to be compared must 
occupy m the two systems a like position in relation to the ex- 
treme errors, and we may select for this purpose in each system 
the error which occupies the middle 'place in the senes of errors arranged 
in the order of their magnitude, so that the number of eirors which are 
less than ikts assumed error is the same as the number of errors which 
exceed it The error which satisfies this condition is that for 
which the value of the integral (16) is 0 5 Denoting the eoi- 
responding value of t by g, we find, by mterpolation fiom Table 
IX, 

p = 0 47694 

and we have 

If then we denote by r the error which, in any system of obser- 
vations whose degree of precision is h, corresponds to the value 
t = p, or put 

p = hr ^~r 

there ■will be a probability of J that the eiror of any single obsei- 
vation in that system will be less than i , and tlie same proba- 
bility that it will be gi eater than i , which is sometimes expressed 
by saying that it is an even waget that the ei ror wdl be less than r 
Hence » is called the pi obable ei ror 

We may, therefore, compare difteient series of obseivations 
by companng their probable errois, then degrees of precision 
being, by (18), inversely propoiHional to these en'ors. 

14 In order to apply Table IX in determining the number 
of eirors in a given class of observations, we must know the 
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measure of precision h, or the probable error r thus if we 
wish the number of errors less than a, we enter the table with 
the argument t = ah, or t = j 

For greater convenience, we can employ Table IX A, which 
gives the same function with the argument - . For example, if 

there are 1000 observations whose probable error is r = 2", 
and we wish to know the number of errors less than a = 1", we 

take from Table IX A, with the argument ^ = 05, the number 

0 26407, which multiplied by 1000 gives 264 as the required 
number 

The following example from the Fiindammta AstronmvB of 
Bessel will serve to show how far the preceding theory is sus- 
tained by experience In 470 observations made by Bradley 
upon the right ascension of Simis and Altair, Bessel found the 
probable error of a single observation to be 

r == 0" 2637 

Hence, for the number of errors less than O'M the argument of 
Table IX A will be ^ = 0 3792, and for 0."2, 0" 3, &e , the 

auecessive multiples of 0 8792 Thus, we find jfrom the table 


for 0" 1 with arg 0 3792 the number 0 20187 


a 

0 

2 

u 

0 7584 

(( 

0 39102 

({ 

0 

3 

u 

11376 

a 

0 55710 

<( 

0 

4 

6C 

15168 

u 

0 69372 

a 

0 

5 

<6 

18960 

a 

0 79904 

u 

0 

6 

(' 

2 2752 

u 

0 87511 

(( 

0 

7 

(C 

2 6544 

a 

0 92661 

u 

0 

8 

U 

3 0336 

t< 

0 95926 

a 

0 

9 

(( 

3 4128 

<c 

0 97866 

u 

1 

0 


3 7920 

IC 

0 98946 





QO 

cc 

1 00000 


Subtracting each number from the following one, and multiply- 
ing tb* remainder by 470, the number of observations, tlierewere 
found 
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1 Between 

No of errors 
by the theory 

No of errors by 
experience 

0" 

0 1 

and 

0" 

1 

95 

94 

0 

1 

U 

0 

2 

89 

88 

0 

2 

U 

0 

3 

78 

78 

0 

8 

u 

0 

4 

64 

58 

0 

4 

u 

0 

5 

50 

51 

0 

5 

t{ 

0 

6 

36 

36 

0 

6 

(1 

0 

7 

24 

26 ] 

0 

7 

ct 

0 

8 

16 

14 

0 

8 

It 

0 

9 

9 

10 

0 

9 

ct 

1 

0 

5 

7 


over 

1 

0 

5 

8 


The agreement between the theory and experience, th 
not absolute, is remarkably close The number of large ^ 
by experience exceeds that given by the theory, and thi^ 
been found in other cases of a similar kind, which shows at 
that the extension of the limits of error to i oo has not ^ 
duced any error The discrepancy rather indicates a sour< 
error of an abnormal character, and calls for some criteria 
which such abnormal observations may be excluded froiT 
discussions and not permitted to vitiate our results Sv 
cnterion has been proposed by Prof Peirce, and will b© 
sidered hereafter 

THE MEAN OF THE BEEOBS, AND THE MEAN BEEOE. 

15 The selection of the probable error as the term of 
panson between different senes of observations is arbi 
although it seems to be naturally designated by its middle 
tion in the senes of errors There are two other errors i 
have been used for the same purpose 
The first is the mean of the errors, these being all taken 
the positive sign In order to find its relation to the pro 
error, let us first consider a finite senes of error* 

J, A’, d", 

with the respective probabilities 

2a ^ 2a" 

In' ~m’ IrT 
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SO lhat in m observations there will be 2 a errors (numerically) 
equal to 2 a' equal to 4', &c , the probability of a positive error 

A being ~ The mean of all these errors, each being repeated 
a number of times proportional to its probability, is 

m m m m 

When the number of errors is infinite, the probability of an 
error A is to be understood as the probability that it falls 
between A and A + dA^ which is <pA dA (Art 8), and the above 
formula for the mean of the errors becomes the sum of an infi 
nite number of terms of the form 2 J fA dJ. Hence, putting 



7 j = the mean 

of the errors, 


we have 





yj = \ 

Jo i/tt 

hV^ 

(19) 

or, by (18), 





r 

■ = 11829r 

1 (20) 


7 

• = 0 84589) 

i 


Another error, very commonly employed in expressing the 
precision of observations, is that which has received the appella- 
tion of the Mean error (der rfiittUi e Fehler of the Germans), which 
is not to be confounded with the above mean of the errors. Its 
definition is, the error the square of which is the mean of the squares of 
all the errors. Hence, putting 


we have 


or, by (18), 


e = the mean error, 


e = _!_ = 14826 r 

pr/2 

r = 0 6745 e 


men we put = 1, we have e = Vi The mean error is 
Sore the .hBciaa^ of the point of mieotion of the curve of 
9 ) In the hgure, p «9, OXr^ men error, 
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OP the probable error, OB' the mean of the errors, and i!fm, Pp, 
JBs, their respective probabilities 


THE PROBABLE ERROR OF THE ARITHMETICAL MEAN 

16 The error above denoted by > is the probable eiioi of any 
one of the observed values of the unknown q[uantity x We are 
next to determine the relation between this and the probable 
error of the arithmetical mean of these values 

If A, A', A" are the eriois of the obseived values, the 
most probable value of x is that which reiideis the piobabihty 

p _ WHAA. + Jl'A' + A"A"+ ) 

a maximum (Art 11), and, consequently, the sum AA + A' A’ 
H- a minimum But this sura is rendered a minimum by 
the assumption of the arithmetical mean x, as the most piobablc 
value (Art. 5), and hence the quantity P e\pi esses the probability 
of the arithmetical mean if J, A', A" aie the eiioiv of the 
observations when compared with this mean The piobabihty 
of any other value of x, as + 5, will be 

P'= S,’»n-4>»e-w*{(A-s)“ + (^'-«)=+ \ 

— 4i»g— /iA{[AA]— 2[A]S + bi5«} 

Smee [J] = J + + J" + - =0 (Art 5), and \_AA] — mes 

(Art 16), this expression may be put undei the form 

jp f jj “"i >w g — nihh («»; fifi) 

and at the same time we have 

so that 

P; P' = 1 te— tn/aa* 

that is, the probability of the error zero in the arithmetical mean 
IS to that of the erior 5 as 1 ■ g— Foi a single observation, 
the probability of the error zero is to that of the error $ as 
I g— wiM. Hence the measuie of precision (Art 10) of the 
single observation being h, that of the arithmetical mean of vi 
such obseivations is h-^ m, from wluch follows the important 
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theorem that tU precismi of the mean of a number of observations 
increases as the square toot of then monba 
If, then, r is the probable enor of a single obsenation, and Jo 
that of the arithmetical mean of several observations, we must have 



and from the constant i elation between the mean and the proba- 


ble error (22), 


(24) 


DETERMINATION OP THE MEAN AND PROBABLE ERRORS OP GIVEN 

OBSERVATIONS 

17 The principles now explained will enable us to detemine 
the mean errois of any given series of directly observed quanti- 
ties Let n, n', n" be the observed values, Xo their anth- 
metical mean, v, v', v" the residuals found by subtracting 
Xa from each obseived value so that 

v = n-x„ v'^ n' — x„ v" = n" - x^, &c 

If Xo weie certainly the true value of x, so that v, v', v" were 
the actual or (as we may say) the true eirors, and, consequently, 
identical with J, J', A" , we should have, according to the 
above, rues = = ['*■'*’]> hence 

and this must always give a close approximation to the value of e 
But the relation mss = [J-1] was deduced fiom a consideration 
of an infinite series of errois which would redvice the mean 
error of Xoto an infinitesimal, according to the principles assumed, 
and thus make v, v', v" identical with J, J', A better 

approximation to the value of e, where the senes is limited, is to 
be obtained by considering the mean error of Xo itself, and conse- 
quentlv, also, the mean eirois of the residuals v, v', v" 
then we suppose the true value of a: to be * 0 + S, we shall have 


the tiue errois 



*• See, itt connection, Aits 21 and_26 
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whence, observing that \y] = 0, 

[J J] = mee = — 2 [i?] ^ 4* 

= [vv] -|- 

Thus the approximate value rnse == [vv] requires the correction 
the value of which depends upon the value we may ascribe 
to d As the best approximation, we may assume it to be the 
mean erroi so that, by (24), 


md^ == me ® = m — = ee 
® m 


which gives 


mee = [vu] -f" 


whence 


m — 1 


(25) 

and consequently, also, by (22), 



-W(S) 

1 ^ = 0 6745 

(26) 

Thus from the actual residuals the mean and the probable error 
of a single observed value are found. Hence, by (23) and (24), 
the mean and probable errors of the arithmetical mean will be 
found by the formulse 

1 — 1 

1 

< 

,-aJl V 

(27) 

° \\m(m — 1) / 

® \ \ m (m — 1) / 


Example — ^Let us take the following measures of the outer 
diameter of Saturn’s ring observed by Bessel at the Konigsberg 
Observatory with the heliometei, in the years 1829-1831 * The 
measures, denoted by ??, are all reduced to the mean distance of 
Saturn from the sun, and are here assumed to have the same 
degree of precision 


* Astron Nach , Vol XII p 169 
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n 

V 

vv 

38" 

91 

— 0" 

40 

01600 

39 

32 

+ 0 

01 

0001 

38 

93 

— 0 

38 

1444 

39 

31 

0 

00 

0000 

39 

17 

— 0 

14 

0196 

39 

04 

— 0 

27 

0729 

39 

57 

+ 0 

26 

0676 

39 

46 

+ 0 

15 

0225 

39 

30 

— 0 

01 

0001 

39 

03 

— 0 

28 

0784 

39 

35 

+ 0 

04 

0016 

39 

25 

— 0 

06 

0036 

39 

14 

- 0 

17 

0289 

39 

47 

+ 0 

16 

0256 

39 

29 

- 0 

02 

' 0004 

39 

32 

-1- 0 

01 

0001 

39 

40 

+ 0 

09 

0081 

39 

33 

+ 0 

02 

0004 

39 

28 

- 0 

03 

0009 

39 

62 

+ 0 

31 

0961 


n 

r 

VV 

39" 

41 

+ 0' 

10 

0 0100 

39 

40 

+ 0 

09 

0081 

39 

36 

+ 0 

05 

0025 

39 

20 

— 0 

11 

0121 

89 

42 

-|- 0 

11 

0121 I 

39 

30 

— 0 

01 

0001 1 

39 

41 

+ 0 

10 

0100 

39 

43 

+ 0 

12 

0144 

39 

43 

+ 0 

12 

0144 

39 

36 

+ 0 

06 

0025 

39 

02 

— 0 

29 

0841 

39 

01 

— 0 

30 

0900 

38 

86 

— 0 

45 

2025 

39 

51 

+ 0 

20 

0400 

39 

21 

- 0 

10 

0100 

39 

17 

— 0 

14 

0196 

39 

60 

+ 0 

29 

0841 

39 

54 

+ 0 

23 

0529 

39 

45 

+ 0 

14 

0196 

39 

72 

+ 0 

41 

1681 


x„ = 39 308 [w] = 1 6884 


Heuee, since m = 40, we have, by (25) and (26), 

■=V(^r)='’"“ 

} = 0" 202 X 0 0745 = 0" 136 


and consequently, by (23) and (24), or (27), 


0 " 202 
~ v/(^0) 


= 0" 082, 


0" 136 
“ l/(40) 


0 " 022 


That IS, the piohable error of a single observation was 0" 136, 
and that of the final result x, = 39" 308 was only 0" 022 


18 The preceding method of finding the piobable eiror from 
the squares of the residuals is that which is most commonly 
employed, but when the number of observations is very gieat. 
It IS desirable to abridge the labor, if possible A sufldcient 
appioximation can be obtained by the use of the first powers ot 
the residuals as follows 

The number of obseivations being very great, we shall ^pro- 
bably have as many positive as negative residuals If v', i", 
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. . . aie the positive and Wj, v^. .the negative residuals, 
and if the true value of a: is + d, the true errors will he 

— . ,and — — 5, — — d,— Ug— 

If they are aU taken with the positive sign only, the errors are, there- 
fore, 

jj' _ d, v" — 8, — 8, and r, -f- 8, r, -(- 8, 

the mean of which, upon the hypothesis of an equal number of 
positive and negative residuals, is the same as that of the senes 

vf, v", v'" «i, u,, 

Hence, denoting the sum of the numerical values of the residuals 
by [»], and the mean of the actual errors hy ly, as in Art 15, we 
have * 



and hence, by (20), 

r = 0 8453 ^ (28') 

m 

and consequently, also, by (22), 

£ = 1 2633 ^ (29) 

m 

In the example of the preceding article we find the mean of the 
residuals taken with the positive sign to be 0" 1555, which by 
(28) gives r = 0" 1555 X 0 8453 = 0" 131, which is perhaps a 
sufldcient approximation to the value found above. In this 
example, however, we have 22 positive residuals, 17 negative 
ones, and 1 zero so that the hypothesis upon which the foimula 
(28) was founded is not strictly applicable In a larger number 
of observations we should expect a closer agreement with the 
hypothesis, and more accordant results 
"We may, however, employ the first powers of the residuals 
more strictly according to the theory of probabilities In a 
limited series each residual is to be regarded as liable to a pro- 
bable error r', and their mean is to be regarded as the mean of 
the errors of the residuals themselves, rather than as the mean 
of the errors of the observations Hence the formula 

/= 0 8453 ^ 
m 
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gives the probable eiroi of a residual The relation between 
r' and r (= the probable error of an observed quantity n) may be 
found as follows Each observed Ji inay be supposed to be the 
result of observing the mean quantity increased by an ob- 
served error v The probable error of n = Xg-\- v is, therefore 
(by a principle hereafter to be proved), 


whence 


or 


r = i/(r,^ + 0 = ^/(^ + r'«) 


r 



ni 

m — 1 


r = 0 8453 


•(/[m (j/i — 1)] 


(30) 


which agrees with the formula given by C A F Peters * Ac- 
cording to this formula, we find in the above example r = 0".133 


DETBRMINATIOK OF THE MEAN AND PROBABLE ERRORS OF FUNCTIONS 
OP INDEPENDENT OBSERVED QUANTITIES. 

19 Suppose, first, the most simple function of two independ- 
ent observed quantities z and x^, namely, their sum or difference 

A = a? ± X, 

and let the given mean errors of x and x^ be s and e, Although 
the number of observations by which x and Xj have been found 
may not be given, we may assume it to have been any large 
number m, and the same for each of the quantities , the degrees 
of precision of the two series being inversely proportional to e 
and Sj The true errors of the assumed observations may be 
assumed to be — 

for X, 4, J', 
forx,, 4" 

and the errors of A, consequently, 

^±A, A±A', A'+A", 

Denoting the mean error of A by E, we have, by the definition, 

nE^ = (^± Ay + (^' ± A'y + (A' ± A''y + 

= [J^]± 2 [JJJ + lAAl 


Voi 11—32 


^ Astron Nach yVol XLIV p 82 
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In a great number of observations there must be as many posi- 
tive as negative products of the form and such that we shall 
probably have J = 0^ and since we also have me* = 
ms^ = equation gives 

= ^ + (81) 

If we have 

X = a: i iCi ± aJj 

and the mean errors of x, x^ aie e, e^, Sj, we have by the pre- 
ceding equation the mean error of x ±. x.^ = \/{f e,*), and by 
a second application of the same equation, considering a: ± Xj as 
a single quantity, the mean error ot X will be found bv the 
formula 

-f -b (31>») 

and the same pnnciple may be thus extended to the algebiaic 
sum of any number of observed quantities 

In consequence of the constant relation (22), if ), Xj, 
are the frohahU errors of x, Xj, x^ and R the probable error 
of JT = X ± Xi ± Xj . , we shall have 

i?’ = -1- (32) 

Example 1 — The zenith distance of a star observed in the 
meridian is 

Z = 21° 17' 20" 3 with the mean error e = 2" 3 

and the declination of the star is given 

d = 19° 30' 14" 8 with the mean error e, = 0" 8 

Required the mean error E of the latitude of the place of onser- 
vation, found by the formula f -f- d Ve have, by (31), 


Hence 


E = ■/[(2 3)‘ + (0 8)*] = 2" 44 


= 40° 47' 35" 1 with the mean error JS? = 2" 44 


Example 2 — The latitude of a place has been found with the 
mean error e = 0" 25, and the meridian zenith distance of stars 
observed at that place with a certain instrument has been found 
to be subject to the mean error ej = 0" 62 what is the mean 
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error B of tlie decimations of the stars deduced by the formula 
S = ^ — rf "We have 

E = i/ECO 25)> + (0 62)»] = 0" 67 

20 Let us next consider the function 

J^=ax 

and suppose x has been observed with the mean error e, and a is 
a given constant Every observation of x with the error ± J 
gives JT with the error ± aJ so that the mean error of X must be 

E = ae 

In general, by combining this with the preceding principle, if 
we have 

X = ax + <*1^1 + + 

and if the mean errors of x, x^, x^ ... are e, e^, ... , and E 

that of X, we shall have 

= aV + + a^W + = (33) 

and the same form may be used for probable errors. 

Example — ^As an example illustrating the application of both 
the preceding principles, suppose that in order to find the rate 
of a chronometer we find at the time i its correction + 12** 13* 2 
with the mean error 0' 3, and at the time t' the correction 
+ 12”* 21* 4 with the same mean error 0* 3, and the interval t' — t 
— 10 days. The rate in the whole interval is 

12"* 21* 4 — 12"* 13* 2 = + 8* 2 

with the mean error, according to Art. 19, 

y^|;(0 3)* + (0 3)*] = 0*42 

The mean daily rate is then 

+ ?^ = + 0* 82 

^10 

with the mean error, according to Art 20, 
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21 If X, ajj, . ai’e the several observed values of the 
same quantity, their arithmetical mean being 

iKo = — (a. + X, + + ) 

m 

and if }* is the probable error of each observation, what is the 
probable eiror )■„ of x,,'' By Art 19, the probable error of the 
sum a: + «! + ajjj + .is 

\/(i^ -f + r* 4- ) = = r-j/m 

and the probable error of — th of the sum is, by Art. 20, 


r„ = — X ry/m = —— 

® wi '' y/m 


as has been otherwise proved in Art 16 

22. Let us now take the general ease m which X is any func- 
tion whatever of the observed quantities a;, ajj, Xj, expressed 

V 

X — f (t, x^, Zi, ) 


Let the variables be expressed in the form 


x — a + x', Xi = -f x/, ajj = x{, 


a, fli, Oj . being arbitranly assumed very iieaily equal to 
X, *1, Xj respectively, and such that x/, . . may 

be so small that their squares will be insensible The given 
mean errors e, Sj, may then be regarded as the mean 

eriors of x', x/, x/ ... The function X developed by Taylor’s 
theorem is 


n / VI f I f I M I 


and the mean eiror of JT will be that of the quantity 
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or, if r, I'l, r, . . are the probable errors of x, x^, , and i? 

that of JT, 



This formula is, indeed, but approximative, since we have 
neglected the terms involving the higher powers in the develop- 
ment of X, but the mean errors of these small terms will be in- 
sensible if we suppose that the errors e, Sj, are so small 

that the differences between the observed values x, x^, 
and the true values are of the same order as the quantities 
x\ x/, x^ , which will always be the case where proper care 
has been taken to reduce the accidental errors of observation to 
their smallest amount If the ^ven function is imphcit, as 

0 (X, Xf iTj, Aj ) 

we should still by differentiation obtain the differential coeffi- 
cients, and then find the mean eiToi of X by (34) 

Example — The local apparent time at a place in latitude 
y, = 38° 58' 53" was found (Vol I Art 145) from the sun’s 
zenith distance C = '73° 12' 25", when the declination was 
3 — — 22° 50' 27", to be < = 2*^ 47“ 89* 4 What is the probable 
error of this result, supposing the probable errors of the data 
to be — 

Probable eiror of ¥> = » = 0" 5 

« “ 5 = Tj = 0 6 

“ « f = r, = 3 5 

The formula 

0 = — cos C -p sin ^0 Bin S -|- cos ^ cos d cost 

expresses t as an implicit function of 3, and C 
(Vol. I Art 35) 


dt _ 

1 

d(p 

cos fp tan A 

dt ____ 

1 

dd 

cos S tan q 

dt _ 

1 


COS fp sm-4. 
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where A is the azimuth and ^ the parallactic angle "W e find 

from the data ^ =-+ 40° 1', ? = 32° 51', whence 

^ = -1532, -^= 1680, -^ = + 2001 

uo CLQ 

and the probable error of t is, by (34*) 

R = i/[(0 5 X 1 532)* + (0 6 X 1 680)“ -+-(85 x 2 001)*] = 7" 12 
or, in seconds of time, 

5 = 0*47 


23. To complete this branch of our subject, it is to be observed 
that the preceding demonstrations apply only to the case wheie 
the quantities entering into combination are independent , but 
when they are merely different functions of the same observed 
quantities, the above formulae are incomplete Let us suppose 
that we have X and X', different functions of the same observed 


quantities , , or 



x^<i i 

) 


{Xj Xp 

) 


the mean errors of x, x^, being e, 


, and that we 


wish to find the mean error X of the function, 

7= J'CX X') 

If any single observation of x, x^, x^ is affected by an error 
d, dj, dj, . respectively, the corresponding errors in X and X' 
will be — 

Error in X, d = ad -|- a, -f 

» X', = Cl'S -1- -I- -f 

in which a, (q, . are the differential coefficients of X, and 

a', a^', the differential coeffiLcients of X', with reference 

to X, x^ aq, . The corresponding error in Y will be 

A"z=AA^A'A' 

in which A and A' are the differential coefficients of Y with re- 
ference to X and X' The square of the mean error U will be 
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the mean of the squares of all the values of J" which result 
fium all the possible values of S, di, 

Substituting the values of 4 and £, we have 

j" = {Aa + A' a') S + (Aa^ + A'a^) a, + . . . 


which we may briefly express as follows 
r=ad + iiSr + r^+ 

If the number of values of J” is denoted by m, the mean of all 
the values of J"* will be 




In consequence of the various signs of ddi, &c , the mean 
value of each of these quantities will be zero , and the mean 
values of &c are e*, &c Hence the formula becomes 

simply 

W = (^a + A'ay e* + (Afli + A'a^f e,* + 
or 

= A‘ (aV + + ) + ^'* (a'’®’ + < V + ) | (35) 

+ 2 AA' (flta'e* + + ' •' 

To illustrate by a very simple example, let 

X=2x jr=Sx 

and suppose e = 0.1 , then, to find the mean error .Bof 

t=a:+x' 

we cannot take JS== i/[(0 2)* + (0 3)^ as we should if X and X' 
were independent, but by the above formula we must take 

B = i/[(0 2)» + (0 3y + 2 X2 X3 X (0 1)*] = 0 6 

as in fact we find diiectly, in this simple case, by first substi- 
tutiiig Hi the values of ^ and 
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WEI&HT OP OBSERVATIONS 

24 Observations of the same kind are said to have the same 
Of different weight according as they have the same or different 
mean (or probable) eriors We assume a jpnon that observations 
will have the same weight when they are made undei precisely 
the same ciremistmees, including under this designation eveiy 
thing that can affect the observations , but whether this condi- 
tion has in any case been realized can only be learned, a jios- 
tenon, from the mean enors revealed by the observations them- 
selves 

In order to obtain a numerical expression of the weight, let 
us suppose all our observations to be compared with a standard 
fictitious observation the mean error of which is any assumed 
quantity Sj Let the actual observations be subject to the mean 
error s Let it require a number p of standard observations to 
be combined in order to reduce the mean error of their arith- 
metical mean to that of an actual observation, that is, to t , or, 
according to (24), let 

^ = ^ or = (36) 

then one of our actual observations is as good, that is, has the 
same weight, as p standard obseiwations, and the number p may 
be used to denote that weight If, in like manner, othei obser- 
vations of the same kind are subject to the mean error s', and 
we have 

p'e'® = Sj* 

one of these observations has the weight of p' standard observa- 
tions, and the weights of the observations of the two actual 
senes may be compared by means of the numbers p and p' 
The weight of the fictitious observation is here the unit of 
loeight, but this unit is altogether aibitraiy, since it is only the 
lelative weights of actual deteiminations that are to be con- 
sidered 

It follows immediately, since we have 

*j* = pe’ = pV* 
or 
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that th£ weigUs of two observations are reciprocally proportioned to ths 
squares of their mean cn ors 

The measure of precision (Art 10) and the weight are to he 
distinguished from each othei the former vanes inversely as 
the mean eiTor, the latter inversely as the square of this error 


25 To find the most probable mean of a number oj- observations of 
different weights — ^Let n", n'" be the given observed 
values, p', p", p'" their respective weights By the pre- 
ceding definition of the weight, the quantity n' may be considered 
as the mean of p' observations of the weight unity, n" as the 
mean of p" observations of the weight unity, &e "We may, 
therefore, conceive the given series of observed quantities re- 
solved into a senes of standard observations, all of equal weight, 
and then apply to the lattei senes the pnnciple of the arithme- 
tical mean The whole number of equivalent standaid observa- 
tions will bo p' + p" -t- p'" -f- , the sum of the p' standard 

obseivations will be p'n' , the sum of the p" standard observa- 
tions will be p"n'' , &c hence the desired mean x,, will be 


01 , more briefiy, 


p'n' -j- p"n" -|- p'"n'" -f 

p'+y'+i>"'+ 



( 88 ) 

(SS"^) 


This fomula shows that although the above demonstration 
implies that p', p", p'" are whole numbers, yet any numbers, 
whole 01 fractional, may be used which are in the same piopor- 
tion , foi / being any aibitiary factor, whole or fractional, we 
may write for (38) the following 


fp'rl -{- V' -j- fp"'n'" -{- 

“ fp' + fp" + fp'" + 

and then/p', fp", fp'" may be i egarded as the weights 
The value of is here an anthmetical mean only in the con- 
ventional sense implied in the substitution of fictitious observa 
tions with uniform weights for the given observations It may 
be called the general mean,^l[ie pi obabU mean or the meal? by weights 
The weight of this geneial mean, referred to the unit of //, 
p", is = p' + p" + p"' + 
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The mean error of the general mean will be expressed by 




where Sj is tiie mean error corresponding to the unit of weight 
If 18 not given, we shall have to find it from the observations 
themselves Taking the difference between a:, and each of tho 
given quantities, we have the residuals 

v' = n' — x^, v" = n" — x^ vf" = n"’ — Xg, 

If e', s", e'" . are respectively the mean errors of n', n", n'", .... 
we shall have, as m Art 17, 


whence 


pV* = e,* =pVl/ + p'so’ 


and, m like manner, 

gi _ p'VV' + P"^a 

=:p"V'V" +y"eo* 

&C 


The number of given values n', n" being = m, the sum of 
these equations is 

me,* = [pw] + [p] e,» 

which combined with the above value of e, gives 



and consequently, also, 

Example — ^Let us suppose that the observations of Saturn’s 
rmg in Art 17 had been given as in the following table, where 
the mean of the first seven observations of Art 17 is given 
= SQ" 179 with the weight = 7, the mean of the next following 
four = 89".285 with the weight = 4, &c. 
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n 

If 

vv 

pvv 

7 

39" 179 

— 0" 129 

016641 

1165 

4 

285 

— 0 023 

529 

21 

5 

294 

— 0 014 

196 

10 

4 

407 

4-0 099 

9801 

392 

1 

410 

+ 0 102 

10404 

104 

3 

320 

+ 0 012 

144 

4 

3 

377 

+ 0 069 

4761 

143 

4 

310 

+ 0 002 

4 

0 

3 

127 

— 0 181 

32761 

983 

6 

448 

+ 0 140 

19600 

1176 

[p] = 40 

2c,= 39 308 



[puu] = 3998 


Here the general mean a;, found by (38) of course agrees with 
that found before For the mean error coirespondmg to the 
unit of weight (which m this case is that of an observation as 
given in Art 17), we have, by (39), since m = 10, 


and for the mean error of x^, by (40), 


II 3998 \ 
\\9 X40/ 


: 0" 033 


which agree sufficiently well with the former values A perfect 
agreement in the mean errors is not to be expected, since our 
formulae are based upon the supposition that we have taken a 
sufficient number of observations to exhibit the several errors 
to which they are subject in the proportion of their respective 
probabilities, and this would require a very large number ot 
observations 


26 In the application of the preceding formula, it must be 
observed that when the weights of different determinations of 
the same quantity are inferred from their mean errois, we must 
be certain that there are no constant errors (that is, constant 
durmg the observations which compose a single determination) 
before we can combine them together according to these weigh s, 
unless the constant errors are known to affect aU the determina- 



508 


APPENDIX 


tions equally and with the same sign Foi example, if ten 
measures of the zenith distance of a star are made at one cul- 
mination, giving a mean error of 0" 4, and five measures at 
another, giving a mean error of 0" 8, the weights according to 
these errors would be as 4 to 1 But if it is known that the 
erroispeeuiiar to a cidminaUon (and affecting equally all the indi- 
vidual observations at that culmination) exceed V', it would be 
better to regaid the observations as of the same weight, since 
there would be a greater probability of eliminating such peculiar 
enors by taking the simple arithmetical mean If, however, the 
obseiver, from considerations independent of the obseivations, 
can estimate the weight of deteiminations made under different 
circumstances, then it is evident that these weights will serve 
for the combination, if the mean accidental errors of the several 
determinations are sensibly equal 

But if from the different circumstances we have deduced 
weights for the several determinations, and at the same time the 
mean eirors (deduced from a discussion of the discrepancies of 
the observations composing each determination) are widely dif- 
ferent, it 18 not easy to assign any general rule for reducing the 
weights which shall not be subject to some exceptions In such 
cases, practical observeis and computeis have lesorted to em- 
pirical formulffl, involving some arbitraiy considerations, more or 
less plausible 

In many cases we can proceed satisfactonly as follows Let 

e = the mean accidental eiior of a single observation, 

1 ) = the mean error peculiar to a deteimmation which rests 
upon m such observations, 
e = the total mean erior of such a determination, 

then, e and tj being supposed to be independent, we shall have 

= - -f (41) 

m 

If then ly can be obtained from independent considerations, this 
formula will give the value of e, and, consequently, the weight 
for each determination, and the combination may then be made 
by (38) For an example of a discussion according to these 
principles, see Vol L Art 286 



METHOD OF LEAST SQLAKES. 


609 


INDIEBCT OBSERVATIONS 

27 I proceed now to the application of the method of least 
aquares to the solution of the general pioblem of determining 
the most probable values of any numbei of unknown quantities 
of which the observed quantities are functions The observa- 
tions are then said to be indirect The particulai case of direct 
observations, already considered, is, however, included in this 
general problem, being the case in which the numbei of un- 
known quantities is reduced to one, and this one is directly 
observed 

The general problem embraces two classes of problems, which 
must be distinguished fiom each othei In the first class, the 
unknown quantities are independent, in the sense that they aie 
subject to no conditions except those established by the observa- 
tions so that, 6e/ore taking the observations, any assumed system 
of values of these quantities has the same probabihty as any 
other system In the second class, theie are assigned, ap'wri, 
ceitain conditions which the unknown quantities must satisfy at the 
same time that they satisfy (as nearly as possible) the conditions 
established by the observations Thus, foi example, if the thiee 
angles of a plane triangle aie to be determined fiom observations 
of any kind, we have, aprwn, the condition that the sum of 
these angles must be equal to two right angles, and all the 
systems of values which do not satisfy this condition are excluded 
at the outset This class will be briefly considered hereafter, 
under the head of “ conditioned observations ,” but our attention 
will be chiefly directed to the first class, which includes most of 
the pioblems occurring in astronomical inquiries 
Again, the equations which the observations are to satisfy may 
be linear oi non-lmear, the observed quantities may be explicit or 
implicit functions of the required quantities , but, foi simplicity, 
we consider first the ease of linear equations, to which all the 
others may always be reduced 

EQUATIONS OF CONDITION FROM LINEAR FUNCTIONS 

28 Let US suppose the equations between the known and 
unknown quantities are of the form 

ax by -\-cz-\- 


+ 1=7 
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in which a, b, c, ^ I are known quantities given by theory foi 
each observation, V is the quantity observed, and x, y, z . are 
the quantities to be determined For each observation, we have 
a similar equation, and thus a system such as the following : 

a'x + b'y dz + V —V 

a"x + h"y + c" 2 : + I" =V" 

a'"x + b">y + d"z + + I"' = V"' 

&c &c 

the number of these equations being greater than that of the 
unknown quantities (Art 6) If our observations were perfect, 
all these equations would be satisfied by the same system of 
values of x,y,z , but, being imperfect, let M', M", M"’ 
denote the values obtained by observation for F', Y", V" . . 

When these values are substituted in the second membei s of (42), 
thei e will, in general, be no system of values of x, y, z which 
satisfies all the equations at the same time, and we can only 
determine that system which is rendered most probable by the 
observations Let us therefore denote by N', N", N'" the 
values which the first membeis of our equations obtain when 
any hypothetical or assumed system of values of x, y, z is 
substituted m them , and put 

v'=N' — M', v"=N"—M", — 

then v', v", v'" . are the errors of the observations according 

to this hypothesis. Finally, let us put 

n'=l'—M', n"=l"—M", v!"z=V" — W", 

then our equations may be thus expressed 

dx -\-dy dz -|- n' = i/ 

a"x V'y -(- d'z -j- n" — x/' 

d"x + 6"'y + d''z + + n"' = F" 

&c &c 

If our observations were perfect, we should be able to find 
values of a;, y, z which would reduce all the quantities r', r", 
v'" . . to zero It is usual, therefore, to write zero in the second 

members . 

dx -{-b'y -\-dz -{■ -|- »' = 0 'l 

d'x + b"y + 4- 4- n" = 0 / 

d>'x + b"'y ■\.d"z-^r +n'"=0 

&c &o j 
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and these aie called the equations of condition, since they express 
the conditions which the unknown quantities are required to 
satisfy as nearly as possible W e may, however, with more ngor 
regard (48) as oui equations of condition, and treat them as 
expressing tlie geneial condition that the unknown quantities 
Klia.n be such as to give the most probable system of eriois 
v', d", v'" 

Now, according to Art 11, the most probable system ot values 
of X, y, z (and, consequently, the most probable system of 
eriors) is that which makes the sum of the squares of the errors 
a minimum thus, we are to reduce to a minimum the function 

Ivv'] = uV + »V' + + 

Regarding [db] as a function of the variables x, y, z (which we 
must remember are here independent), the condition of minimum 
requiies that its derivatives taken with reference to each variable 
shall each be zero , that is. 


or 


~ ’ dy ~ ’ dz 


,di/ , „ dv" 

dx dx 


=0 

dx 


, dv* , ,, dv" , ff, dv*" , 

if v" h v"' 3 h =0 

dy dy dy 

,dv* . „ dv" , dv'" , ^ 

dz dz dz 



(which we might have obtained directly from (10) by substituting 
(p'A — kA = kv, and dividmg by the constant k) But, by differ- 
entiating the equations (43) with reference to x, y, z ... succes- 
sively, we have 


dv' f 

— = a'. 

did 

= b', 

dv' 

= (!,.. 

dx 

dy 


dz 


11 

did' 

= 6", 

do" 

= <!', . . 

dx 

dy 


dz 


&c 


&c 


&c 


so that (44) are the same as the following : 
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= 0 
= 0 
= 0 


aV + a"v" + a"V" f 
b'v’ + V'vf' -1- h"'vf" + 
o'!/ + d'v" + c"V" + 
&c 



The number of these equations is the same as that of the un- 
known quantities , and if we now substitute in them the values 
ot o', o", o'" from (48), we have the final oi, as we shall call 
them, the normal equations, which determine the most probable 
values of r, y, z 


NORMAL EQUATIONS 

29 We see by (44*) that to form the first normal equation we 
multiply each of the equations of condition (48) or (48*) by the 
coelflcient of -c in that equation, and then form the sum of all 
the equations thus multiplied The resulting equation is called 
the normal equation in r * The sum of the equations of condi- 
tion sevei ally multiplied by the coefficients of y is the normal 
equation in y, &c To abbreviate the expression of these sums, 
we put 

[aa] = da! -|- a"a" -|- a'"a"' + 

[aft] = a!h' ■+■ a"6" -f + 

[uc] = dd -h a"c" -f + 

&c &c 

then the normal equations are 


[aa] 

X 

+ 

I — 1 

+ 

1 — 1 

! t 

+ 

[aa] = 0 y 

1 

[a6] 

x + 

[W] y + [5c] z + 

+ 

[6n] = 0 


C«c] 

X -f 

C6c] y + [cc] u + 

+ 

[c«] = 0 




&c &c 

1 

1 

formation of such normal 

equations is one 

of the 


most laborious parts of the computations involved in the method 
of least s(piares, especially when the number of equations is very 
great t It is important to have a means of verification, or 
“ control,” to insure their accuracy, before proceeding with the 
next important process of elimination A very simple and 
efiective control is the following 


* The ‘‘normal equation m a” is so called because it is the equation which deter 
mines the most probable value of x when the othei variables are i educed to zoio, ot 
when % IS the only unknown quantity , and so of the othei s 

t This labor may be abridged by the use of Dr Ceelxb’s Sechentafeln^ Berlin, 
1869 
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Form the sums of the coefficients of the unknown quantities 
in the several equations, namely, 

a’ +b' =s' 

a" ^ 6" 4- c" + = s" 

a!" 4 - b'" 4- c'" + ■ = s’" 

&c 

If we multiply each of these by its n, and add the products, we 
have 

[aw] + [6n] 4- [cn] + = [sw] (47) 

Also, multiplying each of (46) by its a, and adding, then each 
by its b, and adding, and so on, we have 

[аа] 4- [a&] + [ac] + = [as] 

[аб] 4- [66] + [6c] + = [6s] 

[ac] 4- [6c] 4- [cc] + = [cs] 

&c 

The equations (47) must be satisfied when the absolute terms of 
the normal equations are correct, and (48) when the coefficients 
of the unknown quantities are correct 

31 The normal equations will give determinate values of 
x,y,z , provided they are really independent If, however, 
any two of them become identical by the multiplication of eifiier 
of them by a constant, the number of independent equations is, 
in fact, one less than that of the unknown quantities, and the 
problem becomes indeterminate This difficulty does not arise 
from the method by which the normal equations are formed, but 
from the nature of the given equations of condition. In any 
such case, additional observations are necessary, for which the 
coefficients have such varied values as to lead to independent 
equations Even when two equations cannot be reduced pre- 
cisely to a single one by the introduction of a constant factor, if 
they can be made very nearly identical, the problem is still prac- 
tically indeterminate The indetermination will become evident 
in the actual elimination in practice when any one of the un- 
known quantities comes out with so small a coefficient that small 
errors in the observations would greatly change this coefficient. 
(See Art 52 ) 

VoL U— 3» 
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32 BjMvhateACi method the elimination is perfoiraed, wo 
shall necessaiily airive at the same final values ot the unknown 
quantities, hut, when the numbei of equations is considerable, 
the method of substitution, with Gauss’s eonvement notation, is 
univei sally followed, but, foi the present, leaving the reader to 
choose his method, I proceed to explain the punciples by which 
the mean eiiors of the values of x, z aie determined 


MEAN ERKORS AND WEIGHTS OF THE UNKNOWN QUANTITIES 

33 Since we have put n' = V -M\ n" = V'-3P', &c (Art 28), 
the mean erior of n'" is also that of 31', 3P. , 3P. , , 

that 18 , the mean erior of n', n", n'". is to be regarded as the 
mean error of an obseivation If the elimination of the noimal 
equations weie fully earned out, each uiikiiown quantity ivonld 
be finally expressed as a linear function of n', n", n'", , and the 

mean errois of the latter being given, those of the unkiiow ti 
quantities would follow by the principle of Art 20 It lesults, 
however, from the symmetry of the normal equations that several 
forms may be obtained for computing directly the weights of the 
unknown quantities, and from these weights the mean errors 
can afterwards he found 

34 First method of computing the weights of the unknown quantities 
—Bor simplicity, let us first suppose all the observations to be 
of equal weight, or the mean errors of n', n", n'” to be equal. 
Let 

e =z the mean error of an observation, 

e = the mean enor of the value of x found from the normal 

X 

equations, 

p^= the weight of the value of x, the weight of an observa- 
tion being unity, 

then (Art. 24) 


Now, let us suppose the elimination to be performed by the 
method of indeterminate coefficients Let the first equation of 
(45) be multiplied by Q, the second by Q', the third by O' , kc , 
and the products added Then let the factors Q, Q', Q*' 
(whose number is the same as that of the unknown quantities) 
be supposed to be determined so that m this final equation the 
coefficients of aU the unknown quantities shall be zero, except 
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that of X, which shall be unity The couditious for determining 
these factors are, therefore, 

[aa] q + [aft] q+lac]Q!'+ =1 

[ab-]Q + ibb-i^+ibe-]q'+ =0 

[ac] q + [6c] Q' + [cc] q'+ =0 

&c &c 

and the final equation in x is 

X + [an] q + [6n] Qf + [cn] Q ' =0 

Comparing (45) and (49), we see that the coefficients of 
$5 Q” s,re the same as those of x,y,z , hut that the 
absolute terms are — 1 in (49) instead of [an] in (45), and zero 
instead of [6n], [cn], &c Hence, if the elimmation of (45) were 
earned out, and the values of x, y, z determined in terms of 
n', n", n'" . , the values of Q, Q', Q", . would be found from 
these by merely putting [an] = — 1, and [in] = [cn], &c = 0, 
This IS also evident from (50) I shall now show that Q is the 
reciprocal of the required weight of x 
The final value of x being a linear function of n', n", n'". , 

the equation (50) may be supposed to be developed in the form 

X + a'n' + a"n" + a"'n"' + =0 (51) 

inwhicha', a",a"', are functions of a', 6', . . ,&o , 

and these functions are immediately found by developing [an], 
[6n], &c , in (60) , for we then have, by comparmg the coefficients 
of (50) and (61), 

J=a'q + Vq + d 6" + 

a" = a"e + 6"<2' + c"e" + 
a"'= a"’q + vq + d"q' + 

&c &c 

Multiplying each of these equations by its a, and adding all the 
products, we obtain, by (49), 

aV + a"a" + a"V"+ =1 

Multiplying each of (52) by its b, and adding, we obtain, by (49), 
6V + 6V'+ 6'"a'"+ =0 

and so on for as many equations as there are unknown quantities 
TSiese relations are briefly expressed thus 

[aa] = 1 [^*] 9 E^*] 9, &c f53) 
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If, then, each of (62) is multiphed by its a, and the results are 
added, we find, by (53), 

[aa] = a'> + a"* + »"'* + =Q (P^') 


But, by Art. 20, when e is the mean error of each of the quan. 
titles n', n", n'", , the mean error of x found by (51) is 


Hence 


s^= e /[oo] 



1 1 
[a»] “ Q 


(65) 


as was to be proved. 

Hence we have a first method of finding the weights In the 
first normal equation wnie — 1 for the absolute term, [on], and, in the 
other egmhons zero for each of the absolute terms \bn\, [cn], &c , the 
value of X then found from these equatione will be the lecvprocal of the 
weighi of the value of x found by the general elimination 

This rule is to be applied to each of the unknown quantities 
in succession, so that the reciprocal of the weight of y is that 
value of y which will be found by putting = — '^, and 
[an] = [m] = &c = 0 , the reciprocal of the weight of z is that 
value of z which will be found by putting [cn] = — 1, and 
[an] = [bn'], &c = 0 ; &c 

It 18 evident, moreover, that although we have deduced the 
rule by the use of indeterminate multipliers, it must hold good 
whatever method of elimination -is adopted 


35 . Second method of computing the weights of the unknown quan- 
fyfyes — ^If we write the normal equations thus, 

[aa] X + [ab] y -\-[ae]z + + M = A 

[ab] X + [bb] y + [bc]e+ + [bn] = B 

[ae] X + [6c] y + [cc] z + + [cn] = C 

&c 

and perform the elimination, we shall obtain x, y, z in terms 
of [aa], [aft], &c , and of A, B, G, &c , and if in the general values 
thus found we make A = B=C, he =0, these values will be 
reduced to those which would be found by carrying out the 
elimination with zero in the second members of the normal 
equations If we suppose the ehmination performed by means 
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of the indeterminate factors Q, already employed, the 

final equation for determining x will be 

^ =QA +gB +Q^'C+ 

where the coefllcient of A is the reciprocal of the required weight 
of X But, whatever method of elimination is employed, the 
coefficient of A in this general value of x will necessarily he the 
same , and hence we derive the second method of determining 
the weights Write A, JBj C, &c , instead of 0, m the second membeis 
of the normal equations^ and carry out the elimination (by any method 
at pleasure) , then the final values of x^y^z . are those terms in the 
general values which are independmt of A^ C . , the weight of x 
IS the reciprocal of the coefficient of A in the general value of x, the 
weight of y IS the reciprocal of the coefficient of B in the general value 
ofy, &c 

36 Third method of computing the weights of the unknown quantities. 
—Let us suppose the elimination to be perfoimed by the method 
of substitution, still retaining -4, C in the second members, 
as m the preceding article The final equation in x^ according 
to this method, is found by substituting in the first normal equa- 
tion the values oiy^ z , given by the other equations These 
substitutions do not affect the coefficient of J., which remains 
unity, so long as no reduction is made after the substitutions- 
Thus, the final equation in x is of the form 

Rx= T A terms in C, 

in which T is the sum of all the absolute quantities resulting 
from the substitution, and is a function of [aa], [aJ], , [an] 
Hence the value of x is 

T A 

rr = ^ ^ + terms in J?, C, 

xC B 

T 

in wMcli 18 the final value of x which results when A = B 
M 

= C =0, and is necessarily the quantity denoted by Q in 

the preceding articles Therefore JR is the weight of x, and 
hence we have a third method of finding the weights Let the first 
normal equation (the equation in rr, Art 29) be tahen as the final 
equation for determining and suhstitute in it the values of y^ z in 
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terms of x as found from the remaimng equations, then, before freemq 
the eguaium of fraciums or tnirodumg any reduebm factor, the eo^ 
mnt of xm Oas equation is the weight of the value of x In the same 
matwer, subshtute vn the second normal equation (tie equation in y) 
the values of x, z.. m terms of y as found ^om the other equa- 
tums, the coefficient of y is then the weight of the value of y, and so 
proceed f<yr each unknown quantity 

According to this method we determine each unknown quan- 
tity, together with its weight, by a separate elimination earned 
through all the equations, in each case changmg the order of 
elimination, until every unknown quantity has been made to 
come out the last The algorithm of this process, with Gauss’s 
convenient system of notation, will be given hereafter (Art 45) 


37 lb find the mean error of observation — The weight of x being 
found, we have the ratio of to e, but we have yet to determine 
e, which, in general, cannot be assigned a pnon, but must be 
deduced a postenon, that is, fiom the observations, and conse- 
quently from the equations of condition The residuals o',v'',v '''. . , 
in (43), are those which result when the most probable values of 
x,y,z. . (namely, those resultmg from the normal equations) 
are substituted in the first members The actual or true eirore 
(Art 17) of observation are, however, those values of the fiist 
members of (43) which result when the true values of x, y, z, 
are substituted. 

Let X + ax, y ay, z + az, be the true values which, sub- 
stituted in the equations of condition, give the true residuals 
u', u", u'" . , so that we have 


a! (x ax) -f- ft' (y -f- ay) d (z -{■ az) 

a" Qc -1- ax) ■+ b" (y + ay) •+ c" (« -1- az) -}- 

a"'(x + ax) + h"'(y + ay) + d'\z -f az) -f 

&c &c 


n' =«' 



/ 


If these equations be multiplied by a', a", a'". , respectively, 

the sum of tiie products is 


[aa] X -|- [oft] y + [ac] z -{■ -j- [an] 1 _ 

-|- [oa] ax -j- [aft] ay [ac] az ) 

which by the first of (45) is reduced to 

[aa] Aar -f- [aft] ay -f [ac] az + — [aw] = 0 
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In the same manner, multiplying each of the equations (56) by 
its b, c, &c , successively, we form the other equations of the 
following group 

[fla] ^35 + iaVy c^y + [«c] Az + — [aw] = 0 

[u6] AX + [66] Ay + [6c] az + — [6m] = 0 

[ac] AX -f [6c] Ay + [cc] az ■+ — [cm] = 0 

&C &c 

These being of the same form as the nonnal equations (45), we 
see that the value of ax resulting from them will be of the same 
form as that of x resulting from (45), with only the substitution 
of — M for n hence, by (51), 

^ _ „Ju' — a"M" — a"'M'" — =0 (58:) 

Again, multiplying (56) by . , respectively, the sum 

of the products is, by (44*), reduced to 

[m] = [mm] 

and in the same manner, from (43), 



whence 


[mh] = [rr] 
[mm] = [w] = [vn] 


(69) 


The sum of the products obtained by multiplying the equations 
(43) respectively by u', n", u"’ is 

[MM] X H- [6u] y + [cm] z + + M = [mm] = [mm] 


and from (56), in the same manner, 

[nu] X + [6m] y + [cm] z + 
+ [mm] ax + [6m] Ay + [cm] az + 

which two equations give 


4- [««] I = [■«„] 


[mm] = [mm] + [<iM] AX + [6m] Ay + [cm] az + (60) 

Now, [«m] being the sum of the squares of the true errors of the 
observations, its value is, as in Art 17, = niee, if we put 


m — the number of observations, 

= the number of equatioiib of condition 
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Consequently, 

have 


if we could assume ax, Ay 


ee 


[vv] 

m 


. to vanish, we should 


and this will usually give a close approximation to the value of 
E, hut it will give the true value only in the exceedingly impro- 
bable case in which the values of x,y,z . are absolutely true, 
whereas they are to be regarded only as the most probable ones 
furnished by the observations. This formula, then, must always 
give too small a value of e, since it ascribes too high a degree of 
precision to the observations We must, therefore, add to [n’] 
the quantities [aw] ax, \bu\ i^y, &c , as in (60) , but, as we cannot 
assign any other than approximate values of these quantities, let 
us assume for them their mean values as found by the theory of 
mean errors. The mean value of \(iu\ ax will be found by mul- 
tiplying together 

[««] = a'u' a!'u" -f- a"'u"' -f- 
and AX = a'u' -1- a"u" -|- a"'u'" -|- 


observing that the errors u', u", v!" ., when we consider only 

their mean values, are to be regarded as having the double sign 
± , so that the mean value of the product will contain only the 
terms a' a' u' vl, a" aJ' u" u", &c. Hence we take 

[aw] AX = a'a'u'u' -f a"a"u"v:' -f a"'a'"u'"u'" + 

and substituting m this the mean value of u'u', u"u", &c., which 
m each case is ss, we have 

[ait] AX = (o,'a' <l"a" -j- o!"a"' ] e® 

or, finally, by (53), 

[aw] AX = ee 

in the same manner, it must follow that ee is the mean value of 
each of the terms [6 m] Ay, [cit] az, &c If then we put 

jtt = the number of unknown quantities, 

the equation (60) becomes 


mee = [du] pse 
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[»»] 

ee = — = — =*- 
m — fi 

e = \ — =*- 

\m — At 

(61) 


It IS to be observed that when there is but one unknown 
ITiantity, or fi=l, this general form is reduced to the simple 
one (25), already given for direct observations 

Pinally, p^, jp„ . denoting the weights oi x,y,z .. found 
by any of &e preceding methods, we have 




( 62 ) 


88 Example — ^Let us suppose the following veiy simple equa- 
tions of condition to be given :* 

X— y -f- 22r— 3 = 0 
3a: -4- — 5z — 5 = 0 

4x + y-l-4s — 21 = 0 
— a: + 3y -j- 3« — 14 = 0 

If but the first three of these equations had been given, the 
problem would have been determinate We should find firom 
^ 18 23 13 

them x = —,y = Y^^ — f} should have to accept these 

values as final ones, with no means of judging of their accuracy, 
or of that of the observations upon which the equations are sup- 
posed to depend A fourth observation having given us our 
fourth equation, we find that the values of x, y, z deiived from 
the first three will not satisfy it, for when they are substituted in 

it the first member becomes — instead of zero If we deter- 
mine the values of x, y, and z from any three of the equations, 
and substitute these values in the fourth, we shall find a residual. 
Bach one of the four systems of values of the unknown quantities 
thus found satisfies three equations exactly, and the fouith 
approximately, but, all the observations being subject to error, 
the most probable system of values can seldom satisfy any one 
of the equations exactly Hence the necessity of a pnnciple of 
computation which shall lead as directly as possible to such a 
probable system of values, and this principle is furnished bythe 
method of least squares 


* Gauss, TJieoria Motus, Art 184 
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"We are, then, liy Art 29, to deduce fiom these four equations 
three normal equations, and the values of x, y, z which exactly 
satisfy these are to he regarded as the most probable values 
To form the first normal equation, we multiply the first of the 
above equations of condition by 1 (= a'), the second by 3 (= «'')) 
the third by 4 {=a"’\ and the fouith by — 1 
products We thus find [aa] = 27, [a6] = 6, [ac] = 0, and 

[ari] = — 88 i? 

To form the second normal equation, we multiply the first 

equation of condition by — 1 (= b'), the second by 2 (= b"), the 
third by 1 (= 6'"), and the fouith by 3 {= b'% and add the pro- 
ducts We thus find lab-] = 6, [66] = 15, [6c] = 1, [6n] = - TO 
The third normal equation is formed by multiplying the fust 
equation of condition by 2 (= e^), the second by 5 ( c ), the 
third by 4 (= c"0, and the fourth by S (= e"), and adding the 
products We find [oc] = 0, [6c] = 1, [cc] = 54, [c??] 107 

Eence our normal equations aie 

27a + &y — 88 = 0 

6a: + 15 j/ + a — 70 = 0 
y 4* 542 — 107 = 0 

the solution of which gives, as the most pi obable values, 


_ 49154 
^ ~ 19899 
2617 
^ ~ 737 
12707 
^ ~ 6633 


= 2 470 


= 3 551 
= 1916 


In order to determine the mean, and hence also the probable, 
efrors of these values, let us first determine their weights accord- 
ing to the preceding methods 

First By the method of Ait 34, we first write — 1, 0, 0 , foi 
the absolute terms of the three normal equations, and we have 
the three equations foi determining the weight of r, 

27a/ + Qy'— 1 = 0 

6a/+15y'4- / = 0 

2/' -f- 542' = 0 

m which accents are employed to distinguish the particular 
values from the above general ones. These give 



METHOD or DBAS! SQTTAEES 


523 




809 

19899 


whicli IB tlie reciprocal of the required weight Hence, 


19899 

» = = 24 597 

809 

In a HiTtnlar manner, to find the weight of y, we take the 

equations 

27a:" + 6 ^" =0 

6a:"+15y"-|- 2 "— 1 = 0 


f + 542" =0 

and find 

»_ 54 
^ 737 

whence 

y = f = 13 648 

And to find the weight of z, the equations 


27a:'" + 63 /" = 0 

6 a:"' + 15y"' + 2 "' =0 


y"+ 542"' — 1 = 0' 

which give 

2 '"= 


2211 

and 

« = = 53 927 

41 

Seemdly By the method of Art. 35, we write our normal 

equations thus 

27a: + 6y — 88 = -4 

6a: + 15y + 2: — 70 = 5 


y + 54^: — 107 = C 

and, carrying 

out the eliminatiou as if A, J5, and C were known 

quantities, we 

find 


19899 X = 49154 + (809)4 — 324 5 + 6 0 

737y = 2617 — 12 4 + (54) B — O 

6633^ = 12707 + 2 4 — 9 B + (123) G 
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and, therefore. 


49154 ,, ^ 19899 

a: = -with the weight » = . ■ 

19899 809 




2617 

737 

12707 

6633 


“ Py = 

“ ij,= 


m 

54 

6633 

123 


the same as by the first method 

Thirdly By the method of Art 36, to find x and its weight 
we eliminate y and z from the equation in x (the first normal 
equation) by means of the other equations, employing successive 
substitutions The last normal equation gives 


z 


1 , 107 

54^"^ 54 


which being substituted in the second gives 

- , 809 8673 . 

64 54 

The value of y from this, namely, 

324 , 3673 

V = X H 

^ 809 ^ 809 


being substituted in the first normal ecjuation, and no reduction 
being made, gives 

19899 49164 ^ 

X = 0 

809 809 


where the coefficient of x is the weight, and the value of rc is the 
same as before found 

To find y and its weight, we make the second the final equa- 
tion. From the first and third we find 


X = 

z = 


27 ^ 27 

1 1 


which substituted in the second give 


737 2617 

54 ^ ~5r“" 


where the coefficient of y is its weight. 
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I'inally, to find z witli its weigH we make tlie tliird normal 
e(]['aatioii tlie final one Prom the first two we find 

9 454 

^ — ~ 123 ^'^ 123 

which substituted in the third gives 

6633 12707 „ 

z = 0 

123 123 

where the coefficient of z is its weight, and its value is the same 
as was before found 

By a little attention, it will be perceived that the three methods 
involve essentially the same numerical operations 

We are next to find the mean errors of x, y, and z, for which 
purpose we must first find the mean error of an observation, 
assuming here, for the sake of illustration, that the absolute teims 
of the given equations of condition are the observed quantities, 
and that they are subject to the same mean error Substituting 
in these equations the above found values of x, y, and z, we 
obtain the residuals as follows 


No 

V 

vv 

1 

— 0 249 

0 0620 

2 

— 0 068 

0046 

3 

H- 0 095 

0090 

4 

— 0 069 

0048 


m — 4, ft = 3, [iw] = 0 0804 


-iHHl = 0 0804 

m — ft 

Hence, by (61), 

e = l/O 0804 = 0 284 

which IS the mean error of an observation, so far as this error 
can be inferied from so small a number of observations (^See 
the next article ) Consequently, the mean eiiors of x, y, and z 
are as follows 
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Multiplying tliese errors by tbe constant 0 6745, we sliall have 
(Art 15) the probable errors as follows. 

Probable error of an observation = 0 192 

a « X = 9 088 

a y = 0 062 

u i( 2 = 0 026 

39. It has already been remarked in the foregoing pages, and 
the remark is especially important in the pieseiit connection, 
that the method of least squares supposes in general a great 
number of observations to have been taken, or a number suffi' 
ciently great to determine approximately the errors to which the 
observations are liable. Theoretically, the greater the number 
of observations the more nearly will the series of residuals ex- 
press the series of actual errors, and, consequently, the more 
correct will be the value of s infeired from these residuals In 
practice, therefore, no dependence should be placed upon the 
mean or probable errors deduced from so small a nuniber of 
observations as we have employed, for the sake of brevity and 
clearness, in the preceding example Nevertheless, the method 
18 , even in this ease, the best adapted for determining the most 
probable values of the unknown quantities deducible from the 
given observations, and also their relative degree of precision 
Thus, in this example, the degrees of precision (denoted by h, 
Art 10) of X, y, and z, being inversely proportional to the mean 
errors, or directly proportional to the square roots of the weights, 
are nearly as the numbers 5, 3 7, and 7 3, so that from the four 
given obseivations z is about twice as accurately found as y, 
while the precision of x falls between that of y and z But we 
can place but little dependence upon the result which assigns 
0 284 as the mean error of observation, and 0 057, 0 077, 0 039 
as the mean errors of x, y, and z, because this result is derived 
from too small a number of observations 


EQUATIONS OF CONDITION FROM NON-LINEAR FUNCTIONS. 

40 Let the relation between the observed quantities V, V", 
V" . . and the unknown quantities JT, Y, Z. . , , be, for the ob- 
servations severally, 

fiV',JC,TZ, ) = 0 

rCF", A,T,^, ) = 0 

/'"(F"', X,T,2, ) = 0 

&c 


( 63 ) 
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Let the values of V, V", V"' , found by obscivation, be 

M', M", M'" These values being substituted, we Hhall 
have the equations 

f iM', 

r {M", JT, r, 

&c 

from which the values of JT, F, Z are to be found But, as 
we cannot effect the direct solution of these equations according 
to the method of least squai es so long as they ai e not linear, we 
resort to the following indirect piocess, by which linear equations 
of condition are formed Let approonmite values of JT, Y, Z be 
found, either by some independent method or from a sufficient 
number of the equations (64) treated by any suitable process, and 
denote these approximate values by Xo, Fq, Z^ . Let the most 
probable values be 

Y = r, + y, + 

then a:, ?/, z are the corrections required to reduce our ap- 
proximate values to the most probable values , in other words, 
r, y, z are the most probable coriections of the approximate 
values, and the method of least squares is now to be applied in 
finding these corrections 

Substitute the approximate values Fo, Z^ in (63), and 
find, by resolving the equations, the corresponding values of 
F', V" which denote by Fo', Fo" These will be func- 
tions which may be thus generally expressed 

V: =F' {,X„Y„Z, ) 

&c 

Now, the values of F', F" which result when the most pro- 
bable values Xo+ X, Fo -f j/, ^ -h 2 are substituted, and which 
are yet unknown, being denoted by N', N" we have 

N' = F' (X„ + X, Fo -f y, ^0 + 2 
N"=.F"iX, + x,Y,-\- y, ^0 -t- 2, ) 

&c 

and by Tatlor’s Theorem, when we neglect the higher powers 


) = 0 ) 

) = 0 

1 = 0 (64) 
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of x,y,z. 
have 


wIlicTi are supposed to be very small quantities, vre 


y + 


&c &c 


dV' 

dZ, 

dVl’ 

dZ, 


z + 
2 + 


„-Kere &c , &c are simply the values of the 

derivatives ofV', V" fouud by differentiating (63) with 
reference to each of the variables, and afterwards substituting 
X„ To, &c for X, Y, . &c 

If now we denote the derivatives of V', F" . with reference 

to Xby a', a" their derivatives with reference to Thy o', 

I" . . &c * so that 

W =Fo' + a'x + fe'y 4- + 

Jf" =Y^' + a''£ -f b"y + c"2 + • • 

&c &e 

and then also put 


'd=N' — M', 
n'=T^-M', 


u" =JV"— Jlf", &c 
n" = T^' — M", &c 


our equations become 


a'x -|- b'y + c'z -f 
a"x + b"y + d'z -f 




'x + b"'y + c!''z -1- 


_|- ft' = v' 
4- ft" = v" 
-f n'"=v'" 


In which <&' . a", b" are all known quantities; 

and v', v" - . are the residual errors of observation. These 
equations of condition are precisely like those already treated, 
and, being solved by the same method, give the most probable 
values of x,y,z. , and hence, also, the most probable values 
of Z, Y, ^ . 

This process rests upon the assumption that the approximate 
values To, Zg . . are already so nearly correct that the squares 
of X, yi z . may be neglected But should the values found 
for X, y, z . show that this assumption was not admissible, the 
computation IS to be repeated, starting with the last found values 
X« 4 - To + 1 /, . . as the approximate values , and then 
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the eorreetions which these last require will generally he so small 
that their higher powers may be neglected without sensible error 
However, should this still not be the case, successive approxima- 
tions, commencing always with the last found values, will at 
length lead to values which require only corrections suitably 

small _ 

Even when the given function is already linear, it is mostly 
expedient to follow the general method just given • namely, to 
substitute approximate values and form equations of condition 
to determme their corrections This reduces x, y, z to small 
quantities, greatly simphfies the computations, and diminishes 
the chance of error 

TREATMENT OP EQUATIONS OP CONDITION WHEN THE OBSERVATIONS 
HAVE DIPFBEBNT WEIGHTS. 

41 The process above explained assumes that all the observa 
tions are subject to the same mean error, and hence are all of 
the same weight The more general case, in which the obser- 
vations are of different weights, is easily reduced to this simple 
case For, let 

a'x -1- 6'y -f c '0 -1- -\- %' = x! 

be an equation of condition of the weight y ' ; that is, one formed 
for an observation ot the weight p'. The mean error of an ob- 
servation of the weight unity being Sj, the mean error of the 

actual observation, and, therefore, also of n', is e' = Hence 

the mean error of n'y/y' is, by Art 20, equal to that is, 

equal to Si If, therefore, we multiply the equation by yf, so 
that we have 

a'l/y X -j- h'-y/y' y-f-c'i/p's-l- + a'l/y = vyy 

it becomes an equation in which the mean error of the absolute 
term is the mean error of an observation of the weight unity 
Hence we have only to multiply each equation of condition by 
the square root of its weight in order to reduce them all to the 
same unit of weight, after which the normal equations will be 
found as in other cases 

The mean error of observation, found by (61) from the equa- 
tions of condition thus transformed, will be that of an observa- 
VOL 11—34 
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tion of the weight unity, and the weights of the unknown .juan. 
titles will come out with reference to the same unit 

ELIMINATION OE THE UNKNOWN QUANTITIES FROM THE NORMAL 
EQUATIONS BY THE METHOD OF SUBSTITUTION, ACCORDING TO 

GAUSS nt 

42 . By means of a peculiar notation proposed by G-auss, the 
elimination by substitution is can-ied on so as to preserve 
throughout the symmetry which exists in the normal equations. 
In order to explain this method, it will be expedient to suppose 
a limited number of unknown quantities I shall take but^owr, 
but shall give the process in so general a form that it may readily 
be extended to any number 

The unknown quantities will be denoted by 


X, y, z, w, 

and their coefficients in the equations of condition by 

CL^ Oj dy 

respectively, with sub-numerals denoting the number of the 
equation or observation upon which it depends, and by 

n„ n„ )»j, &c 

the absolute terms of the 1st, 2d, 3d, &c. equations respectively . 
so that the m equations of condition (here supposed to be 
reduced to the same weight by Art 41) will be 


fljX 4- \y -f- -1- 4- M, = 0 \ 

ajX 4- 4- CjZ 4- djW 4- Wj = 0 J 

a,x 4 - 63 !/ 4 - Cs 2 4 - djW 4- n, = 0 i (65) 

= 0 / 


and the four normal equations formed fiom these are 


[аа] X 4 - [aJ] y 4- [^1 ^ w’ + C®”] = ® 

[аб] X 4- [ 65 ] y 4~ [6c] 2 4- [6<^] w 4- [6w] = 0 

[ac] X 4- [6c] y 4" [cc ] 2 -|- [c«i] 10 [cn] = 0 

[ad] X 4 - [6d] y 4- [cd] z -j- [<^<^] w 4- [da] = 0 


(66) 
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The value of x from the first equation is 




[««] 


y 


[ag] , _ 

[na] [aa] ® 


[an] 

[aa\ 


If this IS substituted m the other three equations, we Shall pre- 
serve the symmetry of the lesult by the following notation 




W - ^ [»»] = [o> 1] 


The three equations thus become 


[66 1] y -f [6c 1] s -|- \hd 1] 1 C -f [6n 1] = 0 ] 

[6c 1] y -f- [cc 1] 2 H- [cd 1] 1 C + [cn 1] = 0 v (67] 

[bd 1] y -|- {cd 1] 2 -b {dd 1] 1C + {dn 1] = 0 j 


The presence of the numeral 1 is all that distinguishes these 
from original normal equations in y, z, and lo The elimmation 
of y will, therefore, be effected in the same manner as that of x 
Thus, from the first, we have 


y = 


[6c 1] [6d 1] 

[66 1 ] [66 1 ] 


1C 


[6n 1] 
[66 1 ] 


the substitution of which in the other two equations leads to the 
following notation • 


{od 1 ] = ^^ 2 ] 


{cn 1]-I^[6n l] = [cn 2] 
{dn 1] = [^« 2 ] 


{dd 1] 
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§,iid tlie resaltuig equatioDS are ^ 

[cc 2] 2 + [cd 2] w + [cft 2] = 0 
led 2] 2 + {dd 2] w + Idn 2] = 0 

From the first of these we have 


} 


C68) 


led 2] Icn 2] 

Icc 2] [cc 2] 


which, substitated in. the second, leads to the following notation : 


Idd 2] — led 2] = Idd 3] 

\cc 2] 


Idn 2]-g-|^[cn 2-\ = lan 3] 


and the resulting equation is 

Idd 3] w + Idn 3] = 0 (69} 

whence 

Idn 3] 

w — — 

Idd 3] 

Having thus found tc, we substitute its value in the first of (68)^ 
and deduce 2 Then the values of 2 and 10 being substituted in 
the first of (67), we deduce 2 /, and finally, substituting the values 
y, 2 , and 10 in the first of (66), we deduce x. These latter substi- 
tutions are made in the numerical computation, but it is not 
necessary to write out here the formulse which result from the 
literal substitutions, as it would not facilitate the computation 
It may be observed that all the auxiliaries [66 1], [6c 1], [cc . 2], 
&e., may be expressed by the general formula 


W /»] — [ar ju] = [|5r (a + 1)] 

Laa jttj 

a, j9, Y denoting any three letters, and any numeral 

For the convenience of reference, the final equations employed 
m the actual computation are brought together as follows, the 
coefi5.cient of that unknown quantity which is found fiom each 
after the substitution of the values of the others being reduced 
to unity. 
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, [a&l 

^ + ^2/ + 


laa] ' 


y + 


[aa] ^ 

jbc 1 ] 


[bb 1] 


2 + 


[ad] 
[ad] 
[bd 1] 


w + 


[bb 

[cd 


[CO 2] 


10 + 

w + 


[«»] Q 
[««]- 
[6» 1] 


[66 

[cn 


1] 

2J 


= 0 


to + 


[CO 2] 

[dd 3] ~ ^ 


(70:, 


As the mimber of unknown quantities inci eases, the number ot 
auxalianes to be found incieases very lapidly If we include the 
coefficients and absolute tei-ms of the normal equations, the 
whole number of auxiliaiies is shown m the following scheme * 


No 

of unknown quantities 

1 

2 

8 

1 4 

5 

6 

7 

8 

No 

of auxiliaries 

% 

7 

16 

30 

50 

77 

112 

156 


43 For the purpose of verification, it is expedient to repeat 
the elimination in inveise order, commencing with the last 
normal equation and ending with the fiist, which will bung out x 
It will not be necessary to wiite out the formulee foi this inverse 
elimination, since when the form for computation has been once 
prepared, it suffices to place in it the coefficients of the normal 
equations in inverse oidei, and then to proceed with the numeri- 
cal operations piecisely as in the first elimination The unknown 
quantities coming out in the first elimination in the order w, z, 
y, X, they will in the second come out m the order r, y, z, w 

This inversion has also the advantage of giving the weights of 
all the unknown quantities with the greatest facility, as will 
hereafter be shown 

44 A very complete final verification, or “ control,” is obtained 
as follows Substitute the values of x, y, z, w in the equations of 
condition, and thus find the residuals Uj, Uj, Vg i/„, or the 
values which the first members assume Form tlie sum 

[ua] = -f -f ■+ -f vj)^ 

* The number of auxiliaries will be, m general, 

^(^ + l) (t + S) 

2 S 


where i denotes the number of unknown quantities 
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wbiich. is also required in finding the mean error of obseryation 
by (61). Also form the following new auxiliaries 


[nn] 


[>i»] — 

\nn 1] — 


[ara]^ 
[aa] 
Ibn 1 ]» 
[W 1] 


Wl«l + + »8«S + 


= [jin 1] 


{nn 2] 


= [nn 2] 


\nn S] — 


+ V™ 
[ew 2]^ 
[pc 2] 
[dn 3]» 
\_dd 3] 


= [nn 3] 
= [nn 4] 


then, if the whole computation, both of the normal equations 
themselves and of the subsequent elimination, is coirect, we 
must have 

[vv\ = [nn 4] (71) 


To demonstrate this, we observe first that we have already, by (59), 


[i?^ r= [vn] 

If now we go back to the equations of condition, and multiply 
each by its n, the sum of the products is 

[an] X + [6n] y + [cn] z + [dn] \o + [nn] = [t;n] = \vv] 

If this equation be annexed as a fifth normal equation to the 
group (66), and the successive substitutions are made in it as in 
the others, beginning with it evidently becomes, successively, 


\hn 1] y [m 1] 2 + [dn Y\w [nn 1] = [vv'] 
[cn 2] 2 ; -f- [dn 2] w? -j- [nn 2] = [vv'] 
[dn 3] -|- [nn 3] = [yi?] 

[nn 4] = [vu] 

which last is the same as (71). 


DBTERMIXATIOIS: OF THE WBIOHTS OF THE UNKNOWN QUANTITIES 
WHEN THE ELIMINATION HAS BEEN EFFECTED BY THE METHOD OF 
SUBSTITUTION. 

45 By the general method explained in Ai't. 36, the elimina- 
tion would have to be performed as many times as there are 
unknown quantities. It is desirable to have more direct methods 
When there are but four unknown quantities, we can find their 
weights from the auxiliaries occurring in two successive elimina- 
tions in inveme order In the first elimination, according to the 
order a, i, c, d, we find w by substitution in the last noimal 
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eqiiation, and, the coefficient of to being then \M 8], it folloA\s, 
by Art. 86, that the weight of the value of w is 

p„r=lM 8] 

In the inverse elimination, in the older d, c, b, a, the coefficient 
of X in the final equation, which would he denoted by [ca 3], 
will be the weight of x, or 

. P, = [a« 3] 

Now, if a third elimination were earned out in the order x, y, w, z, 
or a, b,d,c (the thiid normal equation now taking the last place), 
we should have the same auxiliaries as in the first elimination, 
so far as those denoted by the numerals 1 and 2 , and the equa- 
tions (68) would still be the same, but in tlie following order . 

Idd 2] w -f- [cd 2] j -f [(In 2] = 0 
[cA 2] w -f \cc 2] ^ [m 2] = 0 

The value of w given by the first of these is 


_ jcd 2] . [dn 2] 

[dd 2] [dd 2] 

which, substituted in the second, gives for the coefficient of 




Therefore we have 


p.= [co2-\ 


[dd 3] 
[dd 2] 


In the fourth supposed elimination, in the order d, c, a, 6, the, 
auxihanes denoted by 1 and 2 would be the same as m our 
actually performed second elimination , but in the final equation 
m y we should have for the coefficient of y the quantity 


[bb 3] = [bb 2] 
and, therefore. 


P^l[a5 2] = [a« 3] X 
[cLd 


[bb 2] 
[act 2] 


p^ = [bb 


[aa 3] 
■' [aa 2 ] 


Thus, when the elimination has been once inverted, we have 
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found the weights of two of the unknown quantities directly^ 
and the weights of the other two in terms of the auxiliaries pre- 
viously used, and in a form adapted for logarithmic computation. 

46 In order to give the above method greater generality, so 
that the reader may be enabled to extend it to a greater number 
of unknoivn quantities, we remark that the product of the form 

P = [aa] Ibb 1] [cc 2] [dd 3] 

has the same value whatever order maybe followed in the elimi- 
nation This IS the same as saymg that it is a symmetrical func- 
tion of a, b, c, d which is, consequently, not affected in value 
by the permutation of these letters * Suppose, then, four ordeis 
of ehmination, m which each unknown quantity in turn becomes 
the last, while the order of the remaining three quantities 
remains the same , and, to distinguish the auxiliaries which occur 
in each elimination, let the letter which occurs in the last auxiliaiy 
be annexed to each of the othem ; the above constant product 
may thus be expressed in the following four forms : 

P=[aa], [bb l]Jcr 2], [<W 3] 

= [ib 1]. [dd 21 [cc 3] 

= [au], [cc 1], [dd 2\ [5& 3] 

= [W]. [cc 1]. [dd 2], [aa 3] 

Now, it IS evident that each time a new unknown quantity Is 
made the last, we do not change all the auxiliaries, but only 
those which involve the letter which has become the last in the 
new order It is readily seen, therefore, that if we annex a letter 
to those auxiliaries only which have a dijfferent value from that 
which is denoted by the same symbol in the first elimination, we 
shall have, simply, 

P = [<M!] [W 1] [cc 2] [dd 3] 

= [acq [i6 1] [dd 2] [cc 3] 

= [aa\ [cc 1] [dd 2\ [bb 3] 

= [55 ] [cc 1]^ [dd 2]^ [aa 3] 


* The quantity P ib, in fact, notlung more than the common denominator of the 
values of a, y, z, to, when these values are reduoecl to functions of the known quan- 
tities and in the form of simple fractions ; and tins common denominator mast evi 
dently have the same value whatever order of elimination is followed 
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from which we deduce 

P, 

P, 

P, 

If this method is applied in the case of six unknown quantities, 
we shall in each of two eliminations have the weights of three 
of the unknown quantities by computmg each time but one new 
auxiliary, and, therefoi e, the weights of all six when the second 
elimination is the mverse of the first In the case of but four 
unknown quantities, by inverting the elimination we can find 
the weights of z and y twice, and thus verify our work 


= 3] 

= [cc 3] = [eo 2] 
= [66 3] = [66 1] 
= [aa 3] = [uffl] 


\di 3] 

[dd 2] 

[cc 2] jdd 3] 

[cc 1] \dd 2], 

[66 1] [cc 2] [dd 3] 
[66] [cc 1], [dd 2], 


(72i 


47 If we have but three unknown quantities, the weights are 
determined at the same time with x, y, and z themselves, by a 
smgle elimination in the order a, b, e, in which z comes out first 
with the weight 

p. = Lec 2] 

and then y and z, with the weights 


in which 


p^ = [bb 2] = [66 1] 


[cc 2] 
[cc 1] 


= [aa 2] = [aa\ 


[66 1] [cc 2] 
[66] [cc 1], 


[cc 1].= [cc]-M[6c] 


INDEPENDENT DETERMINATION OF EACH UNKNOWN QUANTITY AND 
ITS WEIGHT, ACCORDING TO GAUSS 

48 Let the four equations (70) be multiplied respectively 
by 1, A', A", A'", and let these factors be determmed by the 
condition that in the sum of the products the coefficients of y, 
z, and w shall be zero Also, let the last throe equations of (70) 
be multipUed respectively by 1, B", B"', and let these factors 
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bs (l6t6rDiiD6(i by tli6 condition tliat iii tlio sum of tlio products 
tbe coefficients of z and lo shall be zeio Finally, let the last 
two equations of (70) be multiplied respectively by 1, O'", and 
let be determined by the condition that in the sum of the 
products the coefficient of w shall be zero The conditions 
which determine these factors aie then 


0 = 
0 = 
0 = 


\aa\ 

[aa] 

[aa] 


+ A! 


+ 

+ 


V>c 1] 
ibb 1] 
1 ] 

Ibb 1] 




A' + 


A" 


\cc 2] 


o^C^] 
[66 1 ] 

Q_U>d 1 ] 
[66 1 ] 

0 _ Led 2 ] 
[cc 2] 


+ B" 

[cd 2] 

^ Ice 2] ^ 

+ <7'" 


(73) 


and the final values of x, y, z, w, in teiiiis of these factors, aie 
given as follows . 

[a«] , U>n 1] [ca 2] [_dn 3] 

[aa] [66 1] [cc 2] [dd 3] 

[&« 1] , [cft 2] {dn 3] j,„ 

[66 1] [cc 2] [rfd 3] 

[c» 2] [dn 3] ^,„ 

[cc 2] {dd 3] 

{dn 3] 

{dd 3] 

49 As the equations (73) ai*e above airanged, all the factors 
A are determined from the first system of three equations , the 
factors £ from the second system of two equations, &c , in each 
case, by successive substitution This method then enables us 
to find each unknown quantity independently of the others 
Another form may be given to the computation of the auxiliary 
factors Since in the formation of the equations (74) we have 
regarded [an], [6n], [cn], tc. as independent, we must still s^^ 
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regard them when wo invert the process and leeompose the 
equations (70) from (74) If, then, we multiply the equations (74) 

respectively by 1, and add the products in order 

to recompose the first of (70), the coefficient of [ari] will be — - 

but the coefficients of \bn 1], [en 2], &c must severally be eqml 
to zero The same pnnciple will apply when we recompose tlie 
second equation of (70) from the last three of (74), &c Hence 
we have 


0 = ^' + 


\aa] 


' \ad] ' [aa] 

0 = B'" + ^( 7 "'+ 

' [aa] [aa] [aa] 


0 = 5" + 


[feg 1] 
Ihb 1] 


0 = B'" A- C" A- 

[6J 1] ^ [66 1] 


0 = C" + 


[cd 2] 
[cc 2] 



According to this scheme, we first find A', B", C" from the 
equations in which they occur singly, then, with these factors, 
we find the values of A", B'", from the equations involving two 
factors, &c. 


60 Again, let us write the 3d, 6th, and 6th equations of (76) 
in the following order 


A!>t + B'" + 

[aa] 


B'" + 


[«c] I M ^0 
laa] [aa] 

[6c 1] [6d 1] ^ 

[66 1 ] [66 1 ] 


Cf'" + 


\cd 2] 
[cc 2] 


= 0 


Comparing these with the first three of (70), we at once infer 
that A'", B'", O'" are those values of x, y, z, respectively, which 
wo should obtain from oui fiist three normal equations by putting 
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= 1 aud omitting the terms in. n , or, going back to (t)6), that 
A!"., B"’, C" may be determined by the following conditions : 

[m] A'" + [a6] + lac] O'" + lad;] = 0 

lab] A'" + [66] + [6c] O'" + [6i] = 0 

[ac] A'" + [6c] + [cc] O’" + led] = 0 

If now we multiply the normal equations (66) by A'", B'", O’", 
and 1, respectively, and add the products, the conditions just 
given will cause x, y, and z to disappear, and the resulting equa- 
tion m w must be identical* with (69) so that A'", B"', C"' 
must also satisfy the following condition : 

Ian] A'" -I- [6»] B'" + [cm] C" -A- Idn] = Idn 3] (76) 


The second and fourth equations of (75) being written as follows. 




[aa] 


B" + 


[<^c] 

[aa] 

[&c 1] 
[66 1 ] 


= 0 


= 0 


and compared with the first two of (70), we infer that A", B" 
are those values of x and y which we obtain from the first two 
noimal equations by puttmg « = 1, ic = 0, and omitting the 
terms in n; that is. A" and B" must satisfy the conditions 


laa] A" -t- [a6] B" -j- [ac] = 0 
[a6] A" + [66] B" + [6c] = 0 

Therefore, if we multiply the first three normal equations (66) by 
A", B", 1, respectively, and add the products, x and y will dis- 
appear, and, the resulting equation being identical with the first 
of (68), we must also have 

Ian] A" + [6m] B" + [cm] = [cm 2] (77) 

Lastly, it is evident that A' must also satisfy the condition 

lan]A'+lbn] = lbn 1] (78) 

From these relations we readily infer general foimulse for the 
weights of the unknown quantities 


* The equation (69) is the last normal equation, unchanged except by the substitu- 
tion of equivalents for x, y, and z , and in the present article we eliminate as, y, and z 
by the use of factors, but do not change the last normal equation, since we multiply 
It by unity 
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According to Art, 34, the reciprocal of the weight of x is that 
value which we obtain foi x if we put [on] = — 1 and [fcn] = [m] 
= [t&j] = 0 But, under these conditiouB, the equations (76), 
(77), (78) give 


[d» 8] = — A'", [cm 2] = — A", [bn 1] = — J.' 

In order, therefore, that the value of x given by the first equa- 
tion of (74) may become we have only to substitute — A"', 

— A", — A', — 1, respectively, for 8], [cn 2], [6re 1], 

In the same manner, the weight of y being found by putting 
[in] = — 1 and [aw] = [m] = [dn,] = 0, we have to put 


[dn 8] = — 5"', [cn 2] = — JJ", [in 1] = — 1 

m the second equation of (74), m order that we may put foxy 
TTor the weight of z we have to put * 


[dn 8] = — C"', 


[cn 2] = — 1 


in the third equation of (74), and — for z 

*M 

For the weight of w, we have to put 
[dn 3]=. — 1 

in the last equation of (74), and change ic to — 

^ w 

The final formulse for the weights are, therefore, 


I . A' A’ A" A" A"' A'" \ 

p, [aa\ [bb 1] [cc 2] [dd 8] j 

II Jff'JB" I 

P» [bb X]'^ [ce 2]'^ [dd [ 

11 

J>.“[cc 2] [dd 3] \ 

1 1 I 

~ [dd 3] / 


iCBAN EBBOE OF A LUSfEAB FTTITOIZON OF THE QUANTITIES X, y, Z, 10 

60 To find the mean error of ihefuncUon 

X —fx + jiy + Az -f MO + Z 
toicn X, y, z, to are d^endeni upon the same obsermhons 


( 80 ) 
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The (j[uaiitities x, y, z, w not being directly observed, their 
mean errors cannot be treated as independent, as was done iii 
the case of directly observed quantities iii Art 22 We might 
proceed by the metliod of Art 23, but, as we here suppose 
X, y, z, w to have been determined from the noimal equations 
(66)' we can obtain a more convenient method by the aid ot the 
auxiliaries which have been introduced in the geneial elimina- 
tion The quantities x, y, z, w being functions of the directly 
observed quantities n', n", n"', the mean erior of can be 
readily obtained by the principles of Art. 22, if we first reduce 
JT to a function of these observed quantities T’or this puiposc, 
if the values of x, y, z, w deduced from (7 0) be substituted in A", 
we shall have an expression of the form 

[an] + [bn 1] -f k, [cn 2] -f A, [dn 3] -f I (81) 

in which the coefficients Aj, Aj, Aj are functions ot [aa], [a6], 
ha In order to determine these coefficients, let us substitute in 
this expression the values of [an], [bn , 1], ha given by (70). We 
find 

X= — [aa\k^— [ac]A^— [a<i:\k,w +l 

— \bb 1] k^y — [6c 1] k^z — [bd 1] k^w 
— [cc 2] Aj 3 — [cd . 2] Ajto 
— [dd 3] k,w 


which becomes identical with (80) by assuming 

[аа] A,= — / 

[аб] Ao-f- [66 1] Aj = — S' 

[ac] A, + [6c 1] Aj + [cc 2] A„ = — A 

[ad] A, -t- [6d 1] A^ + [cd 2] A, + [dd 3] A, = — i 


These equations fully determine the coefficients We find k^ 
directly from the first, and then A„ /.j, bj successive substitii- 
tions m the others 

How, to find the mean error of X under the form (81), let the 
mean error of each of the observed quantities 7)', n", n'" be 
denoted by e (these observed quantities being supposed of equal 
weight, or, lather, the equations of condition being supposed to 
have been reduced to the same weight), and let the correspond- 
ing mean errors of 

[an], [6n 1], [cn 2], [dn.3], X, 
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be denoted by 


U,, E„ (eX) 


Since we have 

[an] = a'n' + a'V + a"'n"' -f 
we have, by Art 22, 

= [aa] 

A.gain, we have 


and hence 




laa\ 

2[aJ] 




= [66 1 ]£« 

In a similar manner, we have, also. 


E^^ = lcc 2]eS E^^ = ldd 3]e* 

The quantities x, y, z, w, being determined from the equations 
(70), their mean errors involve those of the quantities [an], [6n 1], 
[cn 2], [_dn 3], precisely as if the latter had been independently 
observed quantities atfected by the mean errors just deteimined 
Hence also m (81) we regard [an], [6n 1], &c as independent , 
and it then follows directly fiom the principles of Art 22 that 

(eX)« = 

01 

(eX)>> = (V [aa] + [66 1] + [cc 2] + V [dcZ 3]) e> (83) 

51 From the preceding article we may easily find the for- 
mulae (74) and (79) The function X becomes z when we assume 
ff = h = i = l = 0, and then (81) gives x while (88) gives 

and hence the weight = This hypothesis gives m (82) 

[aa] = — 1 , and the remaining equations of (82) aie identical 
with the fiist three of (73) if we put [66 1] =- —A', [cr 2] 

= — A", [dd S]k^ = — A!", and then (81) becomes identical with 
the first of (74), and (83) with the fiist of (79) In a similar 
manner we may deduce the remaining equations of (74) and (79) 
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Example —In order to exhibit the numencal operations which 
the preceding method requires, in their proper order and within 
the limits of the page, I select an example involving but three 
unknown quantities The following equations of condition were 
proposed by Gauss {Theona Mofiis Corp Coel, Art 184) to illus- 
trate his method 

( 1 ) X— y + 2s = B 

(2) 3a;-t-2y — 5^= 5 

( 3 ) y-\-\s = 2\ 

(4) — 2a; -(- 01/ -j- 03 = 28 

of which the first three are supposed to have the weight unity, 
while the last has the weight \ Multiplying the last by i/ i = ^ 
(Art 41), the equations of condition, leducedto the same weight, 
are — 

(1) a; — y -1- 2z — 3 = 0 

(2) 3a;-|-2y — 52— 5 == 0 

(3) 4a; -f y -f 42 — 21 = 0 

(4) _ a; -I- 3y -f 32 — 14 = 0 

The next step is to form the eoefiieients [aa], [aJ], &e , of the 
normal equations In the present example this can be done very 
easily without the aid of logarithms, but, in order to exhibit the 
work usually required in practice, I shall give the forms for 
logarithmic computation The sums of the coefiBcients of the 
unknown quantities will be employed as checks, according to 
Art 30 Their logarithms, together with those of a, 6,c, n, are 
given in the following table 


( 1 ) 

( 2 ) 

( 3 ) 

W 


log a 

log b 

logc 

log* 

log n 

0 00000 

nO 00000 

0 30103 

0 30103 

jiO 47712 

0 47712 

0 30103 

nO 69897 

— cc 

nO 69897 

0 60206 

0 00000 

0 60206 

0 95424 

nl 32222 

nO 00000 

047712 

0 47712 

0 09897 

nl 14613 


It IS important, where many operations are to be performed, to 
write down no moie figures than are necessary for the eleai piose- 
cution of the work Hence, in combining the preceding 
logarithms it will be found expedient to proceed as follows 
^"rite each log (t upon the lower edge of a slip of papei , then, 
placing this slip so that log a shall stand over log a, log b, log c, 
&e , of the same horizontal Ime, in succession, add together the 
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two loganthms mentaUy, and, with the sum in the head, take from 
the logarithmic table the corresponding natural number {aa, ab, 
ac, as, or an), which place in a column appropnated for the pm- 
pose. Then write log b in the same manner, and form bb, be, bs, 
bn, and so proceed to form all the coefacients of the normal 
equations, as in the following table * 


[aa] 

[ab] 

r«cj 


[an] 

[66] 

[5c] 1 

+ 

+ 

— 

+ - 

+ - 

+ 

— 

+ 

+ 

— 

10 


10 

20 

20 


30 

1 0 


20 

90 

60 


15 0 

00 


15 0 

40 


10 0 

16 0 

40 


16 0 

30 0 


84 0 

1 0 

4 0 


10 


80 

30 

50 

14 0 


90 

9 0 



10 0 

40 

18 0 18 0 

38 0 5 0 

14 0 

102 0 


13 0 

12 0 

+ 27 0 

-t-6 

0 

00 

+ 33 0 

— i 

38 0 

+ 15 0 

’ 4 - 

1 0 




[cc] 

[OS] 

[on] 

[anj 

[nn] 

+ - 

+ 

— 

+ 

+ 

— 

+ - 

+ 

— 

+ 

20 

80 


40 

40 


60 


6 0 

90 

00 


10 0 

26 0 


00 

25 0 

00 


26 0 

90 


21 0 

16 0 

36 0 


84 0 


189 0 

4410 

16 0 


42 0 

90 

15 0 


42 0 


70 0 

196 0 

24 0 2 0 

“30 

73 0 


56 0 

00 

26 0 132 0 

00 

265 0 


+ 22 0 

— - 

^0 0 

+ 64 0 

+ 55 0 

—.107 0 

— 2 

65 0 

+ 671 0 


Having ascertained that the lesults satisfy the test equations 
(48), we can write out the normal equations as follows • 

27 a; + Qy —88 = 0 

6x + 15y -f- z — 70 = 0 
y + 542 — 107 = 0 

We proceed to determine the values of x, y, z, accoiding to 
our geneial formulae, still cairying out the work with logarithms 
for the sake of illustration Here, again, system and concise- 
ness are indispensable The whole computation is given below 
neaily m the form proposed by Emcke This foim corrosponds 
to the group of equations (70) It is divided into three piincipal 
compartments, eoi responding, respectivelv, to the fiist thiee equa- 
tions of (70), each beginning one column farthei to the right In 
the first compaitnient the first line of numbers contains the values 
of [««], {ah'], &c , the second lino their loganthms, and the third 
line the loganthms of the cooflicients of the first equation. The 
loganthms 111 this third line aie formed by subtracting the fii st 
lOg in ihe second hue fiom each of the subsequent ones, for this 

Voi, 11—35 
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purpose wnting tiie first logarithm upon the lower edge of a slip 
of paper 

lu the second compartment, the first line contains the values 
of [65], [pc], &c , the second line, the quantities subtractive from 
these, according to the formulse m Art 42 To form these sub- 
tractive quantities, write the logarithm of ^ (which is here 

9 84679) upon the lower edge of a slip of paper, and hold it suc- 
cessively over log [ah] and each of the subsequent logarithms in 
the same line, add the two logarithms mentally in each case, take 
the corresponding natural number from the logarithmic table, 
and write it m its place below Subtractmg these numbers, w'e 
have the values of [bh 1], [be 1], &c The fourth line contains 
the loganthms of these quantities; the fifth, the logarithms of the 
coefficients of oui second equation, formed by subtracting the 
first logarithm of the preceding line fiom each of the subsequent 
ones in that line 

In the third compartment we have — first, the values of [cc], &c , 
secondly, the values of the subtractive quantities formed from 
the last line of the first compartment as before; thirdly, the 
remaindeis which are the values of [ce 1], &c The fourth line 
contains the values of the quantities which aie siibti active from 
the preceding and aie formed from the last line of the second 
compartment by adding the first logarithm of that line to the 
logaiithm immediately above it and to each of the sub'^cquent 
loganthms in the same hue, the fifth lino contains the remain- 
ders which me the values of [cc 2], &c , the sixth hue, the logev 
rithms of these, and the last line, the loganthms ot the coeffi- 
cients of 0111 third equation 

For control, we carry through the operations upon [as], [6s], 
&,c , precisely as upon the other quantities, and then, according 
to the arrangement of the scheme, we should have, if we have 
computed correctly, each sum containing s equal to the sum of 
the quantities on its left m the same line, together with those of 
the same order in a vertical column over the first number in this 
line Thus, we must have, in the present case, 

[bs 1] = [66 1] -f [6c 1] [sn 1] = [6ra 1] -j- [cn 1] 

[cs 1] = [cc 1] + [6c 1] [sn 2] = [cn 2] 

[cs 2] = [cc 2] 

relations easily proved by means of the formulae of Art. 42 com' 
bined with (48) 
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The columns [5n] and [ww] are added to the third compart- 
ment in order to form the quantity [nn 3], from which the mean 
eiror of observation is to he deduced, as will be shown heieafter 


[aa] 

+ 27 000 

1 43136 

[ab] 

f 6 000 

0 77815 
9 34679 

[ac] 

0 000 
— 00 

00 

+ 33 000 

1 61861 
0 08716 

[an] 

— 88 000 
nl 94448 
nO 61312 


-88 000 

0 000 
+ 21 306 

m 

4- 16 000 
4- 1833 

[66] 

+ 1 000 

0 000 

m 

+ 22 000 
+ 7 338 

[bn] 

— 70 000 

— 19 656 

— 66 695 
?il 82409 
a: = 0 39273 

+ 18 667 

1 13566 

+ 1 oou 

0 0000(j 

8 8f3434 

+ 14 667 

1 16633 
0 08067 

— 60 444 
nl 70281 
nO 66716 


— 60 444 
+ 1 916 

M 

4- 54 000 

0 000 

[cs] 

+ 65 000 

0 000 

[cn] 

— 107 000 
0 000 

— 266 000 
— 107 556 

[«wj 

+ 671 000 
+ 28b 813 

— 48 628 
nl 68699 

-f 54 000 
+ 0 078 

+ 66 000 
+ 1 078 

— 107 000 

— 3 691 

— 157 446 

— 54136 

+ 884 187 
+ 186191 

log y = 0 66033 

+ 63 927 

1 78181 

4- 63 927 

log (_ z) - 

— 103 809 
7?2 01414 
= wO 28233 

— 108 310 

\nn 8] = 

+ 197 996 
+ 197 900 
+ 0 087 


After z has been found, its value is substituted in the secona 
equation of (70), and^ is deduced Then, the values of y and z 
being substituted in the first equation, we find x The numerical 
computations are given above in the margin 
Then, for the weights, by Art 47, we have first to find the 
additional auxiliary 

[cc 1],= [cr] - [6c] 

and by the formulse of that article we have — 


[66] 

+ 16 000 
' 1 17609 

[6c] 

+ 1000 

0 00000 

8 82391 

log [66 1] 1 13566 
log [66] 1 17609 

log [cc 2] 
log [cc 1] 
log [cc l]a 

1 73181 

1 73239 

1 73185 


[cc] 

1 43136 

1 13566 

1 73181 


+ 54 000 

9 96957 

9 99942 



+ 0 067 

9 99996 

1 13508 


\cc la]=z 

:+ 53 933 

1 39089 

logP, 
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Tlie final result is then 

a; — 2 4702 -with the weight 24 597 

« = + 35508 « “ 13 648 

£ = + 1 9157 “ “ 53 927 

It only remains to substitute the values of t/, and. z in the 
original equations of condition, to foiin the residuals v, and fioni 
these to determine the mean erroi of observation Since heie 
there aie but three unknown quantities, 'wc have, by (71), 

[tjjj] = [mm 3] 

and- hence the mean error of an observation ot the weight unity 
IS, by (61), m being the number of equations of condition, 

The direct computation of the residuals is, therefore, not necessaiy 
for determining e neveitheless, it is desirable in most cases to 
resort to the direct substitution also, not only for a final verifica- 
tion, but in order to examine the several obsei vatious, and to 
obtain the data for rejecting any doubtful one by the use of 
Pbiece’s Criterion, to be given hereafter This direct substitu- 
tion has already been earned out for this example on p 525, 
where we have found [ve] = 0 0804, which agrees with the above 
value of [nn 3] as nearly as can be expected with the use of five 
decimal logarithms. 

52. It not unfrequently happens that one of the unknown 
quantities is such that the given observations cannot determine 
it with^aceuracy For example, in the reduction of a nunibei 
of observations of an eclipse, one of the unknown quantities is a 
correction of the moon’s parallax , but, unless the places of ob- 
servation be remote from each other, the coirection will be very 
uncertam, and this uncertainty will affect all the other quantities 
which enter into the equations of condition In such a case, this 
unknown quantity will come out with a small coefficient, which 
of itself will reveal the existence ot the uncertainty when it is 
not otherwise anticipated In order tliat this uncertainty may 
not affect those quantities which are w’ell defined by the obser- 
vations, it IS expedient to determine all the latter as functions of 
the uncertain quantity, which foi that ijuipose must be made the 
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last in the elimination Thus, with four unknown quantities 
lu, we proceed only as fai as the auxiliaries denoted hv 
the numeral 2, then, having found the factors A’, A", A'" B'\ 
B'", C'", hy (78) 01 (75), if we put ’ 


— x' 

— y' 

— z' 


[a7i\ 

~ M 

_ibn 1] 
-ihb 1 ] 
[cn 2] 


1] At , 2] 

[6ft 1] [cT^ 

[g” 2] 

ICC 2 ]^ 


(84) 


these will give the values of the unknown quantities which we 
should obtain from the fiist tlmee noimal equations if the last 
unknown quantity were disregaided or put = 0 Then, by (74), 
the hnal values of x, y, z, as functions of the uncertain quantity 
w, will be 

X — x' A'"w 'j 

y = i/' -i- > (85) 

2 =^ 4 - 0"'w j 


The values of x', y', z', will thus he well determined, and a sub- 
sequent independent determination of ^o will enable us to find 
the final values of x,y,z* 

Having found the weights of x', y', z' (which is done as if they 
were the only quantities under consideration), and their mean 
errors ej, ej, sj, then, when the quantity w is afterwards found, 
the mean errors of the final values will be 


as we find from the equations (79), or by Art. 20. 


1 


( 86 ) 


CONDITIONED OBSERVATIONS. 

53 In all that precedes, we have supposed that the several 
quantities to be found by observation, either directly or indirectly, 
were independent of each other Although they were required 
to satisfy certain equations of condition as nearly as possible, yet 
they were so far independent that no contradiction was involved 
in supposing the values of one or more of them to be varied without 


* For an example in winch three unknown quantities are thus determined as 
functions ot two uncertain quantities, see Vol I p 640 
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varymg the oth'ers By such variations we should obtain sys- 
tems of values more or less 2>^obable, but all possible 

There is a second class ol i)rohleins, m which, hesideh the 
equations of condition vhieh the uiiknovu quantities aie to 
satisfj approximately, there aie also equations of condition as Inch 
they must satisfy exactly so that of all the systems of values 
which may be selected as approximately satisfying the fiist kind 
of equations, onfy those can he admitted as possible which satisfy 
exactly the equations of the second kind The number of these 
rigorous equations of condition must he less than the numhei of 
unknown quantities , otherAvise they Avoiild deteimme these 
quantities independently of all ohseivatioiis The^e iigorous 
equations, then, may be satisfied by A^arious possible sj stems of 
values, and we can therefoie exj^ress the problem here to ho con- 
sidered as follow's Of all the possible sijsiems of values which exactly 
satisfy the rigorous equations of condition^ to fuel the most probable^ or 
that system which best satisfies the approximate equations of oonddion 

The following are simple examples of conditioned observations. 
The sum of the three angles of a plane tiiangle must be 180° so 
that if we observe each angle diiectly, and the sum of the ohseived 
values differs from 180°, these values must he corrected so as to 
satisfy this condition The sum of the angles of a fepheiical 
triangle must he 180° + spherical excess The sum of all the 
angles around a point, oi the sum of all the diftei cnees of azimuth 
observed at a station upon a round of objects in the hoiizon, must 
be 360° 

The approximate conditions in these cases are expressed by 
the observations themselves, for the final values adopted must 
correspond as nearly as possible to the observed values The 
corrections to be applied to the observed values are to beie- 
garded as residual errors with their signs changed ; and the solu- 
tion of our problem is involved in the following statement Of 
all the systems of corrections winch satisfy the rigorous equations^ that 
system is to be received as the most probable in which the sum of the 
squares of the residuals in the approximate equations is a minimum 

54 The general problem as above stated may be i educed to 
that of unconditioned obseivations, already considered Fui lot 
us suppose theie are m' rigorous equations of condition, <iiid m 
unknown quantities From these m/ equations lot the values of 
nd unknown quantitie- he obtained m terms of the icmannug 
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m — m' quantities, and let these values be substituted in all the 
approximate equations of condition, then there will be left in the 
latter only m — m' quantities, which may be treated as independ- 
ent, so that, the approximate equations being now solved by the 
method of least squares, we have the values of the m — m' quan- 
tities, with which we then find the values of the first quan- 
tities This IS a general solution of the problem, but it is not 
always the simplest in piaetice I shall illustrate it by a simple 
example, before giving a method applicable to more complicated 
cases 


Example — ^AtPme Mount, a station of the TJ S Coast Surv^ey, 
the angles between the surrounding stations 1, 2, 3, 4 were 
observed as follows 


weight 


1 2 

Joscelyne — Deepwater 65° 11' 52" 500 

8 

2 3 

Deepwater — Deakyne 66 24 15 553 

3 

3 4 

Deakyne— Burden . 87 2 24 703 

8 

4 1 

Burden — Joscelyne 141 21 21 757 

1 


There are here four unknown quantities subjected to the single 
rigorous condition that their sum must be 360°. Eut, instead of 
taking the angles themselves as the unknown quantities, we shall 
assume approximate values of them, and legard the corrections 
which they lequire as the unknown quantities 
We assume 


1 2 

2 3 

3 4 

4 1 


Joscelyno — Deepwater, 65° 11' 52" 5 -(- «? 
Deepwater — ^Dealcyne, 66 24 15 5 -J- it? 

Deakyne — Burden, 87 2 24 7 y 

Burden — Joscelyne, 141 21 21 8 ^ 


the sum of which must satisfy the condition 


or 


359° 59' 54" 5 + + a? + 2/ + ^? = 360° 

w X y z — 5" 5 = 0 


The difference between the assumed value and the observed 
value m each case gives us a residual, and the approximate 
equations of condition are, therefore, 

w — 0 =0 

— 0 053 = 0 
y — 0 003 = 0 
;? + 0 043 = 0 



552 


APPENDIX 


We have here but one rigorous condition vi' = 1), and to 
eliminate this we have only to find from it the value of one un- 
known quantity in terms of the others, and substitute it in the 
approximate equations of condition thus, substituting the value 


w — — X — y — 2 -f 5" 6 


our equations of condition, containing now three independent 
unknown quantities, are 


— X — y — z 5".5 = 0 

X — 0 .053 = 0 

y — 0 .003 = 0 
z~ 0 043 = 0 


weight 

3 

a 

a 

1 


The normal equations, applying the weights, are then 


6 ® -f 3y -f 82 — 16 659 = 0 
3iC -f 6 y -I- 32 — 16 509 = 0 
3a; -f 3y 4 - 42 — 16 457 = 0 


which, being solved, give 

x = + 0"9676 
y = -H 0 9175 
2 = 4- 2 7005 

whence also 

10 = 4-09145 


and the corrected values of the angles are 


1 2 

Joseelyne — ^Deepwater . 

66° 

ir 53" 4146 

2 a 

Deepwater — Deakyne 

66 

24 16 

4676 

a 4 

Deakyne — Burd en 

87 

2 26 

6175 

4 1 

Burden — Joscelyne 

141 

21 24 

5005 



860 

0 0 

0000 


55 Wheu the number of unknown quantities is great, or when 
there are several rigorous conditions to be satisfied, the preceding 
method would lead to very tedious computations, since we are 
required to perform two eliminations, the first from our m' 
rigorous equations to find the first m' quantities in terms of the 
others, and the second from our normal equations involving all 
the remaining quantities. In order to obtain the general form 
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for a more condeused process, let the most probable values of a 
number (m) of directly observed quantities be 

V', V", V", &c . F<”*' 

Let the observed values be 


M’, M", M'", &c Jfw 
Let these observations have the weights 
p', jp", f’", &c 

Let the equations which the most probable values are required 
to satisfy rigorously be expressed by 


and let 


<p' =f ) = 0 

y" =/" (F',F",F'", )=0 
y'"=/"'(F',F",F'", ) = 0 

m' = the number of these conditions 



Let the most probable con’ections of the obseiwed values be 
v', v", &c 

so that 

F' = itf ' + «/, F" = ilf " + v", V"’ = M'" + v'", &c 

Let the values of (p', <p", f"' . when the observed values are 

actually substituted be w', n", n'" . or 


/' {M', M", M'", ') = %' \ 

f" {M', M", M'", ) = ji" / 

) = w'" ( 

&c ) 


Let the differential coefficients &c , -^ 7 .. &c be 

dV' dV" dV dT" 

formed , substitute in them the values M', M", M'" . . for V', 


V", F'", and denote the resulting values by a', a", &c , h', i", 
&c. ; that IS, put 


d<p' 

II 

d<p' 

dV 

dV" 

dV"' 


dv" __ 5 „ 

d<f" 

dV ’ 

dV" 

dV" 

dr_ 

dr 

d<^'' 

dV~’ 

dV" ’ 

d F'"' 


= a'", &c 
= U", &c. 
= c'",&c 
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These values of the differential coefficients will generally be suf- 
ficiently exact , hut if M', M", M'" . are found very greatly in 
error, a repetition of the computation might he necessary, in 
which the more exact values found by the first computation 
would he used 

The values of M', M'" . being assumed to be so nearly 

correct that the second and higher powers of the coriections r', 
r'" may be neglected, we have at once, by Taylor’s 
T heorem, as in the similar case of Art 40, 

=n' -|- a'lf -|- = 0 

(p" = n" + b'l^ + h''v" -i- 6' V" -|- + = 0 

n'" 4' H” d"v'^^ -|- -j- = 0 

&e &c 

which m' equations must be rigorously satisfied by the values of 
v', v", v'" 

The equations 

F' — Jlf' = 0, F" — Jf"=0, F"'— ilf'"=0, &c 

are the approximate equations of condition , or, more strictly, 

r' — M'=zv', V'' — M" = v", T'" — M"' = v"',&o 

are the equations of condition which are to be satisfied by the 
most probable system of residuals v', v", v"' . . These, reduced 

to the unit of weight by Art 41, become 

(F- Af')i/p'=«V/, {V"—M")-^f=v'yp",lka (90) 

and the most probable residuals v"\/'f" are those the sum 

of whose squares is a minimum, or we must have 

p'r'® 4- -|- &c = a minimum 

Putting, then, the differential of this quantity equal to zero, we 
have 

p'v'd'i/ -|- p"if'dv'' p"'x?"dv"' -f- &c = 0 (91) 

If v', v", v'" were independent of each other, each coeffi- 
cient of this equation would necessarily be zero (as in Art 28), 
and then the most probable values of F', F", F'" . would be 
the directly observed values Jf', Jf ", W'' But this minimum 
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IS here conditioned by the equations (89) If, then, we differor 
tiate (89), the equations 

a!dv^ + + 

+ h"^dy‘^ + 
ddd + + 

&c 

must coexist with (91) 

The number of the equations (92) is m', while the number of 
differentials is m, and since, by the nature of the case, we must 
have m > m!^ we can, by elimination, find from (92) the values 
of m' differentials in terms of the lemammg m — m! differentials 
Let us suppose this elimination to be performed, and that the 
values of the first m' differentials, found in terms of the others, 
are then substituted in (91) , we shall thus have an equation in 
which the remaining m — m' unknowui quantities can be regarded 
as independent, and the coeflicients of these m — m' quantities 
in this final equation will then se^^erally be equal to zeio We 
can airive directly at the result of such an elimination and sub- 
stitution as follows Multiply the first equation of (92) by -4, the 
second by 15, the third by C, kc , and also the equation (91) by 
— 1, and form the sum of all these products Then, if -4, jB, 
C are determined so that m' differentials shall disappear 
fiom the sum (and they can be so determined, since it only 
requiies 77i' conditions to determine quantities), the final 
equation obtained will contain only the m — m' remaining differ- 
entials But, the latter being independent, their coefficients must 
also bo sevcially equal to zero , and hence we have, in all, the 
following m conditional equations • 

a^A A- — = 9 \ 

+ y^B -f + — yv' = 0 

a"’ A + V"B + c"' a + — jj'V" = 0 

&C &C I 

of ol^ 

If we multiply the first of these hy — > the second hy -yp &e , and 

add the products, we have, hy comparison with the first equation 
of (89), 





-f 7l'= 0 
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in which the usual notation foi sums is followed In this way 
we can form m' normal equations containing ml quantities, 
namely, 


raal 

LyJ 



+ 71' =: 0 

] 

fai" 

Vp . 



+ 71" = 0 

> (94) 

r ac' 

VF. 



+ 7l"'= 0 

] 


&c 


If the observations are of equal weight, we have only to put 
p = 1, or, in other words, omit p 
The factors J., C are called by Gauss the coiielafives of 
the equations of condition 

The equations (94) being resolved by the usual method of 
elimination (Ait 42), the values of the correlatives found are 
then to be substituted in (93), whence we obtain directly the 
required corrections, 

==Y + c'C' + 

i/' == -L (a'' A + b''B + c "(7 + 

IP 

v'" = ^ {oi''A + b'"B + c'"C' + 

&c &c 



and hence, finally, the most probable values of the observed 
juantities, V = M' + v', V" = M" + r", &c 
The comparative simplicity of this process will best be shown 
by applying it to the example of the preceding article. We 
there have given, by observation, 

Jlf' = 65° ir 52" 500, / = 3 

Jkf' = 66 24 15 553, f = 3 

M"'= 87 2 24 703, p"'=Z 

AP’ = 141 21 21 757, = 1 

with the condition 


r' -I- Y" -j. Y'" + F”- — 360 ° = 0 
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We have, first, 

a' ■= a" = a"' = d'' = l 

and when M', M'', ka. are put for V', F", &c , we have (88) 

»' = — 5"48r 

As we have but one condition, we have also but one correlative 
A; the equation of condition is, by (89), 

_ 5 " 487 + v' f o" + d"' + t;‘’ = 0 

and the single normal equation may be constructed according to 
the following form . 

aa 


3 1 i 
3 1 J 
3 1 J 
1 1 _1 

[t]=^ 

2A 
A 

and hence, by (95), 

w' = + 0 9145 
?/' = + 0 9145 
v"'= + 0 9145 
+ 2 7435 

agreeing with the result found by the much longei process of 
the preceding article 

66 The fuither prosecution of this branch of the subject 
belongs more especially to woiks on Geodesy For more ex- 
tended examples, see the special loport ot Mi C A Schott iii 
the Heport of the Supeimtendeut of the IT S. Coast Survey foi 
1854, fiom which the above example has been drawn Consult 
also Bessel’s &i admessung in Osipreassenin 1SB8 , Rosenberger, 
in the Ad) ononusclie Ncichnchten, Ifos 121 and 122 , Bessel, ibnl 
Xo 438, T Galloway, Apphcation of the Method to a Portion 


-5" 487 =0 
+ 2" 7435 


Collected values 

V' = 65° 11' 53" 4145 

V"— 66 24 16 4675 

F'"= 87 2 25 6175 

F*''=141 21 24 5005 
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of the Survey of England, in the Memoirs of the Royal AstTonomi'- 
cal Society^ Vol XV , J J B-asYER’s Kusteiwermessung ^ Fischer’s 
Geodcesie, GtERIINu’s AuSjUichmgs Rechnungen, Dienger’s 
gleichung der Reohachiungsf elder , Liagre, Calcul des ProbabiliUs , 
and Gauss, 8upplementum iheonce combmatioms^ &c 

CRITERION FOR THE REJECTION OF DOUBTFUL OBSERVATIONS 

57 It has been already remarked (p 490) that the number of 
laige errors occurring in practice usually exceeds that given by 
theory, and that this discrepancy, instead of invalidating the 
theory of purely “ accidental” eiiors, rather indicates a source 
or sources of error of an abnormal character, and calls for a 
criterion by which such abnormal observations may be excluded 
The criterion proposed by Prof Peirce* will be given here with 
the investigation nearly in the words of its authoi, and with only 
some slight changes of notation 

58. “In almost every true senes of observations, some are 
found which differ so much from the others as to indicate some 
abnormal source of error not contemplated in the theoretical 
discussions, and the introduction of which into the investigations 
can only serve, in the present state of science, to pciplcx and 
mislead the inquiier Geometers have, therefore, been in the 
habit of rejecting those observations which apj)oared to them 
liable to unusual defects, although no exact criterion has been 
proposed to test and authorize such a procedui e, and this delicate 
subject has been left to the arbitrary discretion of individual 
computers The object of the piesent investigation is to produce 
an exact rule for the rejection of obseivations, which shall be 
legitimately derived from the principles of the Calculus of Pro- 
babilities 

“ It IS proposed to determine in a series of m observations the limit of 
error^ heyoyid which all observations involving so great an error may be 
rejected^ provided there are as many as n such observations. 

“ The principle upon which it is proposed to solve this problem 
is, th/it the proposed observations should he rejected when the probability 
of the system of errors obtained by retaining them is less than that of 
the system of errors obtained by their rejection multiplied by the proba- 
hildy of making so many^ and no more, abnormal observations 


* AstrommicalJoumal (Cambiidge, Mass ), Vol II p 161 



METHOD OP LEAST SQUAEES 


559 


In deteimimng the piohability of these two systems of errors, 
it must he carefully observed that, because observations are 
1 ejected in the second system, the coriesponding observations of 
the first system must be regarded, not as being limited to their 
actual values, but only as surpassmgthe limit of rejection.’' 

Let 

p. = the number of unknown (Quantities, 
m = the whole number of observations, 
n = the number of observations proposed 
to be rejected, 

n'=m — 71 , the number to be retained, 

J, J', J", == the system of errors when no observa- 

tion IS rejected, 

= the system of erroi s when n observa- 
tions aie rejected, 

= the mean errors of the first and second 
system, respectively, 

y = the piobability, supposed unknown, 
of such an abnormal observation that 
it IS rejected on account of its magni- 
tude, 

2 /' = 1 — y = the probability that an ob- 
servation IS not of the abnormal cha- 
racter which involves its rejection, 

X = the ratio of the required limit of error 
for the rejection of n observations to 
the mean error e, so that xe is the 
limiting eiror 

The probability of an error A in tbe first system will be, by (14) 
and (21), 

, 1 ^ 

® J = 6 2e3 

and the same form will be used for the second system 

The probability of an error which exceeds the limit xs will he 
expressed by the integral (Arts 3 and 12) 

/•A= 00 

2 I ^AdA 


or, denoting this by 

4x = — =. I dA 
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whicli, by putting t = 


= — — > becomes 




1/ 


^ r 

/nJ 


,-tt 


dt 




and this may be found diiectly from Table IX by subtracting 
the tabular number corresponding to t = from unity 

The probability of the first system of errors, embodying the 
condition that n observations exceed the limit xe, is 


P = 

1 SA'S-nKae* 

^ e*“ 2e3 

e~'(27r)i^ 




in which = and by (61) we have 

= {m — /i) whence 

p = 1 4 (-m + ,. + n**) 

e’^(25r)4"' 


The probability of the second system of errors is 

F, = ry'”' <pK = - 17 ( 21 ;^ ^ 

^ ry"^ ^4(-n'+ri 
e/(2:t)4’«' 

To authorize the proposed rejection of n observations, we 
must have 

P<Px 

which gives at once 

The value of y must be determined by the condition that P, 
is a ma.y iTnum , and therefore y"y'’‘'= y" (1 — y)’*'is a maximum 
Taking the logarithm of this quantity, and putting its differential 
equal to zero, we obtain for the maximum 

— ^~y 

n n' n’ 
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whence 


Putting then 



^ ^ m** 

B, = (4«) 



the limiting value of x, according to the above inequahty, must 
be that which satisfies the equation 



which gives the required criterion 
The relation of Sj to e must depend on the nature of the equa- 
tions which correspond to the i ejected obseivations , but it will 
give a sufficient approximation to assume that the excess of IJ* 
ovei 18 only equal to the sum of the squares of the errors of 
the rejected observations, which gives the equation 

(»i — It) e* — = (m — pt — w) Sj’ 

whence 

I e, \»_ m — p — wx* 

\e/ m — p — n 


which combined with the above equation gives 


in — fi — / T \ 

= 1 — \m—n, 

m — p — n \e 1 


Puttmg, for brevity, 


II 

(97) 

we find 



(98) 


Table 5 A gives the loganthms of Tand R, computed by (96) 
with the aid of Table IX "We can, therefore, by successive 
approximations, find the value of x which satisfies the equations 
(97) and (98) Since R involves x, we must first assume an ap- 
pioximate value of x (which the observed lesiduals will suggest), 
i\ ith which ^ will be computed by (97), and hence x by (98). 
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With this first approximate value of x, a new value of log J? will 
be taken from the table, with which a second approximation to 
X will be found. Two or three approximations will usually be 
found sufficient 

In the application of this criterion, it is to be remembered 
that it must not be used to reject n observations unless it has 
previously rejected n — 1 observations Hence we must first de- 
termine the limiting value of x for the hypothesis of one doubtful 
observation, or n = 1, and if tins rejects one or more observa^ 
tions, we can pass to the next hypothesis, n = 2, orn = 3, &c. ; 
and so on until we arrive at the limit which excludes no more 
observations 

The above arrangement of the tables is nearly the same as 
that given by Dr B. A Gould,* who was the first to prepare 
such tables and thus render the criterion available to pi actical 
computers The only difference is in my table of Log T, which 
I have found in practice to be more convenient than the corre- 
spondmg one of Dr. Gould. 


Example — “To determine the limit of rejection of one or 
two observations in the case of fifteen observations of the vertical 
semidiameters of Vmus, made by Lieut Herndon, with the 
meridian circle at Washington, in the year 1846 ” In the reduc- 
tion of these observations, Prof Peirce assumed two unknown 
quantities, and found the following residuals (v) . 


_ 0" 30 — 0" 24 

_0 44 -f 0 06 

-1-1 01 -HO 63 

-1-0 48 —0 13 


— 1" 40 -1- 0" 18 

— 0 22 + 0 39 

— 0 05 -HO 10 

-H 0 20 


We have here m = 15, fi = 2, [»»] = 4 2545, whence 


= 


4 2545 
13 


= 0 3273, 


e = 0"5r2 


We first try the hypothesis of one doubtful observation, or 
n = 1 Assummg x = 2, the successive approximations may 
be made as follows . 


'' Report of the Superintendent of the U S Coast Survey for 1854, Appendix, p 
131*, elso Astron Journalj VoL IV p 81. 
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1st Approx 

2d Approx 

Table X A log T 8 404 

84044 

“ " log B 9 309 

9 8062 

log^ 9 095 

It 

9 0982 

log 9 871 

9 8712 

log (1 — /l>) 9 410 

9 4093 

12 log 12 1079 

10792 

log («“ — 1) 0 489 

0 4885 

log X* 0 610 

0 6106 

X 2 02 

2 020 


Hence xe = 1" 16, which excludes the residual 1".40 
We maj now try the hypothesis n = 2. Commencing agair, 
with the assumption x = 2, we have — 



log T 


log jB 


1 T 

2n 4 

m—n 13 

logl« 


log (1 — }?■) 

m — ti — n _ 11 

7 u 

n 2 


log(x* — 1) 


log x’ 


1st 

Approx 

2d 

Approx 

8d 

Approx 

4tli 

Approx 

8 7210 

8 7210 

8 7210 

8 7210 

9 309 

9 3622 

9 3544 

9 3553 

9 412 

9 3588 

9 8666 

9 3657 

9 819 

9 8027 

9 8051 

9 8048 

9 531 

9 5624 

9 5582 

9 5587 

0 740 

0 7404 

0 7404 

0 7404 

0 271 

0 3028 

0 2986 

0 2991 

0 467 

0 4788 

, 0 4755 

0 4768 

169 

1734 

1 729 

1 7296 


Hence ne = 0" 989, which excludes the residuals 1" 40 and 
If we now try the hypothesis n = 3, we shall find, in the same 
mannei, xe = 0" 887, which does not exclude the residual 0" 63 : 
so that the residuals V' 40 and 1",01 are in this case the only 
abnormal ones Rejecting these residuals, we shall now find 
339 * 


69 In ordei to facilitate the application of Peirce’s Criterion 


* For anothei example, m which tlieie were four unknown quantities, and in 
wnich the cutenoii s veiy useful, see p 207 of this volume 
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in. tne cases most commonly oecurnng in practice, Table X (first 
giTen by Dr. Q-otjld) has been computed by the aid of the log T 
and log R, according to the preceding method 

The first page of this table is to be used when theie is but 
one unknown quantity (jjt = 1), or for direct observations. It 
gives, by simple inspection, the value of for any number of 
observations from 3 to 60, and for any number of doubtful obser- 
vations from 1 to 9 

The second page is used in the same manner when there are 
two unknown quantities — 

Example — Same as in the preceding article — Having found, 
as above, e®= 0.3273, we first take from Table X for = 2 the 
value of X* corresponding to m = 15 and n = 1, and find 

= 4 080, whence = 1 8354, xs — 1" 16 

which rejects the residual 1" 40 

Then, with m = 15, n = 2, we find, from the same page, 

= 2 991, = 0.9790, xe = 0" 989 

which rejects the two residuals 1" 40 and 1" 01 

Passing, then, to the hypothesis ra = 3, we find 

x» = 2 403, xV = 0 7865, xe = 0" 887 
which does not exclude any more residuals 

60 The above investigation of the criterion involves some 
principles, derived from tha theory of probabilities, which may 
seem obscure to those not familiar with that branch of science 
Indeed, the possibility of establishing any criterion whatever for 
the rejection of doubtful observations, by the aid of the calculus 
of probabilities, has been questioned even by so distinguished an 
astronomer as Airy.* It is easy, howevei, to derive an approxi- 
mate ciitenon for the rejection of one doubtful obsermtion, directly 
from the fundamental formula upon which the whole theory of 
the method of least squares is based. 

We have seen that the function 


^Eemarks upon Pbiecb’s Cnterion, Asironomical fcumcil (Cambridge), Vol IV 
p 137 Professor Wiklock*s reylj to the objections of the Astronomer Jtoyal will 
be found in the same journal, Vol IV p 145 
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(the value of which is given m Table IX. A) represents, m general, 
the number of errors less than a — rt' -whicl may be eicpeeted to 
occur m any extended series of obser\'atioiis when the whole 
number of observations is taken as unity, r being the probable 
error of an observation If this be multiplied by the number of 
observations = wj, we shall have the actual number of errors less 
than rt'; and hence the quantity 

tn — m ©(pf) = m [1 — ©(/)«')] 

expresses the number of errors to be expected fft'eater than the 
limit rt'. But if this quantity is less than J, it will follow that 
an error of the magnitude rt' will have a greater probability 
against it than for it, and may therefore be rejected. The limit 
of rejection of a smgk doubtful observation, according to this simple 
rule, IS, therefore, obtained from the equation 

^ = in [1 - ©Got')] 
or 

rt, 2m — 1 

If we^ express the limiting error under the form kb, e being the 
mean error of an observation, we shall have 

X = — = 0 6745f ' (100) 

With the value of S{pt') given by (99), we can find t' from Table 
IX. A, and hence >t by (100) 

Example — To find the limit of rejection of one of the obser- 
vations given on p. 562 We there have m = 15, e = 0" 572 ; 
and hence, by (99), = 0 96667, which m Table IX. A cor- 

responds to t' = 3.155, whence, by (100), x = 2 128, me = 1" 22, 
which agrees very nearly with the limit found by Peirce’s 
Criterion. 

By the successive application of this rule (with the necessary 
modifications), it may be used for the rejection of two or more 
doubtful obseivations, and I have, by means of it, prepared a 
table which agrees so nearly with Table X that, for practical 
purposes, it may be regarded as identical with that table For 
the geneial case, however, when there are several unknown 
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nuantities and seveial doubtful observations, tbe modifications 
which the rale rec^uires render it more troublesome than Peirce s 
formula, and I shall, therefore, not develop it further in this 
place What I have given may serve the purpose of giving the 
reader greater confidence in the correctness and value of Peirce’s 
Critenon. 



TABLES 




[Note — The very complete collection of tables and forniulie piepared 
by De Albrecht, of the Piussian Geodetic Institute, may be consulted 
with advantage The title of the woik l^ Foimeln und Hilfstafeln fui 
Oeographiaehe Oitsbestimmiuige)}^ oiebst Kwz€7 A)deiiung zui Au^fahtnug 
dereelben (Leipzig, 1879, 8vo, pp 240 )] 

For the explanation of the construction and use of these tables, con- 
sult the articles referred to below 


Table I 
“ II 

III 

« lY 

u Y 

rf YI 

^ VII 
YIII 

IX 

X 

XI 
XII 

« XIII 


Mean Eefraetion (Explanation, Vol I Art 107 ) 

A, B, C, D, E, and F, Bessel’s Eefraetion Table (Yol I 
Alts 107, 117, 119, and Yol II Aits 294, 295) 

Eeduction of Latitude and Logarithm of the Earth’s 
Eadiua (Yol I Arts 81, 82 ) 

Log A and B, for computing the Equation of Equal 
Altitudes (Vol I Alts 140, 141 ) 

Eeduction to the Meridian Values of 


m 


2 sm-* J t 
sm r 


and 


2 Sia* ji 
sin 1^' 


(Yol I Arts 170, 171 ) 

Logarithms of wi and n (Yol I Arts 170,171 ) 

A and VII B Limits of Circummeridian Altitudes (Tol 
I Alt 175) 

and VIII A Fox i educing transits over seveial threads 
to a common instant (Vol II Arts 178, 187 ) 

and IX A Probability of Errors (Appendix, Arts 12,14) 

and X A Peirce’s Ciiterion for the Eejeetion of doubtful 
Obseivations (Appendix, Aits 58, 59 ) 


TABLES FOR CORREOTING LUNAR DISTANCES 

Dip of the Sea Horizon (Vol I Ait 124) 

Augnieiitation of the Moon’s Semidiameter (Vol I Art 
130) 

Ooirection of the Moon’s Equatorial Parallax (Vol I 
Art 97) 


569 
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Table XIV Mean Eeduccd Ecfraction forLunars (Vol I Art 249) 

XIV A Con ection of the Mean Eefraction for the Height of 
the Barometer (Vol I Art 249 ) 

“ XIV B Correction of the Mean Eefraction for the Height of 
the Thermometei (Vol I Art 249) 

« XV Logarithms of A, B, C, D, for correcting Lunar Dis- 
tances (Vol I Art 249) 

“ XVI Second Correction of the Lunar Distance (Vol I Art 
249) 

XVII A and B For finding the Correction of the Lunar Dis- 
tance for the Contraction of the Moon’s Semidiameter 
(Vol I Art 249 ) 

XVIII A and B For finding the Correction of the Lunar Dis- 
tance for the Contraction of the Sun’s Semidiameter 
(Vol I Art 249 ) 

XIX For finding the value of H for correcting Lunar Dis- 
tances for the Compression of the Barth (Vol I 
Art 249) 

XX Correction required on account of Second Differences of 
the Moon’s Motion, in finding the Greenwich Time 
corresponding to a Corrected Lunar Distance (Vol 
1 Art 66} 



TABLE I. Mean Eefraotion. 

Barometer, 30 inches Fahrenlieit’s Tlieiinometer, 





TABLE n. Bessel’s Jtefraction Tablci 



A. 

B. 

A.rg App Z J> 

Arg Tme Z D 


67 0 
58 0 1 1 7 
5 » 0 


I 76143 
I 76141 

1 76135 
1 76122 

I 76112 
I 76099 

1 76080 

I 76075 
I 76070 
I 00201 I 76065 


I 0021 I I 76059 


I 76053 , 

I 76047 

I 76040 ' 

I 76032 g 
I 76024 

10 

176014 
I 76004 
I 75993 ,, 
175981 ‘ 

I 75967 '<• 

J4- 

' 75953 ,6 
I 75937 jg 

' 75919 „ 

' 75*99 

I 75877 

®5 

' 75*5» ,g 
> 75*=+ „ 
' 75793 Is 
• 75757 ^ 
I 75717 

I 75670 

1 75615 « 
1 7555= .1 
' 75+7* gg 
I 75390 _ 


1.7528+ 


I 75441 


I 0200 

I 754^5 ,7 


1 0204 

175408 7 


1 0208 

I 75391 ,5 


1 0212 

I 75373 , 


1 0216 

18 



^ 75355 IQ 


I 0220 

' 7533* 


1 0225 

' 7531* a, 


I 0230 

1 75=95 ,, 


I 0235 

1 75=7+ „ 


I 0241 

I 75^5^ 


I 0246 

I 75229 

I 0026 

I 0252 



o 9975 I 0197 


64+58 

64+58 I 
64+56 . 
64+5= , 

64449 ’ 

6 4446 ^ 

^ 5 

64441 ^ 

64+39 , 
64+37 * 
64+36 
64+34 

I 

64+33 1 
64+31 - 

64+29 
6 4428 
64425 3 

, 3 

6 4422 
64419 3 
64+16 > 
64+ia 7 
6 4408 ^ 

^ 4 

64404 

6 4400 ^ 

64395 5 

64390 > 

643*4 ‘ 

64378 g 
64370 
64361 9 

6435* 

64339** 

*3 

64326 

6 4311 ** 

64=9=*? 

64=71* 

64246*5 

a8 

6 4218 
64214 + 

6 4210 7 
64=05 5 

6 4200 i 
64194 ® 
6 

6 4x88 
64181 7 
64174 7 
64167 7 
6 41 60 / 
64153 7 
8 

6 4145 


o 997 1 I 062 









Table n. Bessel’s Befiraotion Table. 


Zen 

Dist 

A. 

Arg App Z D 

B. 

Arg Trno 7 D 

Arg Tme Z. D 

Log a 

A 

k 

TiOga' 

A' 

X' 

Log a" 

A " 

A'' 

77 ® 0 ' 
10 
20 
80 
40 
50 

78 0 
10 
20 
80 
40 
50 

79 0 
10 
20 
80 
40 
50 

80 0 
10 
20 
80 
40 
50 

81 0 
10 

I 20 

' 80 
40 

1 50 

82 0 
10 
20 
80 
40 
50 

83 0 
10 
20 
80 
40 
50 

84 0 
10 
20 
80 
40 
60 

85 0 

» 7 S »»9 ,, 
175*05 J 
175180 s 

*75155 J 

* 751*9 11 
1 75101 

*9 

*75071 
*75043 ,l 

* 750*3 

* 7+981 

J 74947 ” 
I 7491a 35 
36 

*7487^ " 

« 74*33 I ’ 

* 74793 

* 74757 T, 

* 747*4 11 

I 7467a 44 

^ +7 

*74613 „ 

* 74573 

I 74521 

*7H68 53 

* 744*1 5 

*74351 

64 

* 74188 g 

*74113 j| 

* 74*55 „ 

1 74083 7 
, 74007 70 
X 73928 

83 

*73845 gg 

'17I663 9 + 
* 7 l 56 ; « 

* 73459 

* 73347 

II8 

* 73«9 

* 73*05 1 

' 7*974 3 

* 7 ** 3 * ,T, 

* 7 * 68 * 

I 715*9 

,*73 

* 7 » 3 f ,86 

* 7 **«o .55 

* 7*96* 

* 7*749 „7 

* 7 * 51 * 14 , 
X 71279 

259 

I 7x020 

X 0016 
X 0026 
X 0027 

1 0027 

X 0028 

X 0029 

X O03O 

I 0030 

I 0031 

1 0032 

1 0033 

1 0034 

10035 

I 0036 

1 0037 

I 0038 

I 0039 

I 0040 

I 0041 

1 0042 

1 0043 

1 0045 

I 0046 

I 0047 

X 0049 
I 0050 
I 0052 
1 0054 
X Q056 
I 0058 

X 0060 
1 006a 
1 0065 
I 0067 
I 0070 
X 0073 

I 0075 
I 0078 
X 0081 
X 0084 
I 0088 
X 0092 

1 0096 
X 0100 
I 0105 
X OIIO 
I 0115 
X 0121 

X 0x27 

1 0252 

X 0258 

X 0264 

X 0272 

X 0281 

1 0290 

X 0299 

I 0308 

X 0318 

X 0328 
i 0338 

1 0347 

1 0357 

X 0367 

I 0377 

I 0387 

I 0398 

X 0409 

I 0420 

I 0431 

X 0442 

1 0454 

X 0466 

X 0479 

* 0493 

I 0508 

I 0523 

I 0540 

I 0559 

X 0579 

I 0600 

X 0622 

I 0646 

X 0671 

X 0697 

X 0725 

I 0754 
I 0784 
X 0815 

X 0846 
I 0879 
X 0914 

1 0951 
I 0992 
I X036 
z io8a 
1 X130 
I 1178 

’ I I 229 

*75005 

I 74976 J 

174945 

* 74914 J* 

I 74882 

I 74848 34 

0 35 

* 74813 

* 74777 

I 74740 11 

t 74701 39 

I 74660 

I 74617 ^3 
44 

* 7457 J g 
* 7 + 5*7 * 

* 7447 * 1 ® 

* 74 + 1 * 5 

I 7+376 5 - 

I 74321 55 

^ 5* 
*74163 gj, 

*74*03 2“ 

* 74 * 4 * 6fi 

*74075 tt 

* 74005 

* 73933 ^ 

76 

* 73*57 

* 73777 |. 

* 73691 g! 

* 73603 

* 735*4 1 

* 734*7 

*03 

* 733*4 

* 73107 

* 71974 Jig 

I 72846 *** 

I 717** *35 
142 

* 7*569,., 

* 7 * 4*8 S' 

I 72256 '®* 
* 7 *oij;j 3 
I 7100a 

1 7*708 *94 

209 

I 71037 

I 7078a 55 
\ 70 « 6*93 

. 314 

I 6990a 

09975 

09974 

09973 

09972 

09971 

0 9970 

09970 
0 9969 
0 9968 
0 9967 
0 9967 
0 9966 

09965 

0 9964 

09963 

0 9962 
0 9961 

0 9960 

09958 

09957 

09955 

09954 

0995a 

09951 

09949 
0 9948 
0 9946 
09944 
0 9942 

0 99^ 

09938 
0 9936 
09934 
09931 
0 9929 
0 9926 

0 99 H 

0 9920 
0 99x7 
09913 
0 9909 
09905 

0 9901 

09897 

09893 

0 9888 
0 9882 
^ 0 9876 

0 987c 

I 0197 

X 0202 

I 0208 

I 02x3 

I 0219 

1 0226 

I 0234 

1 0241 

1 0249 

I 0257 

1 0265 

1 0273 

I 0281 

I 0289 

I 0296 

I 0304 

I 03x2 

I 0320 

X 0329 

I 0337 

I 0346 

I 0354 

I 0363 

1 037a 

I 0382 

I 0393 

I 0404 

I 0416 

I 0429 

I 0444 

I 0459 

I 0476 

I 0493 
} I Q512 

I 0531 

I 0552 

I 0573 
I 0594 
I 0617 

I 0640 
I 0664 
I 0688 

I 0715 
I 0742 
I 0771 
Z 0872 

I 0834 
1 z 0868 

* 10903 

64*45 , 

64138 1 
64*30 g 
6412a . 

64**4 0 

6 4106 ® 

, 9 

64097 

64088 5 
64078" 

6 4067 
64056;* 

6 4044 

Z 2 

64031 

6 4019 3 
6400s 1 
6 399 * ;t 
6 3976 1 
6 3962 *+ 
, *5 

! 59+7 ,g 
6 393 * 

6 39 * 4 ,0 
6 3*95 ll 
6 3876 *9 
6i8s6*'> 
20 

6 3836 
6i8i6*® 

63795;; 

63774,1 

63751” 

6 3728 *4 
26 

6 3702 

6367+!; 
6 36+3 * 

6 36ZI 5 

6 3578 \l 

6 3544 " 

6 3308 
6346939 

6 3417 T. 
6 3381 « 
6 3334 Tq 
6 3284 5 ° 

6 3 » 3 * „ 
6 3 * 74 J' 
6 3**5 

6 3051 si 

62987® 
6 2919 

7a 

6 2847 

0 997 
0997 
0 997 
0 996 
0 996 
0 996 

0996 
0 996 
0996 
0 996 
0 996 
0995 

099s 

0995 

0995 

099s 

099s 

0994 

0994 

0994 

0994 

0 993 
0 993 

0 993 

0993 
0 992 
0 992 
0 992 

0 991 

099Z 

099Z 
0 990 
0 990 
0 989 
0 989 
0 988 

0987 

0 986 
0985 
0 984 
0983 
0 982 

0 98] 
.0 98c 
*0 97 < 

1 097: 
1 0 97 < 

097. 

1 

097; 

z o6z 
z 064 
z 066 
z 067 

I 069 

Z 07Z 

z 073 

I 075 
z 076 
z 078 
z 080 
z 082 

X 085 
z 087 
z 089 

Z 09Z 
z 094 
z 096 

z 099 

1 X 02 

z 105 

I 108 

Z IZ 2 

Z IZ5 

Z ziq 

X 123 
z 127 

X Z32 

X 136 

X Z4Z 

X X46 
z 15Z 

1 156 

I i 6 z 

I 167 

I Z 72 

1 Z 7 ? 

> I 183 

X x88 

• I 193 

1 I 199 

i z 204 

[I z 209 

)| Z 2 Z 4 
) 1 2x9 
r X 224 

S I 228 
(. z 232 

i * *37 


ElTO 










TABLE n. Bessel’s Eefraotiou Table. 


D* Facioi dipeuthmj upon the Baxmieta 


lines 

Log B 

English 
incln s 

LogJS 

French 

metres 

Log B 

h u nch 
met) es 

Log B 

315 

— 0 0^445 

27.5 

— 0 03191 

0.725 

— 0 01560 

0.760 

4” 0 00488 

316 

— 0 02,307 

27.6 

— 0 03033 

0.726 

— 0 01500 

0.761 

-1- 0 00545 

317 

— 0 02170 

27.7 

— 0 02876 

0.727 

— 0 01440 

0 762 

4" 0 00602 

31 S 

— 0 02033 

27.8 

— 0 02720 

0.728 

— 0 01380 

0.763 

0 00659 

319 

— 0 01897 

27.9 

— 0 02564 

0.729 

— 0 01321 

0.764 

-j- 0 00716 

3:0 

— 0 01761 

28.0 

— 0 02409 

0.730 

— 0 01261 

0 7 G 5 

-j- 0 00773 

321 

— 0 01625 

28.1 

— 0 02254 

0.731 

— 0 01202 

0.766 

-j- 0 00830 

322 

— 0 01490 

28.2 

— 0 02099 

0.732 

— 0 01142 

0.767 

— j— 0 00886 

323 

— 0 01356 

28.3 

— 0 01946 

0.733 

-- 0 01083 

0.768 

_j_ 0 00943 

324 

— 0 OIZ 2 I 

28.4 

— 0 01793 

0.734 

— 0 01024 

0 769 

-j- 0 00999 

325 

— 0 01088 

28.5 

— 0 01640 

0.735 

— 0 00965 

0 779 

-j- 0 01056 

32 G 

— 0 00954 

28.6 

— 0 01488 

0.730 

— 0 00906 

0 771 

-j- 0 01112 

327 

— 0 00821 

28.7 

^ 0 01336 

. 0.737 

0 00847 

0.772 

-j- 0 01168 

328 

— 0 00689 

28.8 

— 0 01 185 

0.738 

0 00788 

0.773 

-j- 0 01225 

329 

— 0 00556 

28.9 

0 OlO^K 

9.730 

— 0 00729 

0.774 

-j- 0 01281 

330 

— 0 00425 

29.9 

— 0 00885 

9.740 

— 0 00670 

0.775 

-1- 001337 

331 

— 0 0029 3 

29.1 

— 0 00735 

9.741 

. 0 00612 

0.776 

-t- 001393 

332 

— 0 00162 

29.2 

— 0 00586 

9.742 

— 0 00553 

0.777 

+ 0 01449 

333 

— 0 00032 

29.3 

— 0 00438 

9.743 

— 0 00494 

0.778 

-|- 0 01505 

334 

4- 0 00099 

29.4 

— 0 00290 

9.744 

0 00436 

0.770 

-j- 0 01560 

335 

-f- 0 00228 

29.5 

— 0 00142 

9.745 

— 0 00378 

0.780 

0 01 61 6 

335 

-j- 0 00358 

29.6 

_l_ 0 00005 

9.746 

— 0 00319 

0.781 

0 01672 

337 

4* 0 0048 7 

29.7 

-j- 0 OOI5I 

9.747 

— 0 00261 

0.782 

-j- 0 01727 

338 

-j- 0 0061 6 

29.8 

-j- 0 00297 

9.748 

0 00203 

0.783 

0 01783 

339 

-i- 0 00744 

29.9 

+ 0 00443 

9.749 

— 0 00145 

0.784 

4" 0 01838 

340 

4- 0 00872 

30.9 

-j- 0 00388 

9.750 

— 0 00087 

0.785 

-{- 0 01894 

341 

-j- 0 00999 

39.1 

-j- 0 00732 

9.751 

— 0 00029 

0.786 

4- 001949 

342 

4“ 001 127 

39.2 

4- 0 00876 

9.752 

-f- 0 00028 

0.787 

4* 0 02004 

343 

f 001253 

39 3 

-j- 0 01020 

9.753 

-j- 0 00086 

0.788 

4 - 0 02059 

344 

4- 0 01380 

39.4 

-j- 0 01 163 

9.754 

4- 0 00144 

0.789 

4- 0 02114 

345 

-j- 0 01506 

39.5 

4-001 306 

9.755 

-j- 0 00201 

0.790 

-j- 0 02169 

346 

-j- 0 01632 

39.6 

4-0 01 448 

9.756 

4- 0 00259 

0.791 

-j- 0 02224 

347 

4-001757 

39.7 

-j- 0 01 589 

9.757 

-j- 0 00316 

0.792 

-|- 0 02279 

348 

4- 0 01882 

39.8 

4- 0 01731 

0.758 

4- 0 00374 

0.793 

- 1 - 0 OZ 334 

349 

-j- 0 02007 

39.9 

4- 0 01871 

0.759 

4- 0 0043 I 

0.794 

-j- 0 02389 

350 

-j- 0 02131 

31.0 

-j- 0 02012 

0.760 

-j- 0 0048 8 

0.795 

+ 0 o2'443 


li« Factor depending upon the Attached Thermometer 

(F ) Fahrenlioit (E ) Rgaamur (0 ) Centigrade 


■ail 

Log T 

R 

— 30® 

4- 0 00242 

— 35 ® 

— 20 

-j- 0 00203 

— 39 

— 10 

-j- 0 00164 

— 25 

0 

-j- 0 00125 

— 29 

4-10 

-j- 0 0008 6 

— 15 

20 

4- 0 00047 

— 19 

30 

4- 0 00008 

— 5 

40 

— 0 00031 

9 

59 

— 0 00070 

4- 5 

69 

— 0 00109 

10 

79 

— 0 00148 

15 

89 

— 0 00186 

20 

99 

— 0 00225 

25 

109 

— 0 00264 

30 



35 


Log r 

0 

Log T 

4. 0 00308 

—35® 

-)- 0 00246 

-j- 0 00264 

— 30 

-j- 0 002 1 1 

-j- 0 00220 

— 25 

0 00176 

-|- 0 00176 

— 20 

-j- 0 00140 

4- 0 00132 

— 15 

-j- 0 00105 

-j- 0 00088 

— 10 

-j- 0 00070 

-j- 0 00044 

— 5 

-j- 0 00035 

0 00000 

0 

0 00000 

— 0 00044 

+ 5 

— 0 00035 

— 0 00088 

10 

— 0 00070 

— 0 00131 

15 

— 0 00105 

— 0 00175 

20 

— 0 00140 

— 0 00218 

25 

— 0 00175 

— 0 00262 

30 

— 0 00210 

— 0 00305 

35 

— 0 00244 












TABU! It. Bessel’s Be&aotioa Table. 

Fi Factor depmdrag vjpon the Exterml Thermometer 

(F ) Fahrenheit (R ) RSanintir (0 ) Centigrade 


-f- o 06279 
-j- o 0618 1 
-j- o 06083 
-005985 
o 05887 

— - o 05790 
-- 005693 
-- o 05596 
-- 005500 
+ o 05403 
+ o 05307 
-- o 052,11 
+ o 051 15 
- - o 05020 
-|- o 04924 
+ 0 04829 

004734 

+ O 04640 

— - 004545 
-- o 04451 

004357 
-- 0 04263 
-|- 0 041 69 
-f 0 04076 
+ 0 03982 
-f 0 03889 
-- 0 03796 
-- o 03704 
-- 0 03611 
0 03519 
+ o 03427 

— 003335 
-- 003243 
+ 0 03152 
+ 0 03060 
-- o 02969 
-- o 02878 
-- o 02787 
+ o 02697 

— o 02606 
-- o 02516 
-- o 02426 

— o 02336 

— o 02247 
+ o 02157 
+ o 02068 
-|- o 01979 
+ o 01890 
-- o 01801 
+ o 01713 
-- o 01624 
4“ o 01536 

— o 01448 

+ o 01273 
-- o 01185 





-f- 0 01185 
-j- 0 01098 

-j- 0 OlOlI 

-j- 0 00924 
-f- 0 00837 
+ 0 00750 
-f O 00664 
4 - 0 00578 
+ 0 0049a 
4 - 0 00406 
4 “ 0 00320 
4 0 00234 
4 0 00149 
4 0 000^ 
— 0 00021 

— 0 00106 

— 0 0019X 

— 0 00275 


0 00612 


00696 
00780 
00863 
00946 
o 01029 
0 oil 12 
0 01195 
o 01278 
o 01360 
o 01443 
o 01525 
0 01607 
o 01689 
0 01770 
o 01852 
o 01933 
0 02015 
0 02096 
0 02177 
0 02257 
0 02338 
0 02419 
0 02499 
0 02579 
0 02659 
0 02738 
0 02819 
0 02898 
0 02978 
0 03057 
0 03136 
0 03216 
0 03294 

0 03373 



+ o 08990 
4 o 07829 
4 0 06698 
4 0 06476 
4 o 06254 
4 0 06034 
4 0 05815 
4 o 05596 
H- 005379 
+ o 05163 
4 o 04948 
4- o 04734 
4 o 04522 
4 o 04310 
4 o 04099 
4 o 03889 
4 003681 
+ o 03473 
*4- o 03266 
4 o 03060 
4 o 02855 
4 o 02652 
4 o 02449 
4 0 02247 
4 o 02046 
4 o 01846 
4 o 01 646 
4 o 01448 
4 o 01251 
4 o 01054 
4 o 00859 
4 o 00664 
4 o 00470 
4 o 00277 
4 o 00085 

— o 00106 

— o 00297 

— o 00486 

— 0 00675 

— o 00863 

— o 01050 

— o 01236 

— o 0142a 

— o 01 607 

— o 01 791 
“ o 01974 

— 0 02156 

— 0 02338 

— 0 02519 
0 02699 

— 0 02879 

— 0 03057 

— 0 03235 

— 0 041 14 

— 0 04976 



-- 007373 
-- o 06476 
-- o 05596 
4 - o 05423 
- - o 05249 
4 o 05077 
- - o 04905 
-- o 04734 

— - o 045 64 
-- o 04394 
+ o 04225 
4 o 04057 

— o 03889 
4 0 03722 
-- 003556 
4 o 03390 

— o 03225 
4 0 03060 
-- o 02896 
4 o 02733 
-- o 02570 

— •* o 02408 
4 o 02247 
4 o 031086 
4 ® 01926 
4 o 01766 
4 o 01607 
4 o 01448 
4 o 01290 

4 ^ 0*133 

4 o 00976 
4 o 00820 
4 o 00664 

— o 00509 
-- 000354 

4 O 00200 

4 o 00047 

— o 00106 

— o 00259 

— o 00410 

— o 00562 

— o 00713 

— o 00863 

— o 01013 

— o 01162 

— o 0131 1 

— o 01459 

— o 01607 
“ 001754 

— o 01901 

— o 02047 

— o 02194 

— o 02338 

— o 03057 

— 003765 


675 

















o\ a»j\ 


Table HI. Eeduction of Latitude and Logaxithm of the Earth’s Radius. 


Aigumcnt 


: Geographical Litiincle 


Comi>re««iion = 



578 





















TABLE n. Bessel’s Eefraction Table. 

0 . Fatto! dipendimj nj>on the Baiomete) 


I’KllM 

lines 

Log B 

J ngliflh 
inches 

Log J? 

French 

metres 

Log B 

V 1 1 nch 
meti es 

Log B 

315 

316 

317 

318 
319 

3:0 

321 

1 322 

323 

324 

325 

326 

327 

328 

329 

330 

331 

332 

333 

334 

335 

336 

337 

338 

339 

340 

341 

342 

343 

344 

345 

346 

347 

348 

349 

350 

— 0 02445 

— 0 02307 

— 0 02170 

— 0 02033 

— 0 01897 

— 0 01761 

— 0 01625 

— 0 01490 

— 0 01356 

— 0 01221 

— 0 01088 

— 0 00954 

— 0 00821 

— 0 00689 

— 0 00556 

— 0 00425 

— 0 00293 

— 0 00162 

— 0 00032 
+ 0 00099 
4“ 0 00228 

0 00358 
-j- 0 00487 
-j- 0 00616 
4- 0 00744 
4" 0 00872 
4- 0 00999 
4“ 0 01 127 
1- 0 01253 
4* 0 01380 
4- 0 01506 
4- 0 01632 
4- 001757 
4- 0 01882 
4“ 0 02007 
4- 0 02131 

27.5 

27.6 

27.7 

27.8 

27.9 
28.0 
28.1 
28.2 

28.3 

28.4 

28.5 

28.6 

28.7 

28.8 

28.9 

29.0 

29.1 

29.2 1 

29.3 

29.4 

29.5 

29.6 

29.7 

29.8 

29.9 

30.0 

30.1 

30.2 

30.3 

30.4 

30.5 

30.6 

30.7 

30.8 

30.9 
31.0 

— 0 03191 

— 0 03033 

— 0 oa876 

— 0 02720 

— 0 02564 

— 0 02409 

— 0 02254 

— 0 02099 

— 0 01946 

— 0 01793 

— 0 01640 

— 0 01488 
^ 0 01336 

— 0 01185 

— 0 01035 

— 0 00885 

— 0 00735 

— 0 00586 

— 0 00438 

— 0 00290 

— 0 00142 
-|- 0 00005 
4- 0 00151 
4- 0 00297 

+ 0 00443 

4“ 0 00588 
4- 0 00732 
+ 0 00876 
4“ 0 01020 
4- 0 01163 
4“ 0 01306 
4- 0 01448 
4“ 0 01589 
4“ 0 01731 
4“ 0 01871 
4 - 0 02012 

0.725 

0.726 

0.727 

0.728 

0.729 

0.730 

0.731 

0.732 

0.733 

0.734 

0.735 

0.736 

0.737 

0.738 

0.739 

0.740 

0.741 

0.742 

0.743 

0.744 

0.745 

0.746 

0.747 

0.748 

0.749 

0.750 

0.751 

0.752 

0.753 

0.754 

0.755 

0.756 

0.757 

0.758 

0.759 

0.760 

— 0 01 560 

— 0 01500 

— 0 01440 

— 0 01380 

— 0 01321 

— 0 01261 

— 0 01202 

— 0 01 142 
w 0 01083 

— 0 01024 

— 0 00965 

— 0 00906 

— 0 00847 

— 0 00788 

— 0 00729 

— 0 00670 
. — 0 00612 

— 0 00553 

— 0 00494 

— 0 00436 

— 0 00378 

— 0 00319 

— 0 00261 

— 0 00203 

— 0 00145 

— 0 00087 

— 0 00029 
-j- 0 00028 
4- 0 00086 
4- 0 00144 
4" 0 00201 
4" 0 00259 

0 00316 
4" 0 00374 
4- 0 00431 
4- 0 00488 

0.760 

0.761 

0.762 

0.763 

0.764 

0.765 

0.766 

0.767 

0.768 

0.769 

0.770 

0.771 

0.772 

0.773 

0.774 

0.775 

0.776 

0.777 

0.778 

0.779 

0.780 

0.781 

0.782 

0.783 

0.784 

0.785 

0.786 

0.787 

0.788 

0.789 

0.790 

0.791 

0.792 

0.793 

0.794 

0.795 

_|- 0 00488 
-f 0 00545 

4" 0 00602 

4- 0 00659 

4" 0 00716 

4- 0 00773 

4- 0 00830 
-j- 0 00886 

4“ 0 00943 

4“ 0 00999 

4“ 0 01056 

4- 0 01112 

4" 0 on68 

4" 0 01225 

4- 0 01281 
+ 0 01337 
+ 001393 

-j- 0 01449 

4" 0 01505 

4- 0 01560 

4“ 0 01616 

4- 0 01672 

4- 0 01727 

4" 0 01783 

4- 0 01838 

4- 0 01894 
+ 0 01949 

4“ 0 02004 

4 - 0 02059 
-f 0 02114 

4- 0 02169 

4“ 0 02224 

4- 0 02279 

4“ 0 02334 

4" 0 02389 

4- 0 02443 


E. Factor depending upon the Attached Thermometer 

(F ) Fahrenheit (R ) Rfianmnr ( 0 ) Centigrade 



Log jS = log J5 + log T 















TABLE n. Bessel’s Be&action Table. 


P« Factor depending upon the ExterTial Thermometer 


(P ) Fahrenheit (R ) RAanmur (C ) Centigrade 



mam \ 


Log 7 

B. 

Log 7 

m 

Log7 

-20° 

+ o 06279 

35® 

+ 0 01185 

— 35° 

-j- 0 08990 

— 36® 

+ 0 07373 

— 19 

+ 0 06I8I 

36 

-j- 0 01098 

— 30 

-j- 0 07829 

— 30 

+ 0 06476 

— 18 

-j- 0 0608 3 

37 

-j- 0 OIOII 

— 25 

-j- 0 06698 

— 25 

+ 0 05596 

— 17 

+ 005985 

38 

-j- 0 00924 

— 24 

+ 0 06476 

— 24 

+ 0 05413 

— 10 

+ 0 05887 

39 

-j- 0 00837 

— 23 

-j- 0 06254 

— 23 

4- 0 05249 

^ 15 

+ 005790 

40 

-j- 0 00750 

— 22 

+ 0 06034 

— 22 

+ 0 05077 

— 14 

+ 0 05693 

41 

-f- 0 00664 

— 21 

-j- 0 05815 

— 21 

+ 0 04905 

— 13 

+• 005596 

42 

-j- 0 00578 

— 20 

+ 0 05596 

— 20 

+ 0 04734 

— 12 

+ 005500 

43 

-j- 0 00492 

— 19 

+ 0 05379 

— 19 

+ 0 04564 

— 11 

+ 0 05403 

44 

-j- 0 00406 

— 18 

+ 005163 

— 18 

+ 0 04394 

— 10 

-f 005307 

43 

-j- 0 00320 

— 17 

+ 0 04948 

— 17 

4 0 04225 

— 9 

+ 0 05211 

46 

-j- 0 00234 

— 16 

+ 0 04734 

— 16 

-1- 0 04057 

— 8 

+ 0 05115 

47 

4- 0 00149 

— 15 

-f- 0 04522 

— 15 

4- 0 03889 

— 7 

+ 0 05020 

48 

-j- 0 00064 

— 14 

+ 0 04310 

— 14 

+ 0 03722 

— 6 

+ 0 04924 

49 

0 00021 

— 13 

-j- 0 04099 

— 13 

+ 0 03556 

— 5 

+ 0 04829 

50 

— 0 00106 

— 12 

+ 003889 

— 12 

4 0 03390 

— 4 

+ 0 04734 

51 

0 00191 

— 11 

-j- 0 03681 

— 11 

4 0 03225 

— 3 

+ 0 04640 

52 

— 0 00275 

— 10 

+ 003473 

— 10 

-j- 0 03060 

— 2 

+ 0 0454s 

53 

— 0 00360 

— 9 

-l- 0 03266 

— 9 

+ 0 02896 

— 1 

+ 004451 

54 

— 0 00444 

— 8 

+ 0 03060 

— 8 

4 0 02733 

0 

+ 0 04357 

55 

— 0 00528 

— 7 

-(- 0 02855 

— 7 

+ 0 02570 

+ 1 

+ 0 04263 

56 

— 0 00612 

— 6 

+ 0 02652 


-j- 0 02408 

2 

-j- 0 04169 

57 

— 0 00696 

— 5 

+ 0 02449 

— 5 

+ 0 02247 

3 

4- 0 04076 

58 

— 0 00780 

— 4 

4- 0 02247 

— 4 

+ 0 0^086 

4 

+ 0 03982 

59 

— 0 00863 

— 3 

+ 0 02046 

— 3 

4 0 01926 

5 

+ 0 03889 

60 

— 0 00946 

— 2 

-j- 0 01846 

— 2 

-f 0 01766 

0 

+ 0 0'^^q6 

61 

0 01029 

— 1 

*4“ 0 01 646 

— 1 

+ 0 01607 

7 

+ 0 03704 

62 

— 0 OIII 2 

0 

+ 0 01448 

0 

4 0 01448 

I 8 

-1- 0 03611 

63 

— 0 OII95 

+ 1 

-j- 0 01251 

+ 1 

+ 0 01290 

9 

+ 0 03519 

64 

— 0 01278 

2 

-j- 0 01054 

2 

+ 0 01133 

10 

+ 0 03427 

65 

— 0 01360 

3 

-j- 0 00859 

3 

4 0 00976 

11 

+ 003335 

66 

— 0 01443 

4 

+ 0 00664 

4 

+ 0 00820 

12 

+ 0 03243 

67 

— 0 01525 

5 

-j- 0 00470 

5 

+ 0 00664 

13 

+ 0 03152 

68 

— 0 01607 

6 

-j- 0 00277 

6 

4- 0 00509 

14 

+ 0 03060 

69 

— 0 01689 

7 

-j- 0 00085 

7 

+ 0 00354 

15 

-j- 0 02969 

70 

— 0 01770 

8 

— 0 00106 

8 

4- 0 00200 

16 1 

-j- 0 02878 

71 

— 0 01852 

9 

— 0 00297 

9 

+ 0 00047 

17 

+ 0 02787 

72 

— 0 01933 

10 

— 0 00486 

10 

— 0 00106 

18 

+ 0 02697 

73 

— 0 02015 

11 

— 0 00675 

11 

— 0 00259 

19 

0 02606 

74 

— 0 02096 

12 

— 0 00863 

12 

— 0 00410 

20 

+ 0 02516 

75 

— 0 02177 

13 

— 0 01050 

13 

— 0 00562 

21 

+ 0 02426 

76 

— 0 02257 

14 

— 0 01236 

14 

— 0 00713 

22 

-j- 0 02336 

77 

0 02338 

15 

— 0 01422 

15 

— 0 00863 

23 

+ 0 02247 

78 

0 02419 

16 

0 01607 

16 

— 0 01013 

24 

+ 0 02157 

79 

— 0 02499 

17 

— 0 01791 

17 

— 0 01 162 

25 

+ 0 02068 

80 

0 02579 

18 

— 0 01974 

18 

— 0 01311 

26 

+ 0 01979 

81 

— 0 02659 

19 

— 0 02156 

19 

— 0 01459 

27 

+ 0 01890 

82 

— 0 02738 

20 

— 0 02338 

20 

— 0 01607 

28 

+ 0 OI80I 

83 

— 0 02819 

21 

— 0 02519 

21 

— 001754 

29 

+ 0 OI7I3 

84 

— 0 02898 

22 

— 0 02699 

22 

— 0 01901 

30 

-j- 0 01624 

85 

— 0 02978 

23 

— 0 02879 

23 

— 0 02047 

31 

+ 

0 

0 

Ln 

86 

— 0 03057 

24 

~ 0 03057 

24 

— 0 02194 

32 

-l- 0 01448 

87 

0 03136 

25 

— 0 03235 

25 

— 0 02338 

33 

+ 0 01360 

88 

— 0 03216 

30 

— 0 041 14 

30 

— 0 03057 

34 

+ 0 01273 

89 

— 0 03294 

35 

— 0 04976 

35 

— 0 03765 

35 

-j- 0 01185 

90 

— 0 03373 






575 





Table HI. Eeduotion of Latitude aud Logarithm of the Earth’s Eadius. 

1 

Aigumeiit (j> ~ Cicograpliical T ititudc' Compression = 299T5 
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Table UL Bednotion of Xatdtude and Logadtlim of tlie Barfh'’s Baditn. 

z= Geooentrio Latitude. ^ = Earth’s Radius 























TABLE IT. log A and Log B, 

For Computing: tie EqiLatioaa. ®-£ Ectual i Itituclies.. 


AEGUMEKT == ELAPSED TIME. 


0* 

Log A 

Log 2 ? 


94059 

94059 

4059 

4059 

4059 

4059 

4059 

4059 

4059 

4059 

94059 

94059 

4060 

4059 

4060 

4059 

4060 

4059 

4060 

4059 

94060 9 4059 

4060 

4059 

4060 

4058 

4060 

4058 



94109 93959! 

4110 3957 

4^11 3955 

4111 3953 

4113 395 ^ 

9 4113 93950 

4114 3948 

4115 3946 

4116 3944 

4117 3943 


15 1 9 4060 9 4058 

16 I 4060 405 8 

4060 4057 


19 4061 

20 94061 

21 4061 

23 4061 

23 4061 

24 4061 

25 94062 

26 4062 

27 4062 

28 4062 

29 4062 

30 9 4062 

31 4063 

32 4063 

33 4063 

34 4063 

35 94064 

30 4064 

37 4064 

38 4064 

30 4065 

40 940^5 

41 4065 

42 4065 

43 4066 

44 4066 

45 9 4066 

46 4067 

47 4067 

48 4067 

49 4^^^ 

50 9 4068 

51 4068 

52 4<^^9 

53 4069 

54 4069 


55 9 40701 


4057 

94057 

4056 

4056 

4056 

4055 
94055 
405 s 

4054 

4054 

4054 

94053 

4053 

4052 

4052 

4051 

1 9 4051 
4050 
4050 
4049 
4049 

9 4048 
4048 
4047 
4047 
4046 

94045 

4045 

4044 

4043 

4043 

9 4042 
4041 
4041 
I 4040 

' 4039 
i 9 403? 




4092 3994 

4093 3993 

4093 3991 




4071 4037 

4071 4036 

.4071 4035 

9 4071-940^4 


9 4118 ( 

: 4119 

.412.0 

4121 

4121 

9 4122 ' 

4113 

4124 

4125 

4126 

94127 

4128 

4129 

4130 

4131 

94132 

4133 

4134 

4135 

4136 
94137 

4138 

4^39 

4140 

4141 

94142 

4144 

4145 

4146 

4147 

94148 

4149 

4150 

4151 

4151 

94154 

4155 

4156 

4157 

4158 

94159 

4161 

41 62 

4163 

4164 

94165 

ss 

, 4*69 

4170 

94172 


9 3941 
-3939 
3937 
3935 
-3933 
9 3931 
.3929 
.3927 

-3915 
-3913 
9 3911 
.3919 

3917 

-3915 

3913 

9 3911 
3909 
3907 
3905 

.3903 

9 3900 
3898 
3896 
389+ 
3892 

93889 
3||7 
3 f|S 
3882 
3 880 

93^78 

3875 

3873 

3871 

3868 

9 3866 
3863 
3861 

3*5? 

3856 
i 93854 
3851 

■ ' 3 * 4 ?' 

; 3846 

■ 3*43 

; 93*41 

: 3 * 3 * 

• 3*36 

' 3*33 

) 3830- 

I 9 3828 


9 4172 9 3828 
4173 3825 

.4174 3822 

•4*75 -3**° 
4*77 -3*17 

9 4*7* 9 3*»4 

4179 3811 

4181 .3809 

4182 .3806 

4183 .3803 

9 4184 9 3800 

4186 .3797 

4187 .3794 

4188 .3792 

4190 .3789 

94191 9 3786 
4^93 3783 

4194 .3780 

4195 3777 

4197 3774 

94198 9 3771 
4199 3768 

4201 3765 

4202 3762 

4204 3759 

94205 9 3756 

4207 3752 

4208 3749 

4209 3746 

4111 3743 

94212 9 3740 

4114 3737 

4115 3733 

4217 3730 

4218 3727 

9 4220 9 3723 
422 i 3720 
4223 3717 

4114 3713 

4226 3710 

94227 93707 
4229 3703 

4231 3700 

4232 3696 

4134 3693 

94235 93690 

4237 3686 

4238 3683 

4240 3679 

4242 3675 

94243 93672 

4245 3668 

4246 3665 

^4248 3661 

4250 .3657 

94251 93654 

4*53 3650 

4*55 3646 

4256 3643 

4258 3639 

94260 93635 


9 4260 
4261 
4263 

till 

9 4268 
4270 
4272 

4173 

9 3«55 
3631 
•"3017 
3624 
-3620 

9 3616 
3612 
.3608 
3604 

4175 

94277 

3600 

9 3596 


64 

437 * 335 ^ 

43*0 3353 

43*3 334 * 

9 43*5 9 3343 
43*7 3337 

43*9 333 * 


4280 3588 

4282 3584 

4284 S5S0 

9 4286 9 3576 

4288 3572 

4289 3568 

4291 3564 

4293 3559 

94*95 9 3 SSS 
4*97 355 * 

4*99 3547 

4300 3542 

4302 3538 

94304 93534 
4306 3530 

4308 3525 


94430 93232 
443a 3226 

4434 3220 


4312 3SID 

943 H 93511 
4315 3508 

4317 3503 

4319 3499 




4439 32 - 0 ' 

94441 93203 

4444 3197 

4446 3191 

4448 318c 


94313 93490 

4315 3485 

4317 3480 

4329 3476 


94333 93467 
4335 3461 

4337 3457 

4339 3453 

4341 3448 

94543 9 3443 
4345 3438 


4458 3160 
4460 3154 
4463 3148 

94465 9 3142 
35 


9 44771 9 3110 

;o 3 


9 4353 93419 
43 55 3414 

4357 3409 

4359 34 <i 4 


94353 9 3394 
4366 3389 

4368 3384 

4570 3379 

4371 3374 

94374 93369 


9 4490 9 3078 


94515 9 3010 


STS 
























TABLE IT. log A and Log B. 

For Computing tlie Equation of Equal Altitudes 


Tor Noon, yi — I 
Tor Midnight, X -f- j 


ABGUMENT = ILAPSED XIME 



15 
10 

17 

18 4563 

19 4566 

20 94569 

21 4572 

22 4574 

23 4577 

24 4580 

25 94583 

26 4585 
4588 


47*9 *395 

9473a 92385 


4738 2365 

474* *355 

4745 *344 

9 4748 9 2334 


’E‘t 

9 2282 
2271 

mm 

2261 

4774 

4778 

94781 

4784 

4788 

2250 

2239 

9 222S 
2217 
2206 

4791 

4794 

2195 

2184 

94798 

9 ^1^73 




■ 


4664 2593 

4667 2584 

94670, 9 2575 


4676 2557 

4679 2548 

46S2 2539 

94.685 92530 


4825 

2062 1 

4828 

2070 

94831 

9 2059 

483s 

2047 

4839 

2035 

4842 

2023 

4846 

201 I 

94849 

9 1999 

4853 

1987 

4856 

1974 

4860 

1962 

4863 

1950 

94867 

9 1937 


4895 

4899 

9 4902 < 
4906 
4910 

4913 

4917 

9 49^^ i 
4924 ■ 
4928 
493^ 
4935 

9 4939 ' 
4943 
4946 

4950 

4954 
94958 ' 
4961 
4965 
4969 

4973 

94977 

4980 

4984 

4988 

4992 

94996 
5000 
5003 
5007 
501 1 

9 5015 
5019 
5023 
5027 
5031 

9 5035 
5038 
5042 
5046 

5050 

95054 

5058 

5062 

5066 

5070 


Log A 

I>)g B 1 



9 5115 
5119 

51^7 

5132 

95136 

90943 

0925 

0906 

0887 

0867 

Q 0848 

nlQ 


5144 

5148 

5153 

9 5157 

0809 

0789 

0769 

90749 



5165 
5169 
5*74 
9 5*78 

0708 

0688 

0667 

9 0646 



5186 0604 


9 5199 9 0540 


4874 1912 
4877 1900 
4881 1887 

a 4884 9 1874 


9 5243 9 0314 


5256 0242 


95265 9 0194 
52169 0169 


5283 

0094 

9 5^^7 

9 0069 

5292 

0043 

5296 

0017 

5301 

8 9991 

5305 

9965 

95310 

8 9938 


9 5680 

8 6837 

5685 

6770 

5691 

6701 

5696 

6632 

5701 

6560 

9 5707 

86488 

57Ja 

6414 

5718 

6339 


L 91123 
I I 107 

^ 1089 

) 1072 

[ 1054 

; 91036 

) 1017 

; 0999 

r 0981 
[ 0962 

> 90943 



5586 

7873 

5591 

7S23 

5596 

7772 

0 <^601 

8 7720 

5606 

7668 

5612 

7614 

5617 

7560 

5622 

7505 

95627 

8 7449 

5632 

7392 

5638 

7335 

5643 

7276 

5648 

7217 

95654 

87156 

5559 

7094 

5664 

7022 

5669 

6968 

5675 

6903 

9 5680 

86837 


5926 

1354 

95931 

8 1080 

5937 

078C 


5955 79756 
95961 79348 


5979 

5985 

95991 

5997 

600: 

6oog 

6015 

9 6021 

7617 

7^54 

76368 

5405 

4162 
1 Z407 

: 69591 
Inf 




579 













































Llapfled 

Time 


TillE IV. Log A and Log B. 

Por Computing the EcLuation of Equal Altitudes 



0 

9 6021 

fnf 

1 

6027 

6 9603 

3 

6033 

72431 

3 

.6039 

4198 

4 

6045 

S «3 

5 

9 6053 

7 6428 

6 

6057 

7226 

7 

6063 

* 799 ; 

8 

6069 

8488 

9 

.6075 

9005 

10 

0 6082 

7 9469 

n 

6088 

9889 

13 

6094 

8 0273 


6106 

0955 

6112 ! 

8 ia6o 


• 744 ° 3533 

-7449 -3563 
7458 3593 

9.7467 9 3623 


9 7079 

9 2150 

7088 

2160 

7096 

2222 

7104 

2258 

7112 

2293 


7494 

7503 

-3713 

3742 

9 751^ 

9 3772 

7522 

3801 

KEai 

■un 

7540 

3860 

7549 

3S89 

97558 

9 3918 

7568 

3947 

7577 

3976 

7586 

4003 

7595 

4033 

97605 

9 4062 

7614 

4090 

7624 

4119 

7633 

4147 

7642 

4175 

97652 

94204 

7661 

4232 

7671 

4260 

7680 

4288 

7690 

4316 

97699 

94343 


8027 5223 

8037 524.8 

9 804.7 9 5274 
8058 5300 


8078 5351 

8089 5376 

9 8099 9 5401 


9 8539 S 

8008 

8620 

8632 

8644 

9 ' 

8667 
8679 
8691 
8703 

9 *715 
8717 
8739 

’i;?; 

8824 

9 8836 
8848 
8861 


8216 5677 


8923 7136 


59 J 6399 7483 

60 i 9 6406 8 7563 


9206 7644 

9 9220 9 7667 


580 






















TABLE 17. Log A and Log B. 

For Computing the Equation of Equal Altitudes 


AEGUMENT = ELAPSED TIME. 


Jjor Noon or 

Mlduight, 5 — 


Log A 

Log S 



9 9^87 
9300 
9314 

9 7782 
7804 
7827 

mlml 


93+' 

9 9355 

9368 

9381 

9396 

9410 

9 94»4 
9437 

7873 

9 7896 
7919 
79 ^ 

9 8011 
8034 


I Log ^ I Logs I Log ^ Logs Log A Log S Log A LogS Log ^ | Log S | Log ^ | Log S 

00173 99167 0 13^9 00635 03633 0 3379 04533104373 
0188 9190 1369 0650 3649 3309 45^®I 4414 

0304 9313 1390 0676 3676 3339 

0331 9337 1310 0701 3703 2370 

0337 9360 1330 0737 3739 2401 

00353 99384 o 1351 00753 02,756 03431 


mm 

3463 

3S10 

2493 


2524 

3805 

2550 

0 3893 

0 3587 


9465 8080 


9 9493 9 


9536 8195 

9550 8318 

20 9 9564 9 8341 

21 9579 8354 

22 9593 8387 

23 

24 

25 9 9636 9 8356 

26 9651 8379 

27 9665 8402 

28 9680 8435 

29 9695 8448 

30 99709 98471 

31 9724 8494 

32 9739 8517 

33 9754 85^0 

34 9769 8563 

35 9 9784 9 8586 

36 9798 8609 

37 9813 8633 

38 9839 8655 

39 9844 8678 

40 99859 9S701 

41 9874 8734 

42 9889 8748 

43 9904 8771 

44 99^0 8794 

45 99935 98817 

46 9951 8840 

47 9966 8863 

48 9983 8887 

40 9998 8910 

50 o 0013 9 8933 

51 0039 8950 

52 0044 8980 

53 0000 9003 

54 0076 9026 

55 o 0093 9 9050 

56 0108 9073 

57 0124 909S 

58 0140 9120 

59 0156 9143 

60 o 0173 9 9167 


I 9530 p I 559 o 1015 o 3034 o 3746 


o 0506 9 9640 I o 1 667 o 1 146 



0700 9904 

0718 9929 

0736 9953 

0754 9977 

00773 0 0003 

0790 0036 

0809 0051 

0837 0075 

0845 0100 

00864 00134 0 3 I 3 Z 01095 
0883 0149 3146 1733 

0901 0173 3170 1751 

0930 0198 ^^94 1700 

0939 0233 3310 1808 

00958 00248 03343 01837 
0976 0273 3367 1866 

0995 0297 3393 1895 

1015 0333 3316 1924 4080 3097 

1034 0347 3341 1953 4115 393^ 

01053 00373 03366 01983 04I5I 03974 
1073 0397 3391 3011 41^57 4OI3 

1093 0433 2416 3040 42-23 4052- 

nil 0447 2443 3070 4260 4091 

II 31 0473 3467 3099 4397 413° 

0115000498 03493 0 3139 0433404170 
1170 0533 351a 2159 

1190 0548 3544 3189I 4408] 4350 

1309 0574 2570 3319 

I 1329 0599 3596 33491 44851 4331 

I 0 1349 o 0635 o 2623 o 3379 1 0 45^3 ® 4372^ 


3298 

3041 

0 3328 

03075 

3359 

3109 

33^9 

3143 

3430 

3177 

3451 

3311 

0 3483 

03245 

3514 

3380 

3545 

3315 

3577 

335 ^^ 

3609 

33^5 

0 3641 

0 3420 

3674 

3456 

3706 

3491 

3739 

3527 



0 3805 

0359? 

3^39 

3S36 

3873 

367J 

3907 

3710 

3941 

3747 

03975 

03^84 



58 L 



































Table V. Eediiction to the Meridian, 
















Table ^Eeanclioiiio "ftie Meriaiaii* 


2‘Bm2 


1 ^ 

9”* 

10” 

It"* 

12« 

13 ”* 

14 “ 

15 « 

16 “ 


ft 

1 <;9-o2 

ft 

jq 6 % 3 . 

tt 

* 37-54 

n 

282 68 

ft 

33 * 74 

ft 

384-74 

ft 

44* 63 

ft 

£03 46 

1 

159 

196 97 

338 36 

383 47 

33 * 59 


442 62 

503 50 

2 

l6o 20 

197 6a 

**238 q8 

384 26 

33344 

380 56 

443 

5°4 55 

3 

i6o 8o 

198 2S 

339 70 

285 04 

334-*9 

38748 

44458 

505 60 

4 

i6i 39 

198 94 

340 43 

385 83 

335 *5 

3S8 40 

44 S 56 

$00 65 

5 

i6i 98 

199 6q 

341 14 

286 62 

■336 VSO 

389 3* 

4 -+ 6 SS 

507 70 

‘ 6 

162 58 

200 26 

241,87 

387.41 

336 86 

390 3^ 

4475+ 

508 76 

I 7 

16^ 17 

200 92 

242 60 

28L20 

■337 72 

391 16 

448 53 

509 81 


163 77 

201 59 

*43 33 

389 00 

338 58 

39 * 09 

4+9 S‘ 

510 86 

9 

16437 

202 25 

344.06 

-*^ 9-79 

339 44 

3930* 

45050 

51 1 92 

10 

16497 

202 92 

*44 79 

390 58 

340 3 ^ 

393 94 

451 50 

512 98 

11 

16557 

20a ‘iS 

*45 5 * 

iiQi 3 ^ 

341 16 

394.86 

45249 

51403 

\ 12 

166 17 

204 25 

346 25 

392 1 8 

342 02 

395 79 

45348 

515 09 

13 

166 77 

204 92 

346 98 

392 98 

■342 88 

396 p 

45448 

516 15 

14 

16737 

20559 

347-73 

393 78 

343 75 

397 65 

455 47 

517 21 

15 

162^97 

206 2<5 

348 +5 

39458 

344 6* 

398 58 

45647 

518 27 

16 

168 58 

206 93 

34919 

395 38 

845 49 

399 5 * 

457 47 

S19 34 

17 

169 19 

207 60 

24993 

296 18 

346 36 

400 45 

45847 

520 40 

18 

169 80 

208 27 

250 67 

396 99 

347 *3 

401 38 

459 47 

5 ** 47 

19 

17041 

208 94 

25L.41 

*97 79 

348 10 

402 32 

46047 

5 ** S 3 

\ 20 

17 1 02 

209 62 

252 IS 

298 60 

348 97 

403 26 

461 47 

5*3 

! 

171 6^ 

210 30 

2^2 89 

299 40 

349 M 

404 20 

462 48 

52467 

i 22 

17224. 

210 98 

35363 

300 21 

3507* 

40c lA 

463 48 


23 

Z7285 

21 1 66 

*54 37 

301 02 

351 s» 

406 08 

464 48 

520 81 

\ 24 

J7347 

212 34 

255.12 

301 83 

35146 

407 02 

*65 49 

537 89 

1 25 

17408 

213 02 

35587 

302 64 

353 34 

407 96 

466 50 

538 96 

\ 2G 

174 70 

213 70 

256 62 

303 46 

354 22 

408 90 


53003 

i 27 

^75 3 ^ 

214 38 

25737 

30427 

355 10 

409 84 

468 52 

531 

28 

’75 94 

215 07 

258 12 

305 09 

35598 

41079 

469 53 

53218 

29 

J76J2 

31 5 75 

258.87 

305 90 

356 86 

41* 73 

470.54 

53326 

1 30 

177 j 3 

2i6u44 

259 62 

306 72 

357 74 

412 68 

+71 55 

53433 

31 

177 80 

217 12 

26037 

307 54I 

358 62 

4*3 63 

47 » 57I 


; 32 

378 45 

217 81 

261 12 

308 36 

359 5 * 

4*4 59 

+73 5 ® 

53650 

i 33 

179 05 

218 50 

261 88 

309 1,8 

360 39 

4*5 54 

474 60 

53758 

34 

179 63 

219 19 

263 64 

310 00 

361 28 

41649 

475 62, 

53867 

35 

180 30 

219.8S 

263 39 

310 82 

362 17 

4*7 44 

476 64 

539 75 

36 

180 93 

320 58 

264 15 

31 1 65 

363 07 

418 40 

477 65 

54083 

37 

181 |6 

22L.37 

264 91 

312 47 

363 go 

4*9 35 

478 67 

541 91 

38 

182 19 

221 97 

265 68 

31330 

364 =5 

420 31 

+7970 

543 

39 

182 82 

322 66 

266 44 

314 12 

365 75 

42Z 27 

480 72 

54409 

49 

183 46 

2^3 36 

267 2 C 

• 3*4 95 

366 64 

422 23 

481 74 


41 

184 09 

324 06 

267 96 

1 31578 

367 S 3 

4*3 ’9 

48a 77 

546 27 

42 

184 72 

324 76 

1 268 73 

, 31661 

368 42 

42415 

483 79 

547 36 

43 

1S5-35 

325-46 

1 269 49 

1 3*7 44 

369 31 

4*5 ** 

484 82 

54-8 45 

44 

185.99 

1 226 16 

I5 27OJ6 

i 31 8 27 

370 3 C 

42607 

r 485 85 

54-9 55 

45 

186 

; 226 86 

i 371 02 

i 3191a 

» 371 II 

4*7 0^ 

[. 4^^ 

550 64 

46 

47 

187.27 
187 Qi 

r 227 57 
228-25 

' 271 7c 

r 372 

/ 3*9 94 

j 320 78 

372 01 
; 372 Qs 

428 01 
428 9^ 

[ 487 91 

r 4^89^ 

55 * 73 
^ 55 * 83 

48 

188 

; 228 

1 ^73 3^ 

\. 3*1 62 

^ 373 

429 9 : 

J 489 9^ 

^ 553 93 

49 

1 189 lig 

) 229 64 

!i ^ 741 : 

[ 322 45 

; 374 7a 

430 9£ 

> 491 01 

[ 555 03 

50 

51 

; 189.8 j 

1 1904-3 

1 »So 3 ^ 
r 231 ic 

» 374 8i 

1 375 

? 3*3 *9 

5 3*4 *3 

} 375 6a 

\ 376 5 = 

t 431 8: 

i 432.8^ 

r 492 0; 

*. 4930! 

5 556 *3 

S 557 *4 

52 

1 ^9^ 

l 231 8i 

t 376 4' 

1 3*4 9 > 

7 377 4 : 

5 433 8: 

t 494 *' 

t 558 34 

53 

i ^9^ 7 < 

) 232 

l 377 2< 

D 325 h 

[ 378 3. 

1 - 434 7 < 


5 559 44 

54 

; 19244 

l 233 24 

1- *77 9 - 

8 320 6< 

3 379 2( 

S 435 7 < 

5 496 n 

9 55 

55 

5G 

57 

193 oi 

. 1937: 

' i 94 - 3 < 

S 293 9^ 
[ 2346: 

5 235 9: 

5 278 p 

7 379 5: 

S 2803 

5 3*7 5 « 

S 3 *^ 3 ! 

3 3*9 

3 380 i: 

S 381 oJ 

? 381 9 ' 

7 436 7 

8 437 7 

9 438 6< 

3 497 *: 

I 498 3. 

9 499 3 ' 

i ii;;i 

• s|i!l 

58 

195 0 

I 236 li 

0 281 l; 

2 330 0^ 

^ 382 Q« 

3 439 6 

7 500 3 ' 

7 SH 98 

59 

19561 

5 236 8 

2 281 9 

0 330 

9 383 8: 

2 440 6 

5 50* 4 

I 560 08 


<583 















Table Y, Reductioa to tie Meridian. 




















Table VI. Logarithms of m aad n. 


























Table VI. Logarithms of m and n 







Table YI. Logaritbms of m and n. 


2 sin® i t 

' sinr~ 


270109 275371 

70200 75458 


71900 77059 

71989 77143 

7*077 772*5 

7*165 77309 

7**54 7739 * 

7*34* 77476 

7*430 .77559 

72518 77042 

72606 .77724 

7*694 77807 

7*781 77890 

7*869 7797* 

7*957 78056 

73044 78138 

73132 78220 

73219 78302 

73306 78385 

73393 78467 

73480 78549 

73567 78631 

73654 78713 

73741 7879s 

738*7 78877 

73914 78958 

74001 79040 

74087 79I2I 

►74173 79®-23 

.74^5? 79 ^f 4 

-74346 79366 

.74432- 79447 

.74518 79528 

.74604 79609 

74690 79690 

74775 -79771 

74861 -79852 

-74947 79933 

75032 -800T4 

75118 .800^4 

75203 .80175 

75288 -80255 

2.75373 280336 


2 80336 

2 85029 

80416 

85105 

80496 

85181 

80576 

85*57 

80656 

*5333 

80736 

85409 

80816 

85485 

80896 

85561 

80976 

85636 

81056 

85712 

81135 

55757 

81215 

85863 

81*95 

85938 

8137s 

86014 

81454 

86089 

81533 

86164 

8i6i* 

86239 

81691 

86314 

81 770 

86389 

81849 

86464 

81928 

86539 

82007 

86614 

82086 

86689 

82165 

86763 

82244 

86^8 

82322 

86912 

82401 

S6987 

82479 

87061 

8255I 

87136 

.82636 

87210 


84648 

84^4 

84801 

-84877 

.84953 

2 85029 


293717 

93786 

93^55 

93923 

93992 

94061 

94129 

94198 

94266 

94335 


96005 
.961 62 
.96229 
96296 
.96362 

96429 

96496 

96563 

*96630 

96696 

96763 

96S29 

96896 

96962 

97028 


2 89481 


^97755 3 
97820 
97886 
97952 
98017 

98083 

98148 

98214 

98*79 

98344 

98410 

98475 

98540 

98605 

98670 

9 ?Z 35 

98800 

98865 

98930 

9S995 

99060 

99125 

99189 

99*54 

99319 

99383 

99448 

9951 * 

99576 

99641 

99705 

99769 

99834 

99898 

99962 

3 00026 
00090 
00154 
00218 
00282 


00664 

00728 

00791 

00855 

00918 

00981 

01045 

01108 

01171 

01234 

.01298 

01301 

01424 

01487 

01550 

3 01613 


3 01613 
01675 
01738 
01 801 
01864 

01926 

01989 

02052 

02114 

02177 


3 05306 


Table TI. logarithms of vi and n. 





























TaUe YII. Liinits of Oircum-meridian Altitudes. 

A. Limirnc hmr awjh at whioli tJie srcond reduction amounts to or>^ second 




lat 


Declmatioa saino sign as latitude 




Declination different sign from latitude 


0 

10 

20 

30 

40 

50 

60 

TO 


80 ° 


iti 


0° 

60 ° 

50 ° 

40 ° 

30 ° 

20° 

10° 

0° 

771 

w. 

m 

7 H 

771 

771 

7)1 

m 

39 

27 

21 

16 

12 

8 

5 

0 

33 

24 

17 

*3 

9 

5 

0 


29 

20 

14 

10 

5 

0 

5 


26 

17 

11 

6 

0 

5 

9 

12 

22 

*3 

7 

0 

6 

xo 

13 

16 

18 

9 

0 

7 

II 

14 

17 

21 

12 

c 

9 

*3 

17 

20 

24 

27 

0 

12 

xi 

22 

26 

29 

33 

39 


20 ° 


8 

iz 

I 

1 

23 

29 

401 


30 ° 


12 

X 

I 

Z 2 

z 8 

37 


40 ° 


50 ° 

60 ° 

70 ° 

80 ° j 

771 

m 

m 

m. 1 

21 

27 


67 1 

24 

32 

48 


29 

40 



37 



1 


1 


B. Lm,‘di>g hour angle at lehidi the third reduction amounts to one second 


lat 


Declln-ition same sign as latitude 


Declination different sign from latitude 


0 

10 

20 

30 

40 

50 

00 

TO 


70 ° 


13 

12 

118 

107 

67' 

4-5 


60 ° 


82 

64 

54 - 

42 

27 

o 


Wl 

67 

59 

51 

42 

3^ 

19 

o 

27 


50 ° 40 ° 


51 

43 

II 

16 

o 

19 

42' 


0° 

30 ° 

20° 

10° 

0° 

nt 

m 

771 


m 

40 

29 

20 

II 

0 

3 ^ 

2 X 


0 

11 

23I 

12 

0 

II 

20 

*4 

0 

12 

21 

29 

0 

14 

23 

32 

40 

16 

26 

35 

43 

5 " 

3 ^ 


51 


67 

54 

64 

73 

82 

90 


10 ° 


30 ° 40 ° 


II 

20 

28 

37 

47 

59 

96 


20 

28 

II 

82 


29 

4^6 

^4 

75 


4 ' 

73 


50 ° 


51 

75 


60 ° 


67 

ll 


70 ° 


80 ° 


*35 


The following approximate rules are sufiS-Ciontly exact foi piactical 

hiait at wMch the second Toduction amounts to 0" 1 is i the hour 

' ’""The'hmt at Ih!c^the second reduction amounts to 0" 01 is i the hour 

an^c The limit at Tvliich the third reduction amounts to 0" 1 is f the hour 

*'''lhe°limlf ^t^whi *’the third reduction amounts to 0" 01 is } the hour 
of Table 'V^II 




TiSLE Tin. 


F^or 1 educing transi.fs over several threads io a common instant. 
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table vm. 

Ihr redwittg ircaitUt over several threads to a common, inttanf 










TABLE IX, Prolability of Errors. 

(Method of Least Squares ) 





0 ooooo 
01128 ; 
02256 

03384 

045 1 1 

o 05637 . 
06762 ■ 
07886 ! 
09008 
XOI28 

o 11246 
12362 
13476 
14587 

15695 




°'^“7°io8a 
®33S» ,078 

*^57° ,063 

°3§3“i' 
Hits -46I 
;:i5 

^ 1022 
349'! lois 

3«93« looa 

“37938 gg, 

38933 ;i| 

399^1 'so 
973 

4>874 ll ] 

04*839 3 

43797 
4+7+7 'X 

9I4 

466*3 lit 

047548 Q.O 
48466 9" 8 
90Q 

49375 'oS 
S°*75 Ig, 
S"67 glj 
o 51050 


°S=*®S° 874 

5*9*+ ill 
856 

546+6 36 

55+9+ 8^8 

^5633* 830 
57'6* 8lo 
5798* 810 
5879* 80a 
5959+ ggj 

° SI? 

‘■’f IS 

s \i 

0 64*03 

64938 
65663 IH 

66378 ’ i 
67084 

0 67780 
««467 

*9*43 tl . 
69810 667 

7=468 g 
071116 
7*754 {ig 
7"5«* ^9 

73 f* 600 

73610 

0 74210 
74800 590 
75381 
7595* 

^ 553 

077067 
77610 

781+4 

78669 5*5 
79184 ^07 

o 79691 
80188 497 
80S77 

***56 til 

= ^°®9 453 

8*54* 
8*987 
|34*3 tjg 
*3*51 ^,9 


e(j!) DiflF 


o 84270 
84681 
85084 
85478 
85865 

o 86244 
86614 
86977 

87333 

87680 
o 88021 

88353 

88679 

88997 


*^353 III 

89308 3* 



o 89612 
89910 
90200 
90484 
90761 

o 91031 
91296 

91553 

91805 

92051 

o 92290 
92524 
92751 

92973 

93190 

o 93401 
93606 
93807 
94002 
94I9I 

o 94376 

94556 


o 95229 


3»5 

538 

686 


0 98038 
98110 
98x81 
982+9 

98315 

0 98379 
984+1 
98500 
98558 
98613 

o 98667 
98719 
98769 
98817 
98864 

o 98909 
9895a 
98994 
9903 s 
99074 

O 99IXI 

99147 

99182 

99216 

99248 

O 99279 
99309 
99338 
90366 

99393 

o 994x8 

99443 

99466 

99489 

99511 


Yol n-48 
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TABLE IX.A. PrdbabiEty of Errors, 

(Metkod of !Lea&t Squares ) 















TABLE IX.A. Proljability of Errors 

(Method of Least Squares ) 









Oii^Cd 



596 













TABLE X. Peirce’s Criterion. 

Values op roa /z = 2 



597 






table X. A. Peiice’s Criterion. 


3 9 3979 . 

a 91707 9 5^53 , 

4 9 0231 9 3979 9 0744 

6 89134 92693 951^9 

6 88259 91707 9 3979 

7 8 7532 9 0906 9 3080 

8 86910 90231 92338 

9 86365 ^648 91707 

10 85882 89134 91157 

11 85447 88675 90669 

12 85051 88259 90J31 

13 84689 87881 89834 

14 84355 87532 89470 

15 84044 87210 89134 

16 8 3754 8 6910 8 8822 

17 83483 86629 88532 

Ig 8 3227 8 6365 8 8259I 

19 82986 86117 88003 

20 8 2757 8 5882 8 7761 

21 82540 85659 87532 

22 82333 85447 I7315 

23 82136 85245 87107 

24 8 1947 8 5051 8 6910 

25 8 1766 8 4867 8 6721 

26 81592 84689 86539 

27 814^5 84519 15365 

28 81264 84354 86198 

29 81109 84197 86037 

30 8 0959 8 4044 8 5882 


80155 

8 0034 

79917 

79803 

79691 

79583 

7 9+77 
7 9373 
79272 

7 9^74 


95853 9 76p 

94810 96362 

9 3979 9 5403 

9 3287 9 4630 

9 2-693 9 3979 

92172 93417 

9 1707 9 2921 

9 1288 9 2477 

9 0906 9 2074 

90555 91707 

9 0231 9 1368 

8 9930 9 1055 

8 9648 9 0762 

8 9383 9 0489 

89134 90131 


9 8130 

9 7042 9 8296 

9 6210 9 7253 

9 55^7 9 6501 

9 4943 95853 

9 4433 9 5598 

93979 94810 

93570 9 4374 


8 2647 
8 2540 
81435 
8^333 
8 2233 

8 2136 
8 2040 

8 1947 

iM 


8 9726 
89571 
8 9420 
8 9275 
8.9134 

8 8998 
8 8865 

8 8737 

8 8613 
8 8492 

8 8374 


91907 
9 1707 
91516 
91332 
9“57 
9 0988 
9 0826 , 
9 0669 I 
9 0518 
90372 


8 9834 
8 9709 

8 9588 
8 9470 

* 9355 
8 9143 
89134 

8 9028 
8 8924 I 
8 8822 , 
8 8723 
8 8626 ' 


j 8624 

7853? 

78456 

78374 

78293 
7 8214 

78137 

7 8060 
77986 
77912 
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TAJLE X, A. Teiice’s Criterioiu 

liOg r. 


m 


1 

2 

3 

4 



7 

8 

9 

61 

ez 

63 

64 

65 

66 

67 

68 
i 69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

1 79 

80 

81 
82 
83 
! 84 

85 

86 

87 

88 
99 
90 

7 7840 

7 776* 

7 769* 

7 7619 
7 756® 

7 749 S 
7 74®9 
77364 
7 7300 

77237 

77175 

7 7114 

77054 

76994 
7 6936 

7 6878 
7 6820 
76764 
7 6708 
76653 

76590 
76546 
76493 
y 6440 
76389 

la? 
7 Si; 

7 613s 

18^9886 

8 0S14 
80744 
8 0674 
8 0606 

8 0538 
8*0472 
8 0407 
8 0342 
8 0279 

8 0217 
80155 
8 0094 
8 0034 
7 9975 
79017 

7 9»59 
79803 

7 9747 
79691 

796^7 

79523 

79529 

• 7 9477 

1 7 9425 

' 7 9373 

r 7 9322 
r 7 9272 
r 7 9223 

) 7917^ 

8*2684 

8.2611 

8*2540 

8-2470 

8-2401 

8 2200 
8 2136 
8 2072 

8 2009 

i\m 

8 1825 
8 1766 

8 1707 
8 1649 
81592 

mis 

8 1425 
81371 
81317 
8 1264 
8 1212 

; 8 1160 

[g 8 1x09 
k 8 X058 
; 8 X008 

J 8 0959 

83897 
8 3825 

iiii* 

S 3617 

5 3549 

S 341a 
S 3353 
8 3-290 
8 3227 
83166 
8 3106 
8 3045 

8 2986 
8 2928 
8 2870 
8 2813 
82757 

8 2702 
8 2647 
82593 
8 2540 
8 2487 

’ 1 

1 82384 

; 82323 

; 8 2283 

> 8 2233 

*4977 
840031 
8 4530 

1 ® 

8 4620 

iSfi 

8 4420 
* 4355 
8 4291 
8 4228 
8 4166 
8 4105 
8 4044 

8 3985 
8 3926 
83868 
8 3811 
*3754 
83699 
836^ 
* 35*5 

83556 
8 3483 

8 3431 

• 5 3379 

f 8 332P 

1 1 3 ®?; 

' S 3227 

8 5806 

* 573^ 

i 5659 

85587 

8 5516 

8.5447 
8 5378 

* 53 ” 
8 5245 
8 5179 

8 5115 
8 5051 
84989 

Itl6? 

8 4807 

I® 

8 4632 

*4575 

84519 
84463 
8 4409 

*4355 
8 4301 

8 4249 
1 84197 

' 84145 

8 4094 
r 8 4044 

8 6514 

igii 

8 6293 
8 62^2 

8 6152 
8 6082 
8 601 < 

lilt! 

8 5817 

* 5753 
8 5090 
8 5628 
8.5562 

8 5506 

8 5330 
8 5273 

8 5216 
8 5161 
8 5106 

1 

8 4998 

84045 

8 4892 
84841 
. 8 4790 

■ 8 4739 

87133 

im 

8 6910 
8.6838 

8 6767 
8 6697 
8 6629 
8 6562 
86495 

8 6430 
8 6365 
8 6302 
8 6239 
8 6178 

8 6117 
8 6057 

* 599* 

liiii 

8 5825 
8 5769 

85714 

* 5*59 
8 5605 

85552 
8 5499 

* 5447 

■ 8 5395 

• 8 5345 

8 7684 

8 7607 
? 753 '? 

lilii 

* 7335 

8 7244 

8 717s 

8 7107 

8 7040 

8 6975 

8 6910 

8 6846 

8 6783 

8 6721 

8 6659 

8 6599 

8 6519 

8 6481 

8 6423 

8 6365 

8 6309 

8 6253 

8 6198 

8 6144 

8 6090 

1 8 6037 

8 5985 

1 iiii 


Xog jS. 


X 

0 

1 

2 

3 

4 

5 

0 

T 

8 

9 

1.0 

1.1 

1.3 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

, 1.0 

1 3.0 

3.1 
3.3 
, 3.3 

1 3.4 

1 3.5 

: 3.7 

! 2.7 

1 3.8 

3.9 

3.0 

9 5015 
94791 
94575 
943*7 

941*7 

9 3604 
9 34®9 
9 3*59 

9 3095 
92915 
9 2780 
9 2630 
9 H83 

9 ^341 
9 2203 
9 2068 
9 1937 
9 1810 

9 1686 

9 49 ?^ 
94769 

9 4554 
9 4347 
94147 

9 3954 
93767 

93587 

9 34 ii 
93242 

93078 
92919 
92765 
9 2615 
9 2469 

92327 
9 2189 
92055 
9 1924 
91797 

94969 
9 4747 
9 4533 
94327 
94127 

9 3935 
9 3749 
9 3569 
9 3395 
9 3226 

9 3062 
9 2904 
92750 
9 2600 
9 ^455 

9 ^313 
9 2176 
9 2042 
. 9 1912 
9178s 

94947 

9 47®5 
94512 

9 43 °* 
9 4108 

9391* 
9 3731 
93551 
93377 

9 3109 

9 2888 
9^734 

9^585 

9 2440 

9 2299 
9 2162 
9 2029 

9 ®*99 
91773 

94924 

94704 

94491 

9 4286 
9 4088 

93897 

93712 

9 3534 
9 3360 

93193 

9 3030 
9 2872 
92719 
92571 
9 2426 

9 2285 
9 ^14? 
9 2016 
9 1886 
9 176c 

9 4902 
9 4082 
94470 
9 4266 
9 4069 
9 3872 
9 3694 
9 3516 
9 3343 
9 3176 

9 3014 
92857 
92704 

92^550 

9 2412 

9 2272 

92-135 

9 2002 
91872 
1 91748 

9 4880 
9 4661 
94450 
9 4246 
94050 

9 3860 
9 3676 
•93+98 
93326 
9 3160 

9 ^^998 
9 2841 
9 2689 
92541 
92398 

9 2258 
9 2122 
9 1989 
9 i860 
9 1735 

94857 
9 4*39 
9 44®? 

9 4226 
9 403<3 

9 3*41 

9 3 * 5 * 
9 34*1 
9 3310 
9 3143 

92082 
9 2826 
9 2674 
9 2-52-7 
92383 

9 2244 
9 2108 
91976 
9 1848 
91723 

94*35 
9 4618 
9 4408 
9 4206 
9 4011 

9 3*®3 
9 304*5 
93464 
93293 
93127 

9 2966 
9 2811 
52*59 
92512 
9 2369 

9 2230 
92095 
9 

9 1835 
9 

94*13 

94597 

9 4388 
94186 
93992 

93804 

9 3622 
93446 
93276 

9 3111 
92951 

9 ^795 

9 2644 

9 2498 

9 ^355 

9 2217 

9 2082 

9 1950 

9 

9 1698 


m 
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TABLES 


FOK OOKEEOTmO 


LUNAR DISTANCES. 




TABLE XI. 


TAiLi xn. 


table XUl. 


























TAILE XIV. Mean Eeduced Eefr action for Lnnars. 

Barometer 30 inches Fahrenheit’s Thermometer 60® 


Altitiido Eefraction for 1 ' 


0 9 5^2 

5 9 40? 

IQ 9 33 6 

15 9 31 I 

20 9 23 7 

25 9 16 5 


35 9 27 

40 8 56 o 

45 8 49 5 

50 8 43 I 

55 8 30 9 

6 0 8 30 8 

5 8 24 9 

10 8 19 I 

15 8134 

20 8 78 

25 8 23 

6 30 7 57 o 

35 7 51 8 

40 7 46 7 

45 7+17 

50 y 36 8 
55 7 31 9 


Apparent 

K educed 

Altitude 

Eefraction 


10 

7 

18 I 

09 

15 

7 

13 6 

09 

20 

7 

92 


25 

7 

49 

0 8 

7 30 

7 

07 

08 

35 

6 

56 6 

0 8 

40 

6 

52 6 

0 8 

45 

6 

486 

0 8 

50 

6 

447 

0 8 

55 

6 

409 

07 

8 0 

6 

372 

07 

5 

6 

33 5 

07 

10 

6 

299 

07 

15 

6 

26 3 

07 

20 

6 

22 8 

07 

25 

6 

194 

07 

8 30 

6 

16 0 

07 

35 

6 

12 7 

0 6 

40 

6 

9 5 

0 6 

45 

6 

63 

0 6 

50 

6 

3 ^ 

0 6 

55 

6 

0 0 

0 6 

9 0 

5 

570 

0 6 

5 

5 

540 

0 6 


10 5 51 I 
15 S 48 z 
20 S 45 3 
25 5 42 5 

9 30 5 397 

35 5 37 o 

40 s 344 
45 S 31 8 
50 5 2.9 2 

65 5 26 6 

10 0 5 24 1 



604 
















TABLE XDT. A. 


Correction of the Mean Befraction for the Height of the Barometer 
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TABLE XIV. B. 

Correction of the Mean Eefraction for the Height of the Thermometer 




















TABLE m B, 

Correction of the Mean Refraction for the Heigit of the Tiermoineter 











































TABLE XV ■ Log Ai 

For correcting Lunar Distances 






TABLE XV. Log A. 

For correctmg Lunar l;iatanc€S 







TABLE jLHt Log Ai 

Tor correcting liimar Diatanees 






TABLE XV. Log A. 

For correcting Lunar Distances 


REDUCED PARALLAX AND REFRACTION OP ]) 


51 ' 52 ' 53 ' 


0113 0115 01*7 0119 
oiii 0113 0116 one 
oiio 0112 0114 0116 
0109 OIII 0113 0115 
0107 0110 0112 0114 
0106 0108 0X10 0X12 

0109 OIII 
0105 OIIO 

0107 0109 
0105 0107 
0104 0100 
0103 0105 

0098 0100 I 0102 0104 
0097 009910101 0103 
. OOq6 00081 0100 0102 


0092 0094 
009 1 009 3 
0090 0092 


0088 OOQO 

0088 0059 

0087 0088 
0086 0087 
0085 0087 
0084 0086 
0083 0085 
0082 0084 


0090 0092 
0059 009 1 1 
0088 0090 


0082 0083 
0081 0082 
0080 0082 
0079 008 1 


0078 0079 

0077 0079 
0076 0078 
0076 0077 
0075 0076 
0074 0076 
0074 0075 

0073 0074 
0072 0074 
0072 0073 
0071 0072 
0070 0072 
0070 0071 

0069 0070 
0068 0070 
oo6g 0069 
0067 oo6q 
0067 0068 
0066 0067 



56 ' 5 r 58 ' 


0130 0133 
0129 0131 
0127 0129 

0126 0 X 25 

0124 0126 
0123 0125 


0105 0109 I 

0107 oio8 
0105 0107 0109 
0x04 oioojoioS 
0103 0105 0107 
0102 0X04 0106 
0101 0103 0105 

0100 OXO2I 0104 

0090 oioi| 0103 
0098 OlOOj 0102 
0097 0099 0101 
009b 0098 0100 
0095 0097 0099 

0094 0096 0098 
0093 0095 0097 
0093 0094 0096 
0092 0093 C095 

0091 0092 0094 
0090 0091 0093 

0089 0091 0092 
0085 C090 0091 




0087 0088 0090 
0086 0087 0089 
0085 0086 0088 

0084 0086 0087 
0083 0085 0086 
0083 0084 0086 
0082 0083 0085 
0081 0083' 0084 
0081 0082 0083 

0080 0081 0082 
0079 0080 0082 

0075 0080 0081 


0077 1 0078 0080 
0076 0078 0079 

0076 0077 0078 
0075 0076 0078 
0074 0076 0077 
0074 0075 0076 
0073 0074 0076 
0072 0074 0075 

0072 0073 0074 


611 













TABLE XV. Log A. 

For correcting Lunar Distances 


50 ' 5 


0057 
0056 

- 0055 

,28 0 0055 
20 0054 
I 40 0053 


0065 0066 
0064 0065 
0062 0064 
0061 0063 
0060 0062 
0059 0061 

0058 0060 
OQ57 0050 
0057 0058 
0056 0057 
0055 0056 
0054 0055 


0067 0068 0069 
0066 0067 0068 
0065 

0064 0065 0060 
0063 0064 0065 
0062 0063 0064 

006 1 0062 0063 
0060 0061 0062 
0059 0060 0061 
0058 0059 0060 
0057 0058 0059 
0050 0057 0058 


'29 0 0052 0053 0054 0055 0056 0057 
20 0051 0052 0053 °°S5 0056 

40 0050 0051 0052 0053 0054 0055 

30 0 0050 0051 0051 0052 0053 0054 

20 0049 0050 0051 0052 0052 0053 

I 40 0048 0049 0050 0051 0052 0053 


0047 0048 0040 
20 0047 0047 0048 
40 0046 0047 0048 

32 0 0045 0046 0047 
20 00^ 0045 0046 
40 0044 0045 0045 

33 0 0043 0044 0045 
20 0042 0043 0044 
40 0042 D043 0043 

34 0 D041 0042 0043 
20 0040 0041 0042 
40 0040 0041 0041 


0050 0051 0052 
0049 CX550 0051 




Q048 0045 0049 
0047 0048 0049 

0040 0047 0048 

0045 0046 0047 
cu 0042 0043 0044 0045 0046 0046 
40 0042 D043 0043 °°44 

0 D041 0042 0043 °°43 0044 ®045 

20 0040 0041 0042 0043 °°43 0044 

40 0040 0041 0041 0042 0043 0044 

0 0039 0040 0041 0041 0042 0043 

0041 0042 0042 

0040 0041 0042 

0040 0040 0041 

0039 0040 0040 

0038 0039 0040 


0037 0038 0039 
0037 0037 0038 
0030 0037 0037 
0036 0036 0037 
0035 0036 0x336 

0034 0035 0036 

^34,0035 0035 

0032 0033 0033 0034 0035 
0032 0032 0033 0033 0034 
0031 0032 0032 0033 0034 
0031 0031 0032 0032 0033 

0030 0031 0031 ®° 3 ^ ^33 

0030 0030 0031 0031 0032 
0029 0030 0030 0031 0032 
0029! 0029 0030 0031 0031 
0030 0030 0031 
0029 0030 0030 


0055 

0054I 0055 
0054 0054 
0053 0054 
0052 005 
0051 005; 


m 







TASUB XV I Iio^ Ai 

For correcting Lunar Distances 


REDUCED PARALLAX AND REFRACTION OP J> 


51 ' 52 ' 


0025 

3026 0026 1 

0025 

3025 0025 1 

0024 

D 024 0025 

0023 

3024 0024 

0023 

D 023 0024 

0 

0 

_s 

002 3 0023 

0022 

0022 0023 

002 X 

0022 0022 

002 X 

0021 0022 

0020 

002 X 002 X 

0020 

0020 0020 

00 X 9 

0020 0020 

001 Q 

00 X 9 0020 

00 X 8 

00 x 9 00 x 9 

00 x 8 

00 x 8 00 x 9 

00 x 8 

00 x 8 00 x 8 

00 x 7 

00 x 7 00 x 8 

0 

0 

M 

00 x 7 0017 

00 x 6 

00 x 6 00 x 7 

00 x 6 

00 x 6 00 x 6 

0015 

00 x 6 00 x 6 

0015 

00 x 5 00 x 5 

00 x 5 

00 x 5 00 x 5 

00 x 4 

00 x 4 00 x 5 

0014 

0014 0014 

00 x 4 

0014 00 x 4 

00 x 3 

0013 00 x 4 

00 x 3 

00 x 3 00 x 3 

0012 

0013 00 x 3 

00X2 

00 x 2 00 x 2 

00X2 

0012 00 X 2 

ooxx 

ooxx ooxx 

ooxx 

ooxx OOXI 

00X0 

0010 00 X 0 

0009 

00 X 0 0010 

0009 

0009 0009 


0027 

0020 

0025 

0027 ( 
0020 < 
0026 1 

0027 

0027 

0026 

0025 

0025 1 

0026 

0024 

0025 

0025 

0024 

0024 

0024 

0023 

0023 

0024 

0022 

0023 

0023 

0022 

0022 

0023 

0021 

0022 

0022 

0021 

0021 

0C22 

0020 

0021 

0021 

0020 

0020 

0020 

0019 

0020 

0020 

0019 

00X9 

0019 




0018 C018 COl 
0017 0018 0018 

0017 0017 0018 
0017 COI7 0017 
0016 0016 0017 
0016 0016 0016 
0015 0016 00x6 
0015 00x5 

0015 0015 00x5 
00x4 C0X4 00x5 
00x4 00x4 0014 
0013' 00x4 00x4 
0013' 00x3 00x3 
0013 00x3 0013 

ooia^ 00x3 0013 
0012I 00x2 00x2 
ooxxl OOXI ooxx 
0010 00X1 OOXI 
ooxol 00X0 00X0 

0009 0009 0009 






0008 0008 0008 
0007 0007 0008 0008 1 0008 0008 
0007 0007 0007 0007 . OC 07 0007 

0007 0007 0007 0007 0007 0007 
0006 0006 0006 0006 0000 0007 
0006 0006 0006 0006 0006 ooc 6 
0005 0005 0006 0006 0006 0006 
0005 0005 0005 0005 0005 0005 

0005 0005 0005 0005 0005 0005 
0004 0005 0005 0005 0005 0005 
0004 0004 0004 0004 0004 0004 
0004 0004 0004 0004 ' 0004 0004 
0004 0004 0004 0004 0004 0004 

0004 0004 0004 0004 0004 0004 
0003 0003 0003 0003 0003 0003 
0003 0003 0003 0003 0003 0003 
0003 0003 0003 0003 0003 0003 
0003 0003 0003 0003 0003 0003 

0003 0003 0003 0003 0003 0003 
0003 0003 0003 0003 0003 0003 
0003 0003 0003 0003 0003 0003 
0003 0003 COO3 0003 0003 0003 
0003 OOC.3 0003 0003 0003 0003 

0003 0003 COO3 00031 COO3 0003 







TABLE XV. LogB. 

For Correcting Lunar Distances 



REDUCED REFRACTION AND PARALLAX OF O OR * 


0' 0" 0' 30' r 0"' 1' 80" 2' 0" 2' 80" j 3' 0" 8' 80" 4' 0" 4' 80 ' 6' 0" 6' 30" 


9 9995 9 9994 9 999^ 9 999 ^ 
9 9995 9 9994 9 9993 9 999=- 
9 9997 9 9996 9 9995 9 9994 9 9993 

9 9997 9 9996 9 9995 9 9994 9 9993 

9 9990 9 999^ 9 9997 9 999® 9 9995 9 9995 

o 0000 9 9999 9 9998 9 9998 9 9997 9 9990 9 999® 

o 0000 o 0000 9 9999 9 9999 9 9998 9 9998 

o 0001 o 0001 o 0000 o 0000 o 0000 

o 0001 o 000s o 0001 o 0001 o 0001 


O 0001 o 0002 O 0002 O 0002 




REDUCED REFRACTION AND PAR VLLAXOFOOR* 

o * O' 0" I 0' SO' I 1' 0" I 1' 30" 2' 0" 2' 80' 3' 0" 3' 30" 4' 0" 4' 80" 6' 0" 5' 80'^ 


. 9 9984 

9 99SS 9 99^° 


9 9990 9 9989 9 9987 
9 9991 9 9990 9 9988 


99998 
9 9999 

. 00000 99999 

o 0000 9 9999 
0 0000 o 0000 o 0000 
o 0000 o 0000 o 0000 


9 9993 9 999^ 9 999^ 9 99*9 
9 9994 9 9993 9 999^ 9 999° 
9 9994 9 9993 9 999^ 9 999 ^ 
9 9995 9 9994 9 9993 9 9992- 
9 9995 9 9994 9 9993 9 999 2 
9 9995 9 9994 9 9994 9 9993 


9 99*0 9 
9 99*2 9 
9 9984 9 
9 99*6 9 
9 99*7 9 
9 99J8 9 
9 99*9 9 
9 9990 9 
9 9990 ■ 
9 9991 


9974 9 997^^ 
0078 9 9975 


9980 9 997« 
99*2 9 9981 

9984 9 998 a 

9985 9 9984 


9 9996 9 9995 9 9994 9 9993 

9 9997 9 9996 9 999“ - 
99998 99997 . 

9 9999 






TABIEX?, logR 

For Correcting Lunar Distances. 


App Alt 
of 


DEDUCED EEFRACTION AND PARALLAX OF 0 OR = 


O or 

t>" 

«' 30 ' 

ro" 

V 30 " 

0" 

8' 30 " ■ 

9 ' 0" 

9 ' 30 " 

10' 0" 

10' 80 ' 

11' 0" 

11' 80 "! 

O'’ 


* 

9 995 ^ 

9 9947 

9 9944 
99946 

9 9940' 

9 9937 

9 9933 

9 99 ^ 9 ' 

9 9926 

9 9922 

9 9919' 

10 


- 

9 9953 

99949 

99942 

9 9939 

9 9935 

99932 

9 9928 

99925 

9 99^1 

1 20 ! 

• 

- 

9 9954 
99956 

9 995 ' 

9 9948 

9 9944 
99946 

99941 

9 9937 

9 9934 
99936 

99931 

99927 

9 99 ^ 4 ,' 

i 30 


9 9959 

9 995a 

9 9949^ 

9 9943 

9 9939 

9 9933 

99929 


1 40 

99965 

9 9960 

9 9951 

9 9954 

99951 

99948: 

9 9944 
9 9940 

9 994J 

99938 

9 9935 

99932 


1 50 ' 

9 9962 

99953 

9 9955 

9 9952; 

9 9949 

9 9943 

9 9940 ) 

9 9937 



, 6 0 

9 9966 

99963 

9 9960' 

9 9957 

99954 

99-951 

99948 

9 9945 

9 9942 

9 9939 

. 


20 

9 99^8 

99965 

9 9962.’ 

9 9959 

99956 

9 9954 
99956 

99951 

99948 

9 9945 




1 » 

99969 

99967 

99964 
9 gq66 

5)9961 

99959 

9 9953 

99951 

9 99481 

« , 



1 7 0 I 

99971 

<5 9968 

99963 

qgqoi 

99958 

9 9956 

9 9953 

. . I 




20 1 

99972 

99970 

9 9q68 

99965 

99963 

<) oqoo, 

99958 



‘ 

. 


1 40 

9 9974 

99971 

99969 

99967 

99965 

9 9962 




- 



1 8 0 

99975 

9 9973 

99971 

q qq68 

9 9966 

9 9964! 







1 20 

99976 

9 9974 

99972 

99970 

9 9968 



- . 

... 

- - I 



40 

9 9977 

9 9975 

99973 

99971 


■* 

- 





. 


' 9 0 ! 

9 9978 

99976 

9 9974 

99972 

- 




. .. { 


- 


1 20 1 

9 9979 

99977 

9 9975 





. 





1 < 

9 99 'oo 

99978 

99976 

- 


— i 


.... 


.. . 

- 


' 10 0 i 

99981 

9 9979' 

99977' 

* 

.. . 

1 







11 ! 

99983 

99981 

. 1 

, 




- 

... 




12 

9 9985 

« ’ 


. 

! 


.« 





13 

14 

15 i 


L 



-- 

1 

- 1 

*■* 

-- 

... ^ 

■* 

] 


16 

>1 18 

20 

25 

30 

- 



— 

- 

- 

— 


i 

... j 

- 



50 

1 90 



M. . 

. .. 

* — 




«. 

*• 




log 0. 




REDUCED REFRACTION AND PARALLAX OF O OR : 

* 

1 

0 ' 0 " 

0 ' 80 ' 

7 ' 0 " 

7 ' 30 " 

8 ' 0 " 

8 ' 30 " 

9 ' 0 " 

0 ' 30 " 

10 ' 0 " 

10 ' 30 " 

11 ' 0 " 

11 ' 30 " 

50 0' 



9 9949 

9 9946 

99942 

9 9938 

9 9935 

99931 

99927 

9 9924 

9 9920 

99916 

1 20 

. 

« 9956 

9 9953 j 

9 9949 

9 9946 

9 994a 

9 9939 

99936 

99932 

99929 

9 99^5 

9 9922 

1 40 

9 9962 

9 9959 

9 9955 

9 995a, 

9 9949 

9 9946 

9 9943 

9 9939 

9 993 ^, 

9 9933 

9 9930 


1 6 0 

9 9964 

9 9961 

9 99 S 8 | 

9 9955 

9 995a 

9 9949’ 

9 9940 

9 9943 

9 9940; 

9 9937 



1 20 

99966 

9 9963 

q qqOo 

9 995 ? 

9 9955 

9 9952; 

9 9949 

9 9946 

9 9943 




1 

9 9908 

9 9965 

9 9962 

9 9960 

9 9957 

9 9954 

99951 

9 9949 ^ 

9 9946 




' 7 0 ' 

9 99^9 

9 99S7 

9 9964 

9 9962 

9 9959 

9 9956 

9 9954 

99951 





8 

9 9973 

9 9971 

9 9969 

9 9966 

9 9964 

9 9962 

9 9960 







9 9976 

9 9974 

9 9972 

99970 

9 9968 








J 9 

9 9979 

9 9977 

9 9975 ' 


. 

- - ' 








9 9981 

9 9979 




, 







12 

99983 





- 

- 






13 

M 





. 







14 













15 






il 







16 





^ * 








17 


^ 1 

! 


^ ’ 

1 







18 i 


- 

( 



( 




- 



20 • 













25 













30 













1 40 













oO 1 













> ^ 

= 














bU 





T£B1EXT. logD. 

For correcting Lunar Distanoesii 


EEDTJCED PARALLAX AND REERACTION OF > 

4 ^” 48 ' 44 ' 45 ' 46 ' 47 ' 48 ' 49 ' 1 50 51 ' 52 ' 53 ' 54 ' 1 55 ' 






TABLE XY. LogD. 

For correcting Lunar Distances* 


BEDUCED PABALLAX AND BEFRACTION OF 3 ) 


53 ' 54 ' 



0121 022,5 0229 
0218 0222 0227 
0216 0220 0224 
0214 0218 0222 
0211 0215 0219 
0209 0213 0217 

0207 0211 0215 
0205 0209 0213 
0203 0207 0210 
0201 0205 0208 
0199 0202 0206 
0197 0200 0204 

0195 0198 0202 
0193 0197 0200 
0191 0195 0198 

OI69 0193 0196 
0187 0191 0194 
0186 0189 0193 

0184 0187 0191 
0182 0185 0189 
0180 0184 0187 
0179 0182 0185 
0177 0180 0184 
0175 0179 0182 

0174 0177 0180 
0172 0175 0179 
0171 0174 0177 
0169 0172 0175 


0165 0168 017 
0163 oi66|oi6 
0162 0165 1 016 
016. ' ' ' 

0158 0161 

0156 0159 016 
0155 0158 016 

0154 0157 015; 

0152 0155 0151 
0151 0154 015; 
0150 0153 0156 

0149 0151 0154' 
0147 0150 0153 
0146 0149 0152 
0145 0148 0150 
0144 0147 oi4r 
0143 


55 ' 
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AlBerration, of a star m the direction of 
the observer’s motion, found, 1 , 629 , 
annual aberration, of a star in longi- 
tude and latitude, found, 630 , in right 
ascension and declination, 633 , Q-auss’s 
tables, 636, of the sun, 638, diurnal 
abenation in right ascension and de- 
clination, found, 638 , velocity of light, 
640, planetary, 641, constant of, 689, 
effect upon the angular distance of t'wo 
stars, found, II , 466, effect upon the 
position angle of two stars, 467 Aber- 
ration of lenses, spherical and chro- 
matic, II, 18 
Adams, 1 , 655, 584 
Amr, I, 323, II, 302, 881 
Alidade, II , 32 , ellipticity of the pivot, 47 
Almncantars, defined, 1 , 19 
Altazimuth, II , 316 

Altitude, defined, I , 20 , parallels of, I ,19 
Altitude and azimuth as co-ordmates, I , 
18 

Altitude and azimuth instrument, II , 315 , 
azimuths observed with, 319 , zenith | 
distances, 326 , correction for defective 
illumination, 333 
Amici, II , 449 

Amplitude, defined, 1 , 20 , of a star, 
found when the star is in the horizon, 
I 38 

Argelander, 1 , 93, 132, 141, 169, 646, 
705, 706, II, 381 
Axis of the heavens, defined, I , 21 
Azimuth, defined, I, 20, azimuth of a 
star, found from its decimation and 
hour angle, and the latitude of the 
observer, 31, found when the star is 
on the SIX hour circle, 86, when the 
star IS at its greatest elongation, 37, 
from its zenith distance, 39 

B\.ohb, I, 324, 842. 

Baily, 1 , 93, 650 
Begher, II , 104 
Beer, I , 643 
Bertrand, II , 469 

Bbssbe, 1 , 85, 87, 92, 98, 96, 97, 131, 132, 
134, 135, 145, 158, 159, 160, 161, 165, 
167, 168, 171, 395, 406, 439, 448, 466, 

461, 507, 612, 566, 574, 575, 678, 606, 

611, 615, 638, 640, 646, 650, 651, 652, 

656, 662, 666, 668, 693, 694, 697, 698, 

702, II , 35, 60, 59, 61, 143, 144, 171, 
176, 178, 183, 192, 197, 199, 228, 234, 

238, 265, 268, 269, 271, 283, 289, 293, 

294, 295, 296, 301, 302, 304, 307, 309, 

840, 376, 388, 405, 406, 407, 414, 432, 

449, 450, 463, 469, 489, 494 


Biot, 1 , 169 , II , 9. 

Bohnenberoer, II, 68, 469 
Bond, 1 , 324, II , 79, 87, 92, 369, 450 
Bobda, 1 , 898 , II , 125 
Bougher, I, 136, 138, II , 408 
Bowditch, I , 153, 180, 269, 276, 306, 307, 
308, 316, II, 125. 

Bradley, I, 136, 138, 160, 161, 167, 065, 
692, 700, 702, 705, 706, II , 489 
Brtihns, 1 , 136 
Brunnow, II , 437, 440, 445 
Bubckhardt, 1 , 448, 686. 

Busch, 1 , 692, 700, 701. 

Caonoli, 1 , 286. 

Caiixet, 1 , 265, 298 
Celestial latitude and longitude as co-cidi 
nates, 1 , 24 
Celestial sphere, 1 , 17 
Chronograph, electro, 1 , 342 et seq. , II , 
86 

Chronometers, winding, II , 77, trans- 
porting, 78, correction for temperature, 
79 ; comparison of, 79, by coincideni 
beats, 80, probable error of an inter 
polated value of a correction, 83 
Ohronometnc expeditions, 1 , 323 
Circles See graduated circles, mendiaa 
circles, &c 

Circummeridian altitudes, I , 235 (see 
time), more accurately reduced, 238, 
of the Sun, Gauss’s method, 244, limits 
of the methods, 251 
Clark, II , 450 

Clocks, II , 84, clock correction, I , 193, 
II , 174, rate, I, 193 
CODDINGTON, II , 9 
CoEPiN, 1 , 628, II , 296, 297 
Colures, defined, 1 , 28 
Compass, variation of, 1 , 429 
Connaissanee (La) des Temps, 1 , 68 
Constants, astronomical, determined by 
observation, I., 671; constants of refrac- 
tion, 671, of solar parallax, 673, of 
lunar parallax, 680, of abeiration, 688, 
689, of nutation, 698, of precession, 701 
Co-ordinates, rectangular, I , 43, trans- 
formation of, 48, spherical, 18, trans- 
formation of, 27, differential variations 
of, 50. 

Cusps in a solar eclipse, II , 432 

Damoiseau, 1 , 674 575, 686 
Daussy, II , 126, 127 
Bay, sidereal, I , 52, solar, 53 
Bean, II , 349, 359 

Beclination, circles of, parallels of, de- 
1 fined, I , 21, of a star, found from its 
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altitude and azimuth, and the latitude 
of the observer, 27, found from the 
star’s latitude and longitude, and the 
obliquity of the ecliptic, 42, of the sun 
at the time of his tiansit over a given 
meridian, 71, of the moon or a planet 
at the time of tiansit over a given me- 
ridian, 73, reduction ot, 116, of stars, 
found by transits over the prime ver- 
tical, II , 271 , absolute declination of 
the fixed star^', determined, 1 , 665 
Declination and hour angle as co-ordi- 
nates, 1 , 21 

Declination and right ascension as co- 
ordinates, I , 22 

Delambre, I , 177, 239, 689, 692 
De La\ge, I , 391 

Derivatives of a tabulated function, 1 , 89 
Dip, of the horizon, 1 , 172, 173, of the 
sea at a given distance from the ob- 
server, found, 179 
Dollond, II , 403 
Down, 1 , 126 
Dottwes, 1 , 315, 316 

Earth, figure and dimensions of, 1 , 95 , 
compression of, 96 , eccentricity of the 
meiidian, 96, radius found for a given 
latitude, 99, length of noimal termi- 
natmg m the axis, found for a given 
latitude — distance from the centie to 
the intersection of the noimal with the 
axis — radius of curvature of meridian, 
101 , reduction of observations to the 
centre, 103 

Echpses of Jupiter’s satellites, 1 , 839 
Eclipses, solar ^ piediction foi the earth 
generally, 1 , 436 , fundamental equa- 
tions — investigation of the condition of 
beginning or ending of a solar eclipse 
at a given place on the earth’s surface, 
439 , position ot the axis of the shadow, 
found for any given time, 441 , distance 
of a given place of observation from the 
axis of the shadow at a given time, 
found, 444 , radius of the shadow found, 
448, outline of moon’s shadow upon 
the earth at a given time, found, 456 , 
rising and setting limits, 466, curve of 
maximum in the horizon, 475, northern 
and southern limits, 480, curve of 
central eclipse, 491, duration of total 
or annular eclipse, 493 , place where the 
central eclipse occurs at noon, found, 
494, northern and southern limits of 
total or annular eclipse, 498 , prediction 
for a given place — ^time of a given phase 
computed, 605, instant of maximum 
obscuration, and degree of obscuration, 
found, 608, method of the American 
Ephemeris, 612, correction for refrac- 
tion, 616, reduction to the sea level, 
617 , longitude of a place found from 


the observation of a solar eclipse, 518, 
longitude corrected, 621, observations 
upon the sun’s cusps, II , 432 , lunar, 

I , 642 See Occultations 

Ecliptic, defined, 1 , 22 , obliquity of, de- 
fined, 23, foul d, 669 
Ellis, II , 194, 195 
Emory, 1 , 839 

Encke, 1 , 91, 96, 100, 448, 693, 640, II , 
469, 476 

Ephemeris, American, French, German, I , 
68, Peirce’s method of correcting, 358 
Equation of time, 1 , 64, 71 , of equal al- 
titudes, 200 , personal equation, II , 189 
Equator, celestial, defined, I , 21 
Equatorial telescope, II , 367 , general 
theory of, 370, instrumental declination 
and hour angle of an observed point, 
found, 371, flexure, 378, instrumental 
declination and hour angle, reduced to 
the celestial decimation and hour angle, 
375, adjustment of, 379 
Equinoctial, defined, 1 , 21 , points, d^ 
fined, 23, determined, 606 
Equinoxes, defined, 1 , 23 
Ertel, II , 132, 315, 316, 329 

Ferguson, 1 , 126 

Fixed stars, proper motion of, 1 , 620, 
heliocentric or annual parallax of, de- 
fined, 648, found in longitude and 
latitude, 644, found in right ascension 
and decimation, 645, mean and appa- 
rent places of, 645 
Franklin, Sir John, 1 , 683 
Fraunhofer, II , 367, 368 

Galloway, 1 , 706 
Gambey, II , 125 

Gauss, 1 , 31, 34, 199, 244, 246, 282, 286, 
300, 339, 627, 628, 635, 648, 674, 706, 

II , 23, 66, 148, 4G9 
Gay Lussac, 1 , 143 
Geocentric place, I , 103 
Gerling, 1 , 679, II , 469 
Gilliss, 1 , 362, 680 
Goetze, II , 9 

Gould, I, 342, 344, 346, 850, 680, II. 
804 

Graduated circles, II , 29 , eccentricity of 
37, 39, periodic functions, 42, errors 
of graduation, 61 

Hadley, II , 92 
Halley, II , 131 

Hansen, 1 , 85, 182, 439, 475, 686 , 

II , 69, 144, 171, 174, 218, 216, 219, 220, 
249, 251, 267, 304, 407, 469 
Heliometer, II , 408 , general theory of, 
407 , determination of constants of, 423 
Henderson, 1 , 686, 706 
Herschel, 1 , 693, 694, 703, 705, II , 9, 
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Hipparchus, 1 , 686 

Hoiizon, defined, 1,18, dip of, defined,, 
172, dip found, 173, distance of, at sea, 
found, 178 

Hour angle, defined, I, 21, numerical 
expi ession of, 27 , of a star, found from 
its altitude and azimuth, and the lati- 
tude of the observer, 27, found when 
the star is at its greatest elongation, 37 , 
when the star is on the prime vertical 
of a given place, 37 , when the star is 
in the horizon, 38, from its zenith dis- 
tance, 39, found at a given time, 64- 
Hour circles, defined, 1 , 21 
Hubbard, I , 628, 661 
Huxsse, 1 , 211 

Interpolation, simple, I, 69; by second 
differences, 73, by differences of any 
order, 79 , Bessel’s formula, 85 , into 
the middle, 87, formula arranged ac- 
cording to the powers of the fractional 
part ot the argument, 89 

Jahrbuch, Berliner Astronomisches, I ,68 
Johnson, 1 , 706 

Jupiter’s satellites, eclipses of, 1 , 839 

Kaiser, 1 , 391 
Kane, 1 , 583 
Keith, I , 628 
Kendall, 1 , 352 
Kepler, I , 692, 673 
Kessbl, II , 235, 268 
Knoree, II , 102 
Kramp, 1 , 153, 158 

Lacailie, 1 , 686, 706 
Lagrange, I , 148, 593, 506 
Lalandb, 1 , 93, 428 
Lambert, 1 , 642 

Laplace, 1 , 148, 153, 156, 169, II , 469 
Latitude, celestial — circles of — parallels 
of, I , 24, geographical, 25, of a star, 
found irom its declination and right 
ascension, and the oblKjuity of the 
ecliptic, 39 , reduction of, for the com- 
pression of the earth, 97, distinction 
between geodetic and astronomical, 103, 
astronomical latitude found by meridian 
/ altitudes, or zenith distances, 223 ; by I 
a single altitude at a given time, 229 , 
by reduction to the meridian when the 
time IS given, 233 , by cireummeridian | 
altitudes, 235 , by the pole star, 253 , j 
by two altitudes of the same star, or 
different stars, and the elapsed time 
between the observations, 257 , by two 
albtudes of the sun, 266 , by two equal 
altitudes of the same star, or of the 
sun, 270 , by two altitudes of the same 
or different stars, with the difference of 
their azimuths, 277, by two different 


stars observed at the same altitude 
when the time is given, 277 . by three 
or more different stars observed at the 
same altitude when the time is not 
given, 280, by Cagnoli’s formulae, 280, 
by the transits of stars over vertical 
circles, 293 , by altitudes near the me- 
ridian when the time is not known, 296, 
by the rate of change of altitudes near 
the prime vertical, 303, found at sea, 
by meridian altitudes, 304, by reduc- 
tion to the meridian when the time is 
given — by two altitudes near the me- 
ridian when the time IS not known, 307, 
by three altitudes near the meridian 
when the time is not known, 309, by a 
single altitude at a given time, 310, by 
the change of altitude near the prime 
vertical— by the pole star, 311 , by two 
altitudes with the elapsed time, 313, 
Bouwes’s methodof ‘^double altitudes,” 
315 , determined by a transit mstru- 
nxent in the prime vertical, II , 238, 242, 
252, 264, 260, 265, by Talcott’ a method, 
342 

Least squares, method of; Appendix, II , 
469 

Legendre, II, 469 

Level, II ,70; value of a division found — 
radius of curvature — effects of changes 
of temperature, 75, radius of curva- 
ture of different parts of the tube, 76 , 
level constant, 153 
Lb Yereier, I , 678, 601 
Liagrb, II , 469 
Lieusson, L, 333 , II , 79, 

Light, velocity of, 1 , 640 
Linden AU, 1 , 692 , II , 469 
Littrow, 1 , 300, 302 , II , 9 
Lloyd, II, 9, 

Locke, II , 89 

Longitude, celestial, defined, 1 , 24 , of a 
tar, found from its declination and 
right ascension, and the obliquity of 
the ecliptic, 39, terrestrial longitude, 
found by astronomical obseivations — 
by portable chronometers, 817, by ter- 
restrial signals, 337, by celestial sig- 
nals, 339, by the electric telegraph, 
341, by moon culminations, 350, by 
azimuths of the moon, or transits of the 
moon and a star over the same vertical 
circle, 871 , by altitudes of the moon, 
382, by lunar distances, 393, by an 
eclipse of the sun, 618 , by oceultationa, 
650, terrestrial longitude found at sea, 
by chronometers, 420, by lunar dis- 
tances, 422, by the eclipses of Jupiter’s 
satellites — ^by the moon’s altitude, 423, 
by the occuUations of stars by the 
moon, 424 , by the observed contact of 
the moon’s limb with the limb of a 
planet, 678 
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tunar distance, found at a given tune, I , 
76, longitude found by, 893 
Lundahl, 1 , 693, 701, 706 
Lyman, II , 366 

Madleb, 1 , 370, 542, 643, 606, 703, 706 
Mahlee, II , 867 
Maetins, II , 106, 119, 127, 130 
Mater, I, 642, II, 145 
Measurement of angles, 11 , 29 
Meridian, celestial, defined, I., 19 
Meridian circle, II , 282, reduction to 
the meridian, 289 , observation by re- 
flection, 293 , flexure, 302 , observations 
of the decbnation of the moon, 804, 
declination of a planet, or the sun, 309, 
correction of the observed declination 
of a planet’s or the moon’s hmb for 
spheroidal figure and defective illumi- 
nation, 310 

Meridian line, defined, 1 , 19, direction 
found by the meridian passage of a star, 
by shadows, 429, by single altitudes of 
a star, 430, by equal altitudes of a star, 
431, by the angular distance of the 
sun from any terrestrial object, 432, by 
two measures of the distance of the sun 
from a terrestrial object, 434, by the 
azimuth of a star at a given time, 434, 
by the greatest elongation of a circum- 
polar star, 434. 

Meridian mark, II , 187 
Merz, II , 367 

Micrometer, filar, II , 69, 391 , value of a 
revolution, found, 60, 360, effect of 
temperature upon the value of a revolu- 
tion, 68 , position micrometer, 69 , ring 
micrometer, 436 , other micrometers, 449. 
Micrometric observations — filar microm- 
eter — distance and position angle of 
two stars, found, II , 391 , correction 
of the observed position angle for errors 
of the equatorial instrument, 392; ap- 
parent difference of right ascension and 
declination of two stars, found, 397, 
correction for refraction, 460, oorrec- 
tion for precession, nutation, and aber- 
ration, 465. 

Microscope, rt»ading, II , S3; error of 
runs, 85 

Mitchel, II , 87 
Moon culminations, 1 , 350 
Morse, II , 86, 87 
Mural circle, II , 282 

Nadir, defined, 1,19, point, H , 285. 
Nautical Almanac, British, 1 , 

Newton, II , 92 

Nicolai, 1 , 364, 627, 635 

Nonagesimal, Z , 25 

Nonius, II , 30 

Noon, apparent,, mean, 1 , 53 

Nutation, 1 , 624, in right ascension and 


declination for a given star at a given 
time, found, 625, general tables for, 
explained, 626, constant of, 624, 698; 
effect upon the position angle et two 
stars, found, II , 467. 

Obliquity of the ecliptic See ecliptic 
Occultations, of fixed starsby themoon,! , 
549, longitude found by, 560, 678, pre- 
diction for a given place, 557, limiting 
parallels of latitude found, 661, of 
planets, 565, form of a planet’s disc, 
666, curve of illumination of a planet’s 
surface, found, 669, of Jupiter, 576, 
Saturn, Saturn’s Ring, Mars, Venus, 
and Mercury, 676, Neptune, Uranus, 
683, of fixed stars by a planet, 601, 
of Jupiter’s satellites, 340 
Olbers, 1 , 107, II , 16 
Olupsen, 1 , 686 

OuDEMANS, 1 , 391, 448, 661, 565. 

Pape, 1 , 601 

Parallactic angle, defined, 1 , 30, of a star 
on the prime vertical of a given place, 
found, 37, found from a star’s zenith 
distance, 89 

Parallax, defined, 1 , 104 , found in alti- 
tude or zenith distance, the earth re- 
garded as a sphere, 105, of a star, in 
zenith distance and azimuth, when the 
geocentric zenith distance and azimuth 
are given and the earth is regarded as 
a spheroid, 107 , of a star in zenith dis- 
tance and azimuth, when the apparent 
zenith distance and azimuth are given, 
the earth regarded as a spheroid, 112, 
reduced, reduction of, 113, of the 
planets or the sun, 113 , in zenith dis- 
tance, for the point in which the normal 
meets the earth’s axis, 116, in zenith 
distance for the same point, when the 
apparent zenith distance is given, 118 ; 
of a star in right ascension and declina- 
tion when its geocentric right ascension 
and declination are given, 119, of a 
star m right ascension and declination, 
when its observed right ascension and 
declination are pven, 123 , m latitude 
and longitude, 126 , solar, constant of, 
673, of a planet, or the sun, found by 
meridian observations 674, of the sun, 
found by extra-mendian observations 
of a planet, 677, lunar, constant of, 
680, of a fixed star, found by micro- 
metric measures, 693 
Pearson, II , 9, 460 

Peirce, 1 , 148, 347, 361, 868, 361, 362, 
366, 369, 678, II , 193, 202, 207, 256, 
261, 357, 469, 490 
Periodic functions, II , 42 
Personal equation, II, 189, personal 
scale, 193. 
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Pbtubs, C a F , I., 606, 624, 626, 626, 
627, 660, 651, 662, 662, 666, 698, 698, 
699, 701, II , 69, 818, 819, 497, 
Pbteesbn, 1 , 266, 601 , II , 440 
PiAZzr, 1 , 94, 702 
PiSTOR, n , 106, 119, 127, 180. 

Planets, occultations of, 1 , 665 
Plumb line, abnormal deviations of, I , 
102 

Poisson, II , 469 
Polar distance, defined, 1 , 22 
Portable transit instrument (see transit 
instrument) as a zenith telescope, II , 
366 

Potter, II , 9 

Precession, luni-solar, planetary, I, 604, 
change in the obliquity of the echptic, 
606, general precession in longitude, 
and the position of the mean ecliptic, 
found, 605, in longitude and latitude 
of a given star, from the epoch 1800, 
found, 608, between any two given 
dates, 610, annual precession in longi- 
tude for a given date, 611; in right 
ascension and declination, between any 
tjvo given dates, 613, annual precession 
in right ascension and declination, 616, 
position of the pole of the equator at a 
given time, found, 618, constant of, 701 , 
effect upon the position angle of two 
stars, found, II , 467 
pRBCHTEL, II , 9 
Prime vertical, defined, 1 , 19 
Prismatic circle, II , 127 
Proper motion of the fixed stars, 1 , 620 , 
reduced from one epoch to another, 
621 , on a great circle, 623 
Proportional logarithms, 1 , 75 
Puissant, 1 , 217, 250 

Ra-msuen, II , 23, 449 
Raper, I, 422, 305, II , 104 
Reduction of a planet’s place, 1 , 657 
Reduction to the meridian for oircum- 
m endian altitudes, I, 235, 238, for 
meridian circle observations, II , 289 
Refraction, general laws of, 1 , 127, as- 
tronomical 128, tables of, explained, 
130, 169, formula investigated, 134, 
differential equation of, 136, Simpson’s 
or Bouguer’s formula, Bradley’s, 
138, first hypothesis, 136, second hy- 
pothesis, 143 , of a star in right ascension 
and dechnation, found, 171, constants 
of, determined, 671, effect in transit 
observations, II , 186 
Regnault, 1 , 141, 143, 160, 161 
Repeating circle, II , 119 
Rbpsold, II , 167, 272, 283, 303 
Right ascension, defined, I , 23 , of a star, 
found from the star’s hour angle, 39, 
from its latitude and longitude, and the 
obhquity of the ecliptic, 42 , of the sun 


at the time of his trs-nsit over a given 
meridian, 71 , of the moon or a planet 
at the time of transit over a given me- 
ridian, 78 , of the fixed stars, deduced 
from transits II, 175, of the moon, 
deduced from an observed transit, 214 
Determination of the absolute R A. of 
fixed stars 1 , 665 

Ring micrometer, II , 436 , correction for 
curvature, 438 , correction for the proper 
motion of one of the objects, 441; 
radius of the ring, found, 445, correc- 
tion for refraction, 461 
Rittbnhousb, II , 66, 187 
Eochon, II , 449 
Rudberg, 1 , 143, 160 
Eumker, 1 , 93 

Sapford, 1 , 612 
Santini, 1 , 94 

Sawitsch, II , 9, 212, 221, 264 
Saxton, II , 87, 91 
Schott, 1 , 588 

SoHUMAOHER, 1 , 34, 256, 627, 635, II, 
130 

Semidiameters of celestial bodies, 1 , 180 , 
augmentation of, 183, contraction of 
the vertical semidiameter of the sun or 
moon, produced by refraction, found, 
184, contraction of any inclined semi- 
diameter, produced by refraction, 186, 
contraction of horizontal, 187 , planets’ 
mean, 687 

Sextant, II , 92 , adjustments, 95, 96 , 
index correction, by a star, by the sun, 
98, method of observation, 99, altitude 
from artificial horizon, 161, from the 
sea horizon, 103, equal altitudes, 104; 
how to examine the colored glasses, 
106, parallax, 107, errors of the index 
glass, 108 , error of the sight hne, 112 ; 
ecoentricity, 117 
Simpson, 1 , 138 
Six hour circle, defined, 1 , 26 
Solstices, defined, 1 , 23 
Spherical astronomy, defined, 1 , 18 
Star catalogues, 1 , 91 
Steinheil, II , 132, 234, 268 
Stbtjvb, 1 , 93, 324, 326, 328, 329, 331, 
332, 675, 678, 606, 632, 640, 692, 706, 
707, II, 84, 167, 192, 262, 272, 276, 
282, 283, 318, 367, 381, 386, 450 
Sumner’s method of finding a ship’R place 
at sea, 1 , 424 

Sun, right ascension of, 1 , 71 , meridian 
zenith distances of, 228, mean motion 
of, 652, epoch of mean longitude of, 
653 , motion in space, 703 , observations 
upon the cusps in a solar eclipse, II., 
432- 

Talcott, 1 , 226, II , 840, 866, 867, hia 
method of finding the latitude, 842 
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Telescope, II , 9, magnifying power, 12, 
field of view, 14, brightness of images, 
and intensity of their light, 16, spher- 
ical and chromatic aberration, 18, 
achromatic eye pieces, 20, diagonal 
eye pieces, 22, magnifying power 
measured, first method, 22, second 
method, 23, third method, 25, fourth 
method, 26, reflecting, 27, finding, 28, 
zenith, II , 840, equatorial, 867 
Time, apparent, mean, sidereal, solar, I , 
68 , oiTil, astronomical, 64 , conversions 
of, 54, 57, 59, 60, 62, 656 , local mean, 
found, 65, equation of, 54, 71, local, 
Greenwich, defined, 66, Greenwich, 
corresponding to a given right ascen- 
sion of the moon on a given day, found, 
75, corresponding to a given lunar 
distance on a given day, found, 77, 
found by astronomical observations, 
198 , by transits, 196, by equal altitudes 
of a star, 196, by equal altitudes of the 
sun before and after noon, 198, before | 
and after midmght, 201 , correction for 
small inequalities in the altitudes, 202, 
probable error of observation of equal 
altitudes, 205, found by a single alti- 
tude, or zenith distance, 206 , mean of 
times reduced to mean of zenith dis- 
tances, 215, found by the disappear- 
ance of a star behind a terrestrial 
object, 217, true and apparent rising 
or setting of a star — beginning and 
ending of twilight, 218, found at sea, 
by a single altitude, 219, by equal 
altitudes, 220, found with a portable 
transit instrument in the meridian, II , 
200, out of the meridian, 216 
Transit, 1 , 52 , time of the moon’s or a 
planet’s transit over a given meridian, 
found, 72 

Transit circle, II , 282 
Transit instiument, II, 131, method of 
observation, 138, general formulae, 
189, in the meridian, 140, thread in- 
tervals, 146, reduction to the middle 
thread, 149, reduction to the mean of 
the threads, 161, level constant, 168, 
inequality of pivots, 165, collimation 
constant, ICO, azimuth constant, 169, 
portable, in the meridian, 200 , in any 
vertical plane, 209, adaptation as a 
zenith telescope, II , 866 
Transit instrument in the prime vertical , 
geographical latitude determined, II, 
238, 242, 260, 252,254, 265, adjustment 
in the prime vertical, 289, correction 
for inclination of the axis, 241 , declina- 
tions determined, 271. 


Transits, of the moon, II , 176 of the sun 
or a planet, 182, correction of the 
transit when the planet’s defective limb 
has been observed, 185, effect of re^^ 
traction, 186, probable erroi of observa 
tion, 194, of Jupiter’s satellites o^cr 
the planet’s disc, and of shadows of the 
satellites, 1 , 340, of Venus and Mer- 
cury over the sun’s disc, 601 
Trotjqhton, II , 119, 127 
Twilight, time of beginning and ending. 
1 , 218 

Twining, 1 , 602 


Valz, II , 26 
Vega, 1 , 211 
Vernier, II , 80 
Vernibe, Petlii, II , 80 
Veitical circles, lines, and planes, defined, 
1, 19 


Walker, 1 , 342, 366, 364, II , 308, 402 

Warnstorff, I , C4, 266, 027, 035 

Wbissb, 1 , 93 

WlOHMANN, IT 436 

WOLFBRS, 1 , 93, 062 

Weight, 1 , 604 

WURDBMANN, I , 344, II , 136 


Tear, length of, I, 652, fictitious, 651 > 
beginning of fictitious, found, 054 


Zaoh, T , 802 
Zeoh, 1 , 93, 211, 062 
Zenith, defined, 1 , 19 
Zenith distance, defined, 1 , 20 , of a star, 
tound from its declination and liour 
angle, and the latitude of the obseiver, 
81, found when the stai is on the six 
hour circle, 30, found when the star is 
at its greatest elongation, 37, found 
when the star is on the prune vertical, 
87, reduction ot obseivod /onith dis- 
tances to the centre of the enitli, 189, 
change of, m a given interval ot tune, 
218, moan of the zenith distances re- 
duced to the mean of the times, 214 
of the sun, 228 (see II , 326) 

Zenith telescope, II , 840, correction for 
refraction, 344, for level, for nncio 
meter, 846, reduction to the meridian, 
selection of stars, 347, discussion of 
the results, 350, value of a division of 
the level, 868 , value of a revolution of 
the mioromoter, 360, extra meridian 
observations foi latitude, 804 
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